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Preface 



This volume is devoted to the life and work of the applied mathematician Professor 
Erhard Meister (1930-2001). 

He was a member of the editorial boards of this book series Operator The- 
ory: Advances and Applications as well as of the journal Integral Equations and 
Operator Theory, both published by Birkhauser (now part of Springer- Verlag) . 
Moreover he played a decisive role in the foundation of these two series by helping 
to establish contacts between Birkhauser and the founder and present chief editor 
of this book series after his emigration from Moldavia in 1974. 

The volume is divided into two parts. Part A contains reminiscences about the 
life of E. Meister including a short biography and an exposition of his professional 
work. Part B displays the wide range of his scientific interests through eighteen 
original papers contributed by authors with close scientific and personal relations 
to E. Meister. 

We hope that a great part of the numerous features of his life and work can 
be re-discovered from this book. 



July 2003 



The editors 




Introduction 



On 5 July 2001 Professor Erhard Meister passed away at the age of 71. We all 
remember him as a distinguished mathematician with a strong and impressive 
nature. He was interested in practically all fields of mathematical physics and 
its theoretical background like partial differential equations, singular integral and 
pseudodifferential equations as well as in the interplay with operator theory and 
complex analysis. We knew him as a favorite teacher for several generations of 
students, as a mentor of foreign colleagues and young people, within and beyond his 
group, as an unselfish and indefatigable worker, as a referee, editor and organizer 
of conferences, workshops and research projects - in short, someone who deserved 
to enjoy the fruits of his life’s work much longer. 

Erhard Meister was 36 when he received his first offer of a Chair in the 
Mathematics Department of the Technical University of Berlin as a consequence 
of his pioneering work in mathematical airfoil theory. During the period 1966-70 
he started to found a school with the first group of his PhD students, working on 
singular integral equations, Riemann boundary value problems and related topics. 
Only four years later, he became the main representative of applied mathemat- 
ics at the University of Tubingen in 1970-74, attracting plenty of students and 
extending his fields of interest in various directions such as scattering theory, non- 
linear wave propagation, distribution theory etc. Finally he occupied the Chair 
of Mathematical Physics in Darmstadt during the years 1974-98 until his retire- 
ment. Continuing his investigations in the previous areas, his main research was 
then centered on diffraction problems in electromagnetic and elastic wave propa- 
gation, factorization of matrix functions and linear operators, spectral analysis in 
aperiodic scattering theory and quaternion analysis. 

His greatest efforts were always devoted to bringing together the expertise of 
mathematicians, physicists and engineers for the progress of science. This is very 
evident from the contributions of the present volume; see, for instance, his own 
report from 1993 on the international relations of his research group, the titles in 
the list of his PhD students and the reminiscences of his friends and colleagues. 
The outstanding kindness of his personality impressed almost everybody around 
him - as much as his unlimited ambition. 

The idea of honoring Professor Meister by the publication of this book came 
up during a visit by Israel Gohberg to the Mathematics Department of the Insti- 
tute Superior Tecnico, Universidade Tecnica de Lisboa, in March 2002. The close 
relations of the editors to Erhard Meister and his correspondents caused much in- 
terest in the project, with the result that the page limit was rapidly achieved with 
a nice representative collection of scientific papers and reminiscences. Shortly af- 
terwards, Hans-Dieter Alber and Reinhard Farwig from the Darmstadt University 
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of Technology started together with one of the editors to organize a Workshop in 
honor of Erhard Meister, and this took place in Darmstadt in June 2003. Owing to 
the great interest shown by the colleagues and friends of E. Meister, a number of 
additional dedicated articles will appear in two special issues of the journal Math- 
ematische Nachrichten. At this workshop the collected works of E. Meister were 
able to be displayed for the first time. They consist of four volumes assembled by 
Steffen Roch and can be viewed in the library of the Mathematics Department of 
the Darmstadt University of Technology. In this context it might be mentioned 
that two short obituaries have already appeared in Mathematical Methods in the 
Applied Sciences 25/1 (2002) and in the conference proceedings of the IWOTA- 
Portugal 2000 which was published as part of this book series, OT 142 (2003). 
There have also been local publications, like the article entitled “In memoriam 
Erhard Meister” by Hans-Dieter Alber in intern - Informationen und Meinungen 
der Technischen Universitat Darmstadt 22/6 (2001). 

Let us give some additional information about the origins of the contributions 
to this volume. Part A begins with an obituary by Wolfgang Wendland, E. Meis- 
ter’s closest colleague and friend who worked with him in the same department for 
many years in Berlin and Darmstadt. It is based upon his German funeral oration 
and the opening speech of the Darmstadt workshop. The report which follows on 
scientific international relations, was written by Erhard Meister himself in 1993 
as a project application annex and is published here for the first time; the editors 
added just one page so as to include some information about the more recent years. 
That report is followed by Meister’s own brief curriculum vitae. The editors could 
not find any extended version; obviously E. Meister preferred to reveal findings 
of the full group in survey articles rather than in single results by himself. As a 
result, it took almost one year to complete the list of publications. It is based on 
research by Steffen Roch with the help of Frank-Olme Speck and colleagues from 
Darmstadt including the secretary Mrs. Ursula Roder. The same observation holds 
for the list of PhD dissertations supervised by E. Meister. 

The short biography entitled “In Memory of Erhard Meister” is based on some 
correspondence between the author and family members, colleagues and friends of 
Erhard Meister as well as on various sources from his estate provided by Ljudmila 
Meister. The above-mentioned collected works were very helpful in describing the 
thread running through E. Meister’s scientific life. The text is partly based on 
the author’s research undertaken for his colloquium speech on the occasion of 
Meister’s retirement in February 1998. However, the second ceremonial address at 
that colloquium, a humorous and exciting lecture by Douglas Jones, on the theme 
“Is Electromagnetism any Use?” is reproduced almost entirely in its original form. 

Reminiscences in the true sense of the word start with the memories of Er- 
hard Meister’s second wife Ljudmila from Moscow and the charming story of how 
they actually found each other. It is pointless to comment on all of the other rem- 
iniscences full of honest feelings - it is enough to read them through for they give 
a real picture of our friend Erhard. 
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The editors would like to acknowledge the pleasant collaboration with all 
the book’s contributors, particularly with the members of the Meister family: 
Ljudmila, Olaf and his wife Claudia. We are grateful for the help of the Darmstadt 
colleagues Hans-Dieter Alber, Reinhard Farwig, Steffen Roch, their secretaries 
Ursula Roder and Magdalena Tabbert, and to Professor Karl Heinrich Hofmann 
who gave permission for the inclusion of his poster painted for Meister ’s colloquium 
talk of 1998 in the biography. We very much appreciated the help of Joao Palhoto 
de Matos in preparing the TEX files. Last but not least we would like to thank 
Thomas Hempfling and Sylvia Lotrovsky from Birkhauser for their prompt and 
efficient help with various technical questions concerning the inclusion of photos 
and the general composition of the book. 

July 2003 The editors 




PART A 



Reminiscences on the Life and Work of 
Erhard Meister 



The following contributions were written by close friends and col- 
leagues of E. Meister to honour him as a scientist with a likable 
character and unlimited enthusiasm for applied mathematics. 
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Obituary 

Wolfgang Wendland 



In Erhard Meister we have lost a faithful, sincere, reliable, thoughtful and fatherly 
friend. 

I first met Erhard Meister in 1965 at the Technical University in Berlin- 
Charlottenburg after his habilitation in Saarbriicken, when he was temporarily 
holding E. Kahler’s Chair. He then spent half a year as a guest professor at the 
University of Strathclyde in Glasgow. In October 1966 Erhard Meister returned 
to become a Full Professor in succession to E. Kahler. With his doctoral students 
G. Hery, N. Latz, M. Kremer, E. Gerlach, G. Eisenhardt, J. Donig and F.-O. Speck, 
he soon started to organize excellent seminars on singular integral equations. In 
1967 I was very lucky to be among the participants of the unforgettable semi- 
nar on Wiener-Hopf operators where we studied the AMS-translations of Krein’s 
and Gohberg’s-Krem’s famous articles and the corresponding mathematical back- 
ground material. Perhaps also due to similar former experiences in East Germany 
we became close friends — Erhard was born in 1930 in the East German town 
of Bernburg, and the communists did not allow him to study at any of the East 
German universities. He began an apprenticeship as an electrician which he com- 
pleted in Mannheim, West Germany, in 1951, after he had escaped to the West. 
I am sure that his first profession brought him happiness — he began to study 
the secrets of electromagnetic waves — and also calamity — the intensive use of 
asbestos in those times germinated the deadly cancer that ended his life. 

His seminars on brand new publications attracted all of us; many participants 
became Erhard Meister’s scholars. He acted as the father of this pretty large family 
and he cared for all its members. Already in those times he had started to weave a 
remarkably dense net of personal and professional relations which he always used 
to the benefit of science. He used to offer encouragement and support whenever 
necessary. A few years later when I was told that my position at the Hahn-Meitner- 
Institute was about to be abolished, he offered me an associate professorship at 
his Chair in 1969. For my courses he even delegated one of his pupils to assist and 
to help me. As in any healthy family, every happy event like an exam or a private 
affair was heartily celebrated. I also remember the huge amounts of apples and 
pears from Meister’s garden, and the excellent juices we enjoyed year after year. 

Erhard Meister had visions and principles which he always stood up for: 
the quality of mathematical work as well as service to the community. He always 
encouraged teaching and research, had a fabulous memory and was a never-ending 
source of references and research suggestions. You could also be sure that he noticed 
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Wolfgang Wendland 




The couples Meister and Wendland with 
Mrs. U. Roder in 1998 

flaws and failures, but he was a very sensitive gentleman — a single kind question 
of his made one aware that he knew exactly what was going on and one was 
ashamed; but Erhard never went on about it! 

In the late 60s — quite similar to our current times — the university pro- 
fessors in West Berlin were blamed for almost every problem of society, and the 
politicians imposed rather harsh so-called reforms on the universities. Erhard Meis- 
ter protested and spoke up, and in 1970 he accepted an offer from the famous and 
traditional university in Tubingen and left Berlin. There he became the leading 
applied mathematician which made him rather lonesome among all his pure col- 
leagues but rather popular among the students, and there, with his assistants, he 
again created a splendid group of new scholars including H.-D. Alber, H.-J. Som- 
mer, M. Costabel, G. Buggle, G. Eberlein, G. Thelen, W. Peterhansel and the 
lecturer H. Sohr. No wonder, since Erhard Meister had an amazingly abundant 
range of interests and expertise — in mathematics, physics, astronomy, sociology 
and politics — and he became one of the internationally leading specialists in the 
theory of diffraction and scattering of electromagnetic waves and the Sommer- 
feld problem. During the 70s Erhard Meister was one of the spokesmen of the 
angry young applied mathematicians like B. Brosowski, K. Kirchgassner, R. Leis, 
E. Martensen, J. Polasek, W. Tornig, W. Velte, P. Werner. In Oberwolfach, as 
a youngster, I was lucky enough to sit next to that group when they discussed 




Obituary 



5 



the founding of the GAMM committee “Mathematical Physics” in order to make 
modern applied mathematics better heard in society. Erhard Meister’s subsequent 
negotiations with Dr. Spuhler from the Teubner publishing house in Stuttgart re- 
sulted in the birth of the esteemed journal “Mathematical Methods in the Applied 
Sciences” . 

In 1974 we were lucky to win Erhard Meister for the Technische Hochschule 
Darmstadt where he significantly shaped the Mathematics Department for almost 
thirty years. Due to him, international cooperation strongly intensified. His friends 
in Poland, the Czech and Slovak Republics, in Russia, in the Ukraine, in Georgia, 
the United Kingdom, U.S.A., Portugal, France, Israel, Canada, Sweden, Turkey, 
Greece, China and his homeland miss him — mathematicians have lost a great 
colleague! 

In Darmstadt, he again attracted an excellent group of new students such as 
S. Minutsher, B. Schuppel, E. Penzel, R. Schneider, T.v. Petersdorff, H. Marschall, 
C. Erbe, R. Hinder, K. Rottbrand, K. Mihalincic, J. Mark, A. Passow, W. Eck- 
ert and the lecturers W. Varnhorn, P. Deuring and F. Ali Mehmeti. During our 
common times in Darmstadt we became very good friends, and my own work was 
strongly influenced by him and some of his former students who joined my research 
group. Moreover, he helped our young scholars to find positions by using his net- 
work of relations with colleagues all over the world. Eleven of Erhard Meister’s 
students are now professors at universities. 

Erhard Meister was an admirably hard worker. I possess three books writ- 
ten by him and also gratefully remember various conferences organized by him 
where he succeeded in attracting and bringing together colleagues from the East 
and the West. In his publication list one finds more than 100 titles, about 80 of 
which have appeared in international, refereed journals. The last major topic he 
published was on quarternionic analysis. This was in collaboration with Ljudmila 
Meister who had become his second wife. Erhard Meister also helped to found and 
participated in the priority research program “Boundary Element Methods” of the 
German Research Foundation DFG 1990-1995 where engineers and mathemati- 
cians were working together. He also initiated the collaborative research centre 
on “Deformation and Failure of Metallic and Granular Structures” , the “Sonder- 
forschungsbereich 298” between mathematics and engineering in Darmstadt, was 
an elected referee for Applied Mathematics and a member of the committee for 
“Sonderforschungsbereiche” in the German Research Foundation DFG. 

As a faculty member of Mathematics Departments he was a sensible and 
honest, but not always easy partner: outspoken and having strong, sometimes 
inconvenient principles, since dedication to mathematics and a high quality of 
teaching and research were his firm criteria. 

After the German re- unification he was immediately ready to help with advice 
and action and assisted in the restoration of the Technical University of Chemnitz 
as well as in search committees at the Martin-Luther University in Halle. There 
he won deep respect for his clear arguments and principles. 
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Wolfgang Wendland 



I remember with all my heart and in grateful admiration the time I shared 
with Erhard Meister for his unremitting striving on behalf of mathematicians, his 
students, his friends and his family; deep gratitude is my strongest feeling. 

We have lost a great man. 

Institut fur Angewandte Analysis und Numerische Simulation 

Universitat Stuttgart 

Pfaffenwaldring 57 

D-70550 Stuttgart 

Germany 

e-mail: wendlandOmathematik . uni-stuttgart . de 
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Report on the Scientific International Relations 
of the Research Group of E. Meister 

Erhard Meister 1 



The first international contacts developed through common scientific interests in 
mathematical problems of flows through staggered cascades which form part of 
the subject area of E. Meister’s PhD dissertation (1958) and habilitation (1963) in 
Saarbriicken. The methods involved, like conformal mapping, Riemann boundary 
value problems, singular integral equations and the Wiener-Hopf technique, were 
intensively used at that time at the Technical University of Prague, the University 
of Strathclyde in Glasgow and at the Institute of the Georgian Academy of Sciences 
in Tbilisi. The first contacts were established in 1963 with Professor D.C. Pack, 
Glasgow, and in 1964 with Professor J. Polacek, Prague, during their visits to 
the conferences of the Gesellschaft fur Angewandte Mathematik und Mechanik 
(GAMM). 

In Germany only a few specialists existed at that time in the above-mentioned 
areas, such as E. Martensen, K. Nickel, H. Schubert (Halle) and E. Meister’s 
PhD supervisor H. Sohngen (Saarbriicken). The identification of common research 
interests in the context of flows through turbines and compressors led to frequent 
meetings at subsequent GAMM and Oberwolfach conferences on “Methoden und 
Verfahren der Mathematischen Physik” which started to be organized annually 
from 1969 onwards by B. Brosowski and E. Martensen and later by E. Meister, J. 
Polacek and others. 

During the 1968 GAMM conference in Prague, the first visiting program was 
prepared with members of the State Research Institute of Mechanical Engineering 
in Prague. The “Prague Spring” had raised people’s hopes. 

After the tragic events of 1968, new possibilities were explored of continuing 
to meet in Prague whilst reducing the meetings in Germany. The next visit of E. 
Meister to Prague took place in 1975 for the examination of a Humboldt fellowship 
for J. Neustupa to Wurzburg (Navier- Stokes equations and bifurcation theory with 
W. Velte). In 1979, a written agreement was drawn up for the cooperation of the 



1 The text is taken from a German typescript of 1993 that was appended to a project appli- 
cation of E. Meister and translated into English by the editors. Its purpose was apparently to 
outline the existing international relations with institutions and colleagues, without describing 
the mathematical side. The part until 1994 has been kept in its original form, so that it has a 
certain historical interest. Only the last page has been added with some information about the 
period of 1994-2001 in order to round out the text a little, albeit lacking in the detail that E. 
Meister could have provided. 
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Faculty of Mechanical Engineering with the chair of J. Polacek at the Technical 
University (TU) of Prague, and the Department of Mathematics of the Technische 
Hochschule (TH) Darmstadt. The official partnership of the TU Prague and the 
TH Darmstadt started in October 1987. Despite the increasingly frosty East- West 
political relations, an intensive exchange developed with the special agreements of 
GAMM for Eastern scientists. Now Prof. J. Polacek and his collaborators, as well 
as the lecturers J. Neustupa, K. Kozel and J. Benda, along with young collabora- 
tors, participated regularly whenever they received travel permission. From then 
onwards, close cross-connections also grew with the analysts M. Feistauer and J. 
Necas of the Charles University of Prague, who worked in fluid mechanics, and 
with the Mathematical Institute of the Academy. In the framework of this part- 
nership and also of the international “Equadiff Conferences” , the colleagues of the 
Darmstadt group and E. Meister delivered various lectures (sometimes the main 
lectures) during their various stays: 1980 in Prague, 1981 and 1984 in Bratislava, 
1985 in Brno, 1990, 1991 and 1993 in Prague. Colleagues from the TU Prague came 
to Darmstadt periodically after the borders opened, in order to exchange ideas on 
analytical and numerical problems for Navier-Stokes equations, bipolar fluids and 
turbine flows. J. Neustupa visited Darmstadt from July to December 1991 during 
his second Alexander- von-Humboldt scholarship. In the meantime personal con- 
tacts amongst the young generation of assistants developed in both places (on 
the one hand W. Varnhorn, P. Deuring, numerical analysts of the group of W. 
Tornig and co-workers of J.H. Spurk, on the other hand J. Benda, S. Kraczmar, S. 
Necasova-Matusu and J. Fort). Now various extended visits of younger colleagues 
were planned on both sides. 

In the year 1978, the second Congress on Engineering Education took place 
at the TH Darmstadt where J. Polacek was one of the main speakers. 

In 1991/92 a TEMPUS project for “Mathematical Models in Fluid Mechanics 
and for Turbines” was drawn up with the partners being the TH Darmstadt, 
Trinity College of Dublin, the University of Oxford, the TU Prague and Charles 
University, but unfortunately could not be carried out by European community 
funds due to budget limitations. 

Another centre of cooperation was formed with three institutions in Warsaw: 
the Academy of Sciences with the Institute of Fundamental Technological Re- 
search (H. Zorski, S. Przezdziecki) , the Banach Center (B.W. Bojarski, C. Olech, 
S. Rolewicz), and Politechnika Warszawska (from 1980 onwards within the frame- 
work of a partnership with the TH Darmstadt: Profs. J. Wolska-Bochenek, A. 
Borzymowski and their co-workers). E. Meister participated in the tri-annual De- 
cember conferences honoring W. Pogorzelski - a leading specialist in the field of 
singular integral equations. Besides giving numerous opinions for journals edited 
by colleagues from Warsaw, E. Meister was involved in a habilitation process at 
Politechnika. Another TEMPUS project was formulated with groups at the three 
Warsaw institutions working on analytic-mechanical problems and another one 
involving the University of Strathclyde in Glasgow but they could not be imple- 
mented for the reasons mentioned before. 
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The third Eastern European partner nation in the area of continuum mechan- 
ical problems and their mathematical methods was the Soviet Union. Ever since the 
International Symposium on Function Theoretic Methods for Partial Differential 
Equations held at Darmstadt in 1976 (see the Springer Lecture Notes in Math., 
Vol. 561), there had been close connections with outstanding experts in Tbilisi 
(A.V. Bitsadze, V.D. Kupradze, I.N. Vekua etc.), in Leningrad (V.G. Maz’ya, 
S.G. Mikhlin, V.A. Solonnikov) and in Moscow (R.V. Goldstein, O.A. Oleinik, 
M.I. Vishik etc.). In 1976 the organizers managed to bring some of the most 
prominent representatives to Darmstadt. In spring 1979, E. Meister was able to 
travel to Tbilisi at the invitation of the Georgian Academy and he gained a young 
colleague, R. Duduchava, for an extended stay in Darmstadt as an Alexander- von- 
Humboldt fellow in 1980/81 and 1985/86. In 1991, E. Meister traveled to Tbilisi 
to give a main lecture in a conference to honor N.I. Mushkelishvili on the occasion 
of the anniversary of his hundredth birthday, coming directly from the Petrovski 
conference in Moscow to which he had been invited by Mrs. O.A. Oleinik, who 
had presented already several lectures at Darmstadt. 

In July 1993, E. Meister was a guest of the Departments of Mathematics and 
Physics of the University of St. Petersburg in order, among other activities, to 
prepare a European Community exchange program in the area of crack mechanics 
with institutions there (N.F. Morozov, S.A. Nazarov and colleagues) together with 
others in Moscow (R.V. Goldstein), the TH Darmstadt and the University of 
Strathclyde in Glasgow. In the meantime, the author had also written various 
opinions on behalf of Soviet mathematicians applying for a research project of the 
Soros Foundation (USA). 

These activities directed towards the East made it possible, during the visits 
to the Eastern European countries, to develop valuable contacts with former GDR 
representatives of the field of singular integral equations and their application in 
continuum mechanics (in Berlin, Chemnitz, Freiberg, Halle and other places). Fur- 
thermore, active exchange relations developed from 1966 onwards with Glasgow, 
where E. Meister was invited as a visiting lecturer in the summer semester of 1966, 
as were two assistants from Darmstadt later on as research fellows (J. Donig 1978, 
F.-O. Speck 1980). The head of the Mathematics Department at Glasgow, Profes- 
sor D.C. Pack, became a DFG-funded visiting professor at the TH Darmstadt in 
1981. 

From 1988 onwards contacts were developed with the Technical University 
of Lisbon (A.F. dos Santos and colleagues) with rapidly increasing exchanges, re- 
sulting in numerous joint publications about Wiener-Hopf problems in diffraction 
theory, three visits of E. Meister to Lisbon and short lecture courses by F. Penzel, 
F.-O. Speck and W. Varnhorn. F.-O. Speck started to work there as an invited 
full professor from 1990, W. Varnhorn was invited to take up an associate pro- 
fessor position in 1992, and various visits of PhD students followed (C. Erbe, K. 
Rottbrand and others). Conversely, F.S. Teixeira spent a one-year sabbatical in 
the Darmstadt research group sponsored by the DFG program, and several short 
stays by A.B. Lebre and P.A. Santos followed. In addition, E. Meister and F.-O. 
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Speck were referees for the doctoral dissertations of F.S. Teixeira (1989) and A.B. 
Lebre (1990) respectively. In the years 1990/91 a common DAAD/IMC research 
program was financed and another one was projected for 1994/95. 

Further connections and joint research activities in the field of distributional 
integral transformations and diffraction problems have existed since 1975 with 
the University of Saskatchewan in Regina (E.L. Koh, who was guest professor at 
the THD in the academic year 1975/76); with Edmonton (R.P. Millar), where E. 
Meister was a guest in 1978, and with Ottawa, from where A. Hurd came to spend 
the year 1985/86 as a DFG guest professor at Darmstadt and at the Deutsche 
Versuchsanstalt fur Luft- und Raumfahrt in Oberpfaffenhofen. 

Relations with Israel began with Professor I. Gohberg from Tel Aviv, in 1975, 
when his book, written with N. Krupnik in Kishinev (Moldavia, former USSR) 
and published in 1973 in Russian, was translated in Darmstadt and published in 
German by Birkhauser in 1979. His big research group in Kishinev, which at one 
time also included East-German PhD students, broke up and became dispersed all 
over Israel and the USA. The journal and book publications edited by I. Gohberg 
for the Birkhauser publishing house arose from E. Meister ’s negotiations during 
the above-mentioned book translation. E. Meister and M. Costabel were invited 
speakers at the Toeplitz memorial conference in Tel Aviv in 1981, and in 1993/94, 
I. Gohberg spent a sabbatical year in Germany funded by a Humboldt award. 

There are plenty of other collaborations, particularly on Wiener-Hopf prob- 
lems and singular integral equations, with Delft, Nantes, Paris and Rennes, Ann 
Arbor, Newark (Delaware), Ankara and Adana (Turkey). 

E. Meister also coordinated the Erasmus program in mathematics between 
Darmstadt and Dublin. 

From 1994 2 onwards contacts with colleagues from the former Soviet Union 
developed rapidly and more intensively, in particular with O.A. Ladyzenskaja, 
O.A. Oleinik, M.I. Visik, A.I. Snirelman (Moscow) and D.P. Kouzov, S.A. Nazarov, 
N.F. Morozov, B.A. Plamenevsky and A.I. Koshelev (St. Petersburg) who visited 
Darmstadt and other places in Germany. I. Surovtseva came as a PhD student from 
St. Petersburg to Darmstadt in 1997-98. A number of visits by R. Duduchava and 
D. Natroshvili (Tbilisi) took place at the instigation of E. Meister and yielded a 
fruitful collaboration with colleagues from Darmstadt and Stuttgart. 

Relations with Mexico started and were based upon contacts with V.S. Ra- 
binovich and N.L. Vasilevskij. The entire collaboration was supported by research 
projects coordinated by E. Meister. 

A highlight of the cooperation with I. Gohberg (Tel Aviv) was an honorary 
PhD degree awarded to him by the TH Darmstadt in June 1997. From the au- 
thor’s laudatio: The relations between Gohberg and the Darmstadt mathematicians 
became extremely fruitful through various conferences held at the Mathematisches 
For s chung sinstitut in Oberwolfach, which were organized by Gohberg, Kaashoek 



2 This final part was added by the editors and is mainly based upon information supplied by L. 
Meister. 
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Participants of the Tel Aviv conference in 1995 
including ten authors of this book 



and myself. We all belonged to the editorial committee of the international math- 
ematical journal “Integral Equations and Operator Theory” and the book series 
“ Operator Theory: Advances and Applications” which are published by Birkhduser 
Verlag. Subsequently, these close relations were strengthened by various visits of I. 
Gohberg to conferences and workshops in Darmstadt and by return visits of my col- 
laborators and myself to the “Toeplitz conferences” in Tel Aviv in 1981 and 1995. . . 
In March 1995 and 1997 we all met in Berlin, with Gohberg, his wife Bella, my 
wife Ljudmila, the Vishiks and Prossdorf. So a large circle was completed - also 
for us. 

The cooperation with Portugal continued through two joint projects with 
A.F. dos Santos, F.-O. Speck and F.S. Teixeira, through frequent mutual visits, 
particularly by young colleagues, and through a remarkable scientific output. This 
cooperation helped to establish the area of Operator Theory and Applications in 
the scientific landscape of Portugal during the 90s. 

Frequent meetings with V. Maz’ya resulted in an Alexander von Humboldt 
award for him in 1999 which supported a nine- month stay in Germany that helped 
also to strengthen relations with the Weierstrass Institute for Applied Analysis and 
Stochastics in Berlin. 



12 



Erhard Meister 



From 1994 onwards the presence of Ljudmila Meister (born Aramanovitch) 
led to contacts with colleagues working in the field of Quaternionic Analysis from 
various countries as well as the growing cooperation with Freiberg and Chemnitz: 
some of the people involved are J. Ryan, J. Snygg (USA), H.R. Malonek (Portugal), 
M. Mitrea (Romania), M.V. Shapiro and N.L. Vasilevski (Mexico). Results of 
E. Meister ’s group in this research area were presented at various international 
conferences and finally at the International Conference on Clifford Analysis, Its 
Applications and Related Topics in Beijing during the World Mathematical Year 
2000. 
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Curriculum Vitae 

Volkmar Erhard Meister 



Personal Information 



Marital Status: 



Nationality: 
Date of Birth: 
Place of Birth: 



married with Dr. Ljudmila Meister, nee Aramanovitch, 
three own children: Frauke (born 1957), 

Frithjof (born 1963), Olaf (born 1964) 

and two stepsons: Andrew Comech (born 1970) 

and Sergej Komech (born 1978). 

German 

12 February 1930 
Bernburg / Saale 



Education 



School training: 
Practical training: 

University training: 

Diploma: 

Ph.D.: 

Habilitation: 



1936-1948 Bernburg with final exam 
Grofikraftwerk Mannheim: electrical engineering 
apprenticeship (9/1948-4/1951) 

University of Heidelberg (4/1951-6/1956) 
Subjects: Mathematics and Physics 
University of Heidelberg (1956) 

University of Saarbriicken (1958) 

University of Saarbriicken (1963) 



Work Experience 

DVL (German Research Establishment of Aeronautics) at Miilheim/Ruhr: 
Scientific employee (7/1956-4/1958) 



University of Saarbriicken: 

Assistant at Institute of Mathematics (5/1958-4/1964) 

Dozent (Lecturer) at Institute of Mathematics (4/1964-9/1966) 
with leave of absence: 

To Technical University of Berlin (10/1965-3/1966) 

To University of Strathclyde at Glasgow (4/1966-9/1966) 

Technical University of Berlin: 

Full Professor at the Faculty of Mathematical Sciences (10/1966-8/1970) 



This short CV was used by E. Meister for project applications 
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University Tubingen: 

Full Professor in the Department of Mathematics (9/1970-6/1974) 

Technical University of Darmstadt: 

Full Professor in the Department of Mathematics since 6/1974 
with leave of absence: 

to University of Regina, Sask. /Canada (2-3/1978) 
to University of Alberta at Edmonton/Canada (3/1978) 

Extracurricular Activities 

Chairman of the GAMM committee on Applied Analysis and Mathematical 
Physics (since 1971) 

Member of the Scientific Board of GAMM: 1974-1977 

Elected vice-referee for applied Mathematics for DFG, acting as main referee 
(8/1980-3/1981) 

Member of the DFG-committee “Sonderforschungsbereiche” 1982-1987 
Organizer of several conferences in Oberwolfach 

Organizer of the International Symposium on Function Theoretic Methods for 
Partial Differential Equations, 12-15 April in Darmstadt, 1976 (together with 
N. Week and W.L. Wendland) 

Organizer of the Sommerfeld- Workshop on Modern Mathematical Methods in 
Diffraction Theory and its Applications in Engineering, Freudenstadt, 30.9- 
4.10.1996 

Member of Editorial Boards of Journals 

Applicable Analysis, ed. by R.P. Gilbert, Newark/Del., USA, since 1985 
LAMM (Leitfaden der Angewandten Mathematik und Mechanik) since 1973 
Mathematical Methods in the Applied Sciences, ed. by B. Brosowski, Frankfurt, 
since 1979 

Proceedings of the Royal Society, Edinburgh, 1974-1978 

Integral Equations and Operator Theory, ed. by I. Gohberg, Tel Aviv, since 1977 
Asymptotic Analysis, ed. by L.S. Frank, Reims, since 1989 
Mathematische Nachrichten, ed. by R. Mennicken, Regensburg, since 1992 
Demonstratio Mathematica, ed. by M. Maczynski, Warschau, since 1995 
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Publications of Erhard Meister 

Collected by S. Roch 1 

Books 

1. Randwertaufgaben der Funktionentheorie. Mit Anwendungen auf singulare 
Integralgleichungen und Schwingungsprobleme der mathematischen 
Physik Leitfaden der Angewandten Mathematik und Mechanik, Vol. 59, 
B.G. Teubner, Stuttgart 1983, 320 pp. 

2. Integraltransformationen mit Anwendungen auf Probleme der mathematis- 
chen Physik. - Methoden und Verfahren der Mathematischen Physik, Vol. 
28, Verlag Peter Lang, Frankfurt am Main 1983, 288 pp. 

3. Partielle Differentialgleichungen. Eine Einfuhrung fur Physiker und Inge- 
nieure in die klassische Theorie. - Akademie- Verlag, Berlin 1996, 293 pp. 

Edited Books and Proceedings 

1. Function Theoretic Methods for Partial Differential Equations. Proceedings 
of the International Symposium, held at Darmstadt, Germany, in April 1976. 
Lecture Notes in Mathematics, Vol. 561, Springer- Verlag, Berlin 1976, 520 
pp. (with N. Week and W.L. Wendland). 

2. Einfuhrung in die Theorie der eindimensionalen singularen Integralopera- 
toren (by I. Gohberg and N. Krupnik). Birkhauser Verlag, Basel 1979, 379 
pp. (German edition by E. Meister, translation from the Russian original of 
1973 by B. Schiippel.) 

3. Mathematical Methods in Fluid Mechanics. Proceedings of a Conference at 
Oberwolfach, Germany, in November 1981. Methoden und Verfahren der 
Mathematischen Physik, Vol. 24, Verlag Peter Lang, Frankfurt am Main 1982, 
266 p. (with K. Nickel and J. Polasek). 

4. Modern Mathematical Methods in Diffraction Theory and its Applications 
in Engineering. Proceedings of the Sommerfeld’96 Workshop. Freudenstadt, 
Germany, in September-October 1996. Methoden und Verfahren der Math- 
ematischen Physik, Vol. 42, Verlag Peter Lang, Frankfurt am Main 1997, 
308 pp. 



1 The collected works of E. Meister can be found in the library of the Mathematics Department 
of Darmstadt University of Technology 
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Articles in Journals and Proceedings 

1. Beitrag zur Aerodynamik eines schwingenden Gitters I. - Z. Angew. Math. 
Mech. 38(1958), 442-465 (with H. Sohngen). 

2. Uber ein Randwertproblem aus der Aerodynamik eines Gitters. - Z. Angew. 
Math. Mech. 39(1959), 433-435. 

3. Flow of an incompressible fluid through an oscillating staggered cascade. - 
Arch. Ration. Mech. Anal. 6(1960), 198-230 (Summary of the PhD Disser- 
tation). 

4. Ein Eindeutigkeitsbeweis fur ein gemischtes Randwertproblem der Schwin- 
gungsgleichung. - Math. Z. 77(1961), 38-44. 

5. Beitrag zur Aerodynamik eines schwingenden Gitters II. (Unterschallstro- 
mung.) - Z. Angew. Math. Mech. 42(1962), 9-31. 

6. Beitrag zur Aerodynamik eines schwingenden Gitters III. (Unterschallstro- 
mung.) - Z. Angew. Math. Mech. 42(1962), 245-254. 

7. Zum Dirichlet-Problem der Helmholtzschen Schwingungsgleichung fiir ein 
gestaffeltes Streckengitter. - Arch. Ration. Mech. Anal. 10(1962), 67-100. 

8. Zum Neumann-Problem der Helmholtzschen Schwingungsgleichung fiir ein 
gestaffeltes Streckengitter. - Arch. Ration. Mech. Anal. 10(1962), 127-148. 

9. Beitrag zur Theorie des Strahlungsfeldes dielektrischer Antennen. - For- 
schungsbericht 1175 des Landes Nordrhein-Westfalen, Westdeutscher Verlag 
Koln und Opladen 1963, 43 pp. (with K.-D. Becker). 

10. Die instationare Unterschallstromung durch ein schwingendes, gestaffeltes 
Gitter mit halbunendlich tiefen Profilen, Teil I. - Deutsche Versuchsanstalt 
fiir Luft- und Raumfahrt e.V., Bericht 246, June 1963, 79 pp. 

11. Die instationare Unterschallstromung durch ein schwingendes, gestaffeltes 
Gitter mit halbunendlich tiefen Profilen, Teil II. - Deutsche Versuchsanstalt 
fiir Luft- und Raumfahrt e.V., Bericht 247, March 1964, 61 pp. 

12. Zur Theorie instationarer Gitterstromungen. - Z. Angew. Math. Mech. 
43(1963), Proceedings of the GAMM Conference at Karlsruhe, T150-T152. 

13. Ein System singularer Integralgleichungen aus der Theorie der Beugung elek- 
tromagnetischer Wellen an dielektrischen Keilen. - Z. Angew. Math. Mech. 
44(1964), Proceedings of the GAMM Conference at Giessen, T47-T49 (with 
N. Latz). 

14. Die Beugung ebener elektromagnetischer Wellen an einem Parallelplatten- 
gitter. - Z. Angew. Math. Mech. 45(1965), Proceedings of the GAMM Con- 
ference at Vienna, T57-T59. 

15. Zur Theorie der ebenen, instationaren Unterschallstromung um ein schwin- 
gendes Profil im Kanal. - Z. Angew. Math. Physik 16(1965), 770-780. 
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16. Zur Theorie der ebenen Unterschallstromung durch ein schwingendes, ge- 
staffeltes Gitter. Teil I: Losung des Problems in der Bildebene. - Deutsche 
Luft- und Raumfahrt, Forschungsbericht 66-12, March 1966, 77 pp. 

17. Zur Theorie der ebenen Unterschallstromung durch ein schwingendes, ge- 
staffeltes Gitter. Teil II: Rucktransformation der Bildfunktion und Eigen- 
schaften ihrer Urbilder. - Deutsche Luft- und Raumfahrt, Forschungsbericht 
66-13, March 1966, 85 pp. 

18. Zur Theorie der ebenen Unterschallstromung durch ein schwingendes, ge- 
staffeltes Gitter. Teil III: Eigenschaften der formalen Losung. Berechnung 
der Luftkrafte. - Deutsche Luft- und Raumfahrt, Forschungsbericht 66-14, 
March 1966, 65 pp. (Habilitation thesis). 

19. Neuere Ergebnisse der mathematischen Theorie instationarer Gitterstromun- 
gen. - Acta Mech. 3(1967), 325-341. 

20. Unterschallstromung durch ein schwingendes Gitter in einem ebenen Kanal. 
- Z. Angew. Math. Mech. 48(1968), Proceedings of the GAMM Conference 
at Praha, T213-T216. 

21. Theorie instationarer Unterschallstrdmungen durch ein schwingendes Gitter 
im Windkanal. - Z. Angew. Math. Mech. 49(1969), 481-494. 

22. Ein System von Dreiteil-Wiener-Hopf-Funktionalgleichungen aus der Aero- 
dynamik schwingender Gitter. - Methoden Verfahren Math. Phys. 1 (1969), 
85-99. 

23. Uber eine Stromung durch ein ebenes Streckengitter mit Kavitation. - Meth- 
oden Verfahren Math. Phys. 3(1970), BI-Hochschulskripten 722/722 a, 33-71 
(with G. Hery and J. Wurms). 

24. Randwertprobleme aus der Beugungstheorie ebener Wellen an Parallelplat- 
tengittern. - Methoden Verfahren Math. Phys. 3(1970), BI-Hochschulskripten 
722/722 a, 85-116. 

25. Das Riemannsche Randwert problem. Ergebnisse und Anwendungen.- 
Uberblicke der Mathematik 6 (Ed. D. Laugwitz), Bibliographisches Institut 
AG Mannheim, Wien, Zurich 1973, 113-178. 

26. Ein Uberblick uber analytische Methoden zur Losung singularer Integralgle- 
ichungen. - Z. Angew. Math. Mech. 57(1977), Proceedings of the GAMM 
Conference at Graz in 1976, T23-T35. 

27. Einige gemischte Randwertprobleme fur Unterschallstromungen um 
schwingende Profile. - Z. Angew. Math. Mech. 58(1978), Proceedings of the 
GAMM Conference at Lyngby, T383-T386. 

28. Some mixed boundary value problems in the theory of subsonic flow past 
oscillating profiles. - Complex Analysis and its Applications, Coll. Articles 
in Honour of Academician I.N. Vekua’s 70th Anniversary, Akad. Nauk SSR, 
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Steklow Math. Inst., Nauka, Moscow 1978, 346-362 (extended version of no. 
27). 

29. Some multidimensional Wiener-Hopf equations with applications. - Trends 
in Applications of Pure Mathematics to Mechanics, Vol. II, Proc. Symp. 
Kozubnik/Poland, September 1977 (Ed. H. Zorski), Pitman, London 1979, 
217-262 (with F.-O. Speck). 

30. Ein algebraisches Verfahren zur Losung von gemischten Anfangsrandwert- 
problemen aus der Theorie instationarer Gitterstromungen. - Math. Methods 
Appl. Sci. 1(1979), 158-186 (with H.-J. Sommer). 

31. Einige neuere Ergebnisse uber Integralgleichungen vom Faltungstyp. - Hel- 
mut Pachale in memoriam: Ansprachen und Vortrage des Gedenkkolloquiums 
vom 14. Juli 1979 (Hrsg. H. Begehr), Freie Universitat Berlin 1980, 20-22. 

32. Gemischte Randwertprobleme in der Theorie instationarer Triebwerksstro- 
mungen. - Preprint 484 TH Darmstadt, July 1979, 94 pp. (with G. Buggle, 
M. Jirman, H.-J. Sommer). 

33. Wiener-Hopf operators on three-dimensional wedge-shaped regions. - Appl. 
Anal. 10(1980), 31-45 (with F.-O. Speck). 

34. Some classes of integral and integro-differential equations of convolutional 
type. - Ordinary and Partial Differential Equations, Proc. 5th Confer. Dif- 
fer. Equations, Dundee, Scotland 1978 (Ed. W.N. Everitt), Springer Lecture 
Notes Math. 827(1980), 182-228. 

35. Multiple-part Wiener-Hopf operators with some applications in mathematical 
physics. - Toeplitz Centennial, Toeplitz Mem. Conf., Tel Aviv 1981, Operator 
Theory: Adv. and Appl. 4, Birkhauser Verlag, Stuttgart, Basel 1982, 427-447. 

36. Generalized Sommerfeld half-plane problems. - Differential equations and 
their applications, Equadiff 5, Proc. 5th Czech. Conf., Bratislava 1981, Teub- 
ner-Texte Math. 47, 1982, 264-267. 

37. Zur Theorie rotierender und schwingender Schaufelkranze in einer Unter- 
schallstromung durch einen Ringkanal. - Math. Methods Appl. Sci. 4 (1982), 
454-479 (with G. Buggle). 

38. Zur Theorie rotierender und schwingender Schaufelkranze in einer Unter- 
schallstromung durch einen Ringkanal. - Z. Angew. Math. Mech. 63 (1983), 
Proceedings of the GAMM Conference at Hamburg, T233-T235 (with G. 
Buggle). 

39. Multiple-part Wiener-Hopf operators. - Trends in Applications of Pure Math- 
ematics to Mechanics IV, Proc. 4th Symp., Bratislava 1981, Monogr. Stud. 
Math. 20(1983), 152-175. 

40. On the transmission problem of the Helmholtz equation for quadrants. - 
Math. Methods Appl. Sci. 6(1984), 129-157 (with N. Latz). 
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41. Some multiple-part Wiener-Hopf problems in mathematical physics. - Math- 
ematical Models and Methods in Mechanics, Banach Cent. Publ. 15, Warsaw 
1985, 359-407. 

42. Uber ein System von Integralgleichungen zum Transmissionsproblem der 
Helmholtzgleichung fur Quadranten. - Z. Angew. Math. Mech. 65(1985), 581- 
583 (with N. Latz). 

Also in MATHEMATICA, Festschrift zum 75. Geburtstag von E. Mohr, TU 
Berlin 1985, 191-198. 

43. The Moore-Penrose inverse of Wiener-Hopf operators on the half axis and 
the quarter plane. - J. Integral Equations 9(1985), 45-61 (with F.-O. Speck). 

44. Integral equations for the Fourier-transformed boundary values for the trans- 
mission problems for right-angled wedges and octants. - Math. Methods 
Appl. Sci. 8(1986), 182-205. 

45. Diffraction problems with impedance conditions. - Appl. Anal. 22(1986), 193- 
211 (with F.-O. Speck). 

46. Some solved and unsolved canonical problems of diffraction theory. - Dif- 
ferential Equations and Their Applications, Equadiff 6, Proc. 6th Int. Conf. 
Brno 1985 (Eds. J. Vosmansky, M. Zlamal), Lect. Notes Math. 1192(1986), 
393-398. 

47. Some solved and unsolved canonical problems of diffraction theory. - Dif- 
ferential Equations and Mathematical Physics, Proc. Int. Conf. Birming- 
ham/Alabama 1986 (Eds. I.W. Knowles, Y. Saito), Springer Lect. Notes 
Math. 1285(1987), 320-336. 

48. Einige geloste und ungeloste kanonische Probleme der mathematischen Beu- 
gungstheorie. - Expo. Math. 5(1987), 193-237. 

49. Einige Randwert-Transmissionsprobleme der Beugungstheorie fur Keile bei 
mehreren Medien. - Z. Angew. Math. Mech. 67(1987), T432-T434 (with R. 
Penzel) . 

50. Scalar diffraction problems for Lipschitz and polygonal screens. - Z. Angew. 
Math. Mech. 67(1987), T434-T435 (with F.-O. Speck). 

51. Einige Randwert-Transmissionsprobleme der Beugungstheorie fur Keile bei 
mehreren Medien. - Kleinheubacher Berichte 30(1987), Fernmeldetechn. Zen- 
tralamt Darmstadt, 429-438 (with R. Penzel). 

52. Boundary integral equation methods for canonical problems in diffraction 
theory. - In: Boundary Elements IX, Vol. 1 (Eds. C.A. Brebbia, W.L. Wend- 
land, G. Kuhn), Springer, Berlin 1987, 59-77 (with F.-O. Speck). 
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In Memory of Erhard Meister 

Frank- Olme Speck 



This short biography is mainly about aspects of the scientific part of Erhard Meis- 
ter’s life, its structure and context, results and impacts. The reader is referred to 
the list of publications included in this volume and to complementary sources for 
more extended studies of the mathematical details. The areas of research and some 
basic ideas are outlined in a form that makes the text accessible to a wide group 
of readers. 



1. Life phases 

Erhard Meister was born in Bernburg-on-Saale on 12 February 1930 and attended 
school in Bernburg from 1936 to 1948. His parents were high school teachers 
and encouraged his inborn interest in science. At the time of his “Abitur” (fi- 
nal high school exam) in the Soviet-occupied zone (transformed subsequently into 
the GDR), he was convinced that he should study electrical engineering. 




E. Meister in 1948 
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Because of the limited possibilities at home, he escaped to the West and first 
completed a three-year apprenticeship at the main power station (Grosskraftwerk) 
in Mannheim. His parents followed some ten years later and moved to Hameln in 
Northern Germany. Changing his mind, he began university studies in mathemat- 
ics and physics at the University of Heidelberg in the spring of 1951. In 1954 he 
married Christa Rienecker. He obtained the diploma of mathematics in 1956 in Hei- 
delberg. His supervisor was Heinz Sohngen - a lecturer from Darmstadt who rep- 
resented the Chair of Applied Mathematics at Heidelberg in 1955-57. Sohngen was 
a pupil of Art in, Blaschke, Hausdorff and Toeplitz, and this fact undoubtedly also 
influenced Meister’s thoughts on and interests in complex and functional analysis. 

For the following two years Erhard Meister worked as a scientist in the Ger- 
man Research Institute of Aeronautics in Muhlheim-on-Ruhr. The work that he 
did there later on became the basis for his doctoral thesis. In 1957 his daughter 
Frauke was born. 

In 1958 he started working as an assistant at the University of Saarbriicken 
and in the same year he finished his PhD under the supervision of Professor Heinz 
Sohngen who then held a Chair in the Mathematics Department. Five years later 
Erhard Meister completed his habilitation and became a lecturer at the Institute 
of Mathematics in 1964. During the same period of his life, his first and second 
sons, Frit j of and Olaf, were born, in 1963 and 1964 respectively. 

During the winter of 1965/66, Erhard Meister was a visiting professor at the 
Technical University of Berlin and, in spring 1966, at the University of Strathclyde 
in Glasgow. During his stay in Scotland he was offered a full professorship from 
the Technical University of Berlin because of his pioneering work in mathematical 
airfoil theory (see 3.1). He accepted the position and the family moved to West 
Berlin. At the Technical University he delivered many lectures on different sub- 
jects, on which he later based his books. During this period he also acquired his 
first generation of PhD students. However the political situation in West Berlin 
made scientific work rather difficult. 

In 1970 Professor Meister accepted an invitation from the University of 
Tubingen to a Chair of Mathematical Physics in the Department of Mathematics. 
Mathematical Physics became a new research area at this institute. During the 
next few years Erhard Meister was the principal representative of applied math- 
ematics in Tubingen. He ran very successful seminars; the number of Master and 
PhD students increased rapidly as did his teaching load. He was willing to as- 
sume administrative duties; he served as head of the mathematics department in 
1972/73 and he was elected to several university committees. As head of depart- 
ment, well beyond his own domain of research, he established close ties with the 
science departments. 

From 1974 until 1998, the longest period of his life, he was a professor in the 
Department of Mathematics at the Technical University of Darmstadt (known until 
1997 as the Technische Hochschule or TH Darmstadt). There he found excellent 
possibilities of working together with colleagues from mathematics, engineering 
and the applied sciences. As he said himself, during this period a wide network of 
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international relations was built up (see his 1993 report in this volume); various re- 
search projects were carried out, and helped many young people to complete their 
doctoral degrees (see the impressive list of his PhD students). Besides teaching 
basic and advanced courses eight hours per week, Erhard Meister worked success- 
fully as an author, editor, referee, dean, initiator of international exchanges and 
organizer of scientific events, to name but a few of his roles. He participated in 
many conferences and reported on the research results of his school. 

In May 1993 his wife Christa passed away suddenly due to a heart failure 
during the night. At that time, the children already lived independently in different 
places with their families and the first two grandchildren were born a year later, 
in December 1994. 

In August 1994 Erhard Meister married Ljudmila Aramanovitch, a mathe- 
matician from Moscow working on quaternion analysis. The story of how they met 
is reported in a lively fashion in her reminiscences. Their union through marriage 
also established a new and unexpected scientific cooperation. 

Erhard Meister retired in 1998 at the age of 68 in accordance with the pre- 
vailing legislation. He managed to keep his office in the Mathematics Department 
in Darmstadt with access to the library and secretarial services. Until the very last 
days of his life he remained busy with scientific work and in particular enjoyed his 
participation in conferences together with his wife Ljudmila. 



2. Teaching 

Erhard Meister was a fascinating teacher who offered an outstanding choice of 
lectures in the West Germany of the 60’s. For instance, he offered the course 
on “Hohere Funktionentheorie” (Advanced Complex Analysis) in 1967 at the TU 
Berlin; it contained a crash course of complex analysis, immediately followed by 
applications to continuum mechanics and, in the third chapter, he presented prob- 
lems for analytical functions: the Riemann boundary value problem, singular in- 
tegral equations of Cauchy type and Wiener-Hopf equations. Many students were 
attracted by the content and style of the course, which was extremely clear, stim- 
ulating and led to interesting topics for theses - as should be the case. 

One of the reasons for the success was that he prepared all his lectures from 
scratch and almost completely before each term, including the most recent litera- 
ture; for repeated courses he revised his lecture notes by updating the literature 
part. He developed an enormous capability for transforming mountains of new 
material into interesting and up-to-date lectures. The students faced some 20-30 
large blackboards perfectly filled with formulas in 75 minutes’ time. It was cus- 
tomary for an assistant to clean the blackboard (a time optimization problem). If 
the assistant was not at hand, some students did the service voluntarily . 

All teaching material was chosen from the viewpoint of applications. The 
“Antrittsvorlesung” (inauguration lecture) at Tubingen in January 1971 demon- 
strated his philosophy and the wide spectrum of his interests and knowledge. The 
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title was “Applied Mathematics: its role illustrated by aerodynamics” and it cov- 
ered the history from Newton’s “Principia” to the Leray-Schauder theory, as well 
as stories about flying rockets, well-posed problems and Fredholm operators. 

His favorite topics for undergraduate lectures included partial differential 
equations, potential theory, linear and non-linear wave propagation, mathematical 
physics, integral equations, functional analysis, special functions, integral transfor- 
mations, conformal mappings and, moreover, the theory of distributions, probabil- 
ity and statistics, measure and integration (real analysis) for instance. His constant 
teaching resulted in three textbooks and attracted a large number of diploma and 
PhD students listed before in this book. 



3. Scientific work: publications 

Professor Meister’s research covered a wide range of topics and methods in math- 
ematical physics. He used to ask himself and others: “What kind of engineer’s 
questions can mathematicians answer?” 

We will comment on this question by examining the main lines of research of 
Erhard Meister and his group. The following references correspond to the preceding 
list of publications: [1, 2, 3] for articles, [Bl, B2, B3] for books, [Dl, D2, D3] for 
dissertations, etc. 

3.1. Aerodynamics of wings and cascades 

During the period 1958-70 (Saarbriicken and Berlin) most publications were de- 
voted to the area of aero- and fluid dynamics, subsonic flows around profiles (2D), 
oscillating wings and staggered cascades. The work started with a careful modeling 
of physically consistent boundary value problems by complex analysis [1-3] to de- 
termine the velocity fields of incompressible and non- viscous flows. “The solution 
of this problem requires a series of partial investigations”, he wrote in [1], p. 445, 
to announce a paper on the detailed study of Hilbert problems, singular integral 
equations based on the work of N.I. Muskhelishvili, conformal mappings, harmonic 
analysis and asymptotic methods. In this paper, highly interesting physical prob- 
lems were investigated systematically including the determination of the lift and 
moments of profiles, and the description of the trailing vortices [3], to name but a 
few. 

A more intensive study of real analysis formulations in connection with “die 
Schwingungsgleichung” (the Helmholtz equation), led to his first contact with ra- 
diation conditions and the papers of A. Sommerfeld, F. Rellich, D.S. Jones and R. 
Leis [4]. The latter were important for uniqueness proofs and for the correct form 
of asymptotic expansions. 

These fundamental investigations were successfully extended to various other 
problems such as profiles and various types of profile systems in non-stationary 
and compressible flows, in channels and ring channels, with cavities, etc. The 
Laplace transformation was employed [5-12] and the Wiener- Hopf technique for 
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semi- infinite configurations [10-12] was developed from the classical books of D.S. 
Jones and B. Noble. 

For all this work see [1-8, 10-12, 15-23] and [D6]. The resulting habilitation 
thesis was published in full length as a DLR research report [16-18]. This important 
work led to the offer from Berlin when Meister was only 36 years old. The first 
survey articles about aerodynamics appeared in 1967 [19] and later in 1978 [27, 
28] when he was already in Darmstadt. Some of the material can be also found in 
[Bl], Chap. 5. 

Erhard Meister returned to this field at various times. In 1979-83 he did 
research with his PhD students G. Buggle, M. Jirmann and H.-J. Sommer and 
published a series of papers [30, 32, 37, 38] which included the study of time- 
dependent, so-called aperiodic problems . These investigations were based on a wide 
spectrum of methods: the Mikusinski calculus [DIO], the Kontorovich- Lebedev 
and Mehler-Fock transformations [Dll], numerical schemes, and distributional and 
non-standard analysis. 

Many years later, in 1997-99, he studied with R. Hinder and S. Nazarov 
three-dimensional non-stationary flows and, in particular, the Kutta-Joukovski 
condition arising in the linearized lifting surface theory in order to find the physi- 
cally meaningful spaces of solutions [D21, 86, 91, 99]. 

3.2. Diffraction theory - analytical methods, electrodynamics 

The study of the Helmholtz equation led to an early contact with linear diffrac- 
tion and scattering theory: “In aerodynamics or diffraction theory one comes across 
boundary value problems for A/ + &; 2 / = 0 . . . ” [4], p. 38. The fundamental bound- 
ary value problems of Dirichlet and of Neumann type were studied for special ge- 
ometries (see above) now in the context of propagation of electromagnetic waves 
which was one of the most important applications in those times (radar technique, 
etc., see D.S. Jones’ paper). 

In the articles [7, 8] he presented formulations of the precise edge and radi- 
ation conditions, proofs of uniqueness, constructive solution methods via Laplace 
transformation, and the asymptotic (rather hard) analysis to verify formal solu- 
tions. 

Some joint work with K.-D. Becker and N. Latz was started on related prob- 
lems of diffraction by antennas, wedges and systems of parallel plates [9, 13-14, 
24]. A spectral theoretic approach to periodic structures was considered in the 
thesis of H.-D. Alber [D9]. 

3.3. Riemann problems, singular integral equations, Wiener-Hopf operators 

The move to Berlin in 1967 changed Erhard Meister’s lifestyle and his possibilities 
of writing research papers as well. Busy with big courses, administration, and 
heavy discussions resulting from the students’ revolt in Berlin (1967-70), Erhard 
Meister concentrated on a different form of publication, namely writing survey 
articles in a field where he was working with his group or where he wanted to start 
working. These also served as a direct source for his classes, which made them well 
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up-to-date. Moving to Tubingen, as early as 1970, brought him a large number of 
diploma and PhD students, who were attracted by his lectures and seminars in 
mathematical physics and related areas. 

This development is reflected in his survey articles on Riemann problems, 
singular integral equations, and Wiener-Hopf operators [25, 26, 29] published in 
1973-79 as well as in the research articles [31, 33, 35, 39]. His great interest in 
these fields was partly inherited from H. Sohngen and highly stimulated by their 
usefulness in applications; also, perhaps, by the proximity of West Berlin to the 
Eastern bloc: he was impressed by the work of N.I. Muskhelishvili, M.G. Krein, 
M.S. Agranovich, M.I. Vishik, G.I. Eskin and many other colleagues from the for- 
mer Soviet Union. A number of (more theoretical) PhD dissertations demonstrate 
this permanent interest in the field of singular integral equations and operator 
theory [Dl, D2, D4, D5, D7, D8, Dll, D13, D14, D16]. Much of that work was 
presented in the extended surveys [34] and [87]. 

Furthermore, the preparation of his advanced lectures (see Sec. 2) provided 
the basis for Erhard Meister’s first two books on “Boundary Value Problem in 
Complex Analysis” and “Integral Transformations”, which appeared in 1983 
[Bl, B2]. 

3.4. Sommer feld half-plane problems 

As Erhard Meister pointed out many times, he was convinced that the Arnold 
Sommerfeld paper “Mathematische Theorie der Diffraction” in Mathematische 
Annalen 47 (1896), 317-374, and its generalizations in connection with modern 
functional analytical methods were of extreme importance, see e.g. [Bl], p. 258, or 
the introduction of [E4] and some of the survey papers as well, for the following 
two good reasons: (1) the practical use of the knowledge of the near and far field 
pattern of the solutions, particularly of the order of edge singularities and sharp 
radiation conditions , (2) the joy of seeing that the model problems were explicitly 
solvable by analytical methods. D.S. Jones pointed this out in the introduction of 
a recent paper: Analytical solutions to the scattering of electromagnetic waves by 
dielectric obstacles are few in number. Yet they are of considerable importance be- 
cause of practical applications and because they serve as benchmarks against which 
to check numerical procedures. Therefore any increase in the scope of analytical 
solutions is a useful addition to knowledge (see D.S. Jones: “Rawlins’ method and 
the diaphanous cone”. Q. J. Mech. Appl. Math. 53 (2000), 91-109). 

The basic Sommerfeld half-plane problem consists of the solution of the 
Helmholtz equation in a domain that is the exterior to a half-plane in three- 
dimensional space together with the traces of the field given on the two banks of 
the half-plane (Dirichlet conditions). 

Mathematically, similar basic problems appear in the diffraction and scat- 
tering theory for acoustic, electromagnetic and elastodynamic wave propagation. 
They can be formulated as mixed boundary and transmission problems or as 
initial-boundary value problems respectively, on so-called canonical domains, with 
particular configurations (axial-parallel, rectangular, circular etc., see the paper 




In Memory of Erhard Meister 



33 



by L. Castro et ah). The studies on the asymptotic behavior of the solutions in 
the neighborhood of geometric singularities on the one hand, and for low and high 
frequencies on the other hand, are used in several applied disciplines like radar 
techniques, computer tomography, material science, geophysics and so on. 

A great impact was made by a short paper by A.D. Rawlins entitled “The 
explicit Wiener-Hopf factorisation of a special matrix” in ZAMM 61 (1981), 527- 
528, which solved a key problem, namely the Sommerfeld half-plane problem with 
the Dirichlet condition on one side and the Neumann condition on the other side 
of the screen, and which had been proposed three years earlier by E. Meister in 
[28]. Independently E. Meister [36, 41] and also A. Heins in Math. Meth. Appl. 
Sci. 5 (1983), 14-21, solved the same problem in a similar way (unfortunately, 
due to the prevailing martial law in Poland, the Banach Center took almost five 
years to publish Meister’s paper [41]). Now the problem is known as Rawlins’ 
problem because he had tackled and solved it back in 1975 by an ad hoc integral 
representation approach , cf. [41], Sec. 1.3, and [63], Sec. 3 - without any matrix 
factorization. See also the introduction of E. Luneburg’s paper in this volume. 

A renaissance of diffraction theory was initiated by the new matrix factoriza- 
tion approach in which a number of scientists were involved. Erhard Meister at the 
TH Darmstadt was at the centre of this group because he knew both techniques 
very well, namely how to work classically (in the sense of the British school, i.e., 
to understand asymptotic results, e.g., in terms of Abel and Tauber type theorems 
for Laplace integrals and limiting absorption principles, etc.) and also how to deal 
with weak formulations in Sobolev spaces (for an adequate solvability theory, well- 
posedness, etc.); see the survey [63]. In particular, he contributed to the explicit 
analytic solution of half-plane problems with impedance conditions (jointly with 
the author [45]), general third kind conditions (with A. Hurd and the author [57]), 
considering dielectric half-planes (with A.D. Rawlins and the author [66]), higher 
order boundary conditions (with P.A. Santos and F.S. Teixeira [71]), and their 
spectral analysis (with N. Latz and J. Scheurer [77]). 

3.5. Canonical screen problems in diffraction theory 

For the diffraction of linear waves by plane screens and other canonical configu- 
rations, boundary value and transmission problems can be reduced to systems of 
pseudodifferential equations and can often be solved by analytical formulas. One of 
the most challenging problems was the famous quarter-plane problem in diffraction 
theory , which was explicitly solved (for the first time) in a rather subtle form by 
infinite products of operators by Erhard Meister and the author in [55], after some 
irritation in the literature (papers of J. Radlow from the 60’s) and also with the 
help of Moore-Penrose inverses [43, 50]. These contributions found a strong echo 
in the book by V.B. Vasil’ev on “Wave Factorization of Elliptic Symbols: Theory 
and Applications”, Kluwer, Dordrecht 2000. They also initiated the development 
of the theory of Bessel potential and pseudodifferential operators on the quarter- 
plane by R. Schneider [D17], and by R. Duduchava and the author in the early 
80’s. 
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Another class of problems in connection with parallel plates was treated 
extensively (see papers with R.A. Hurd, K. Rottbrand and F.-O. Speck [52, 53, 
54, 56, 58, 65, 67, 83, 92] and [D22]). Overview articles for this class of problems 
appeared in [46, 47, 48, 49, 78], together with further results in diffraction theory. In 
short, these problems reduce to Wiener-Hopf systems with Fourier symbol matrices 
of high complexity, containing exponentially decreasing and oscillating functions. 
Only a few of the matrices can be factorized. However a sophisticated matrix 
symbol calculus of the general cases led us to results about well-posedness via 
fixed-point arguments and to asymptotic results as well. Waveguides represent 
a physically important subclass of these problems which involve surface waves, 
see [54]. 

3.6. Elastodynamics 

Besides the linear wave phenomena in acoustics, optics and (polarized) electrody- 
namics, which are governed by the Helmholtz equation, there was much interest 
in applications to elasticity such as cracks, earthquakes and detection problems. 
The basic (model) half-plane problems for the Lame equations as formulated in 
the well-known book by V.D. Kupradze were considered in [59, 60, 62, 76] where 
much deeper constructive methods of matrix factorization had to be developed. 
In this context, the decomposition into shear and pressure waves corresponds to 
unbounded operators given by projection matrices containing certain poles, which 
are important from both the mathematical and the physical point of view. 

This part of the research was extended by C. Erbe to thermo-elastic phenom- 
ena in her PhD dissertation [D20]. 

3.7. Factorization theory 

As mentioned earlier, the papers by A.D. Rawlins, A. Heins and E. Meister, sparked 
off a 20-year research interest in constructive matrix factorization related to diffrac- 
tion theory (see [61, 62, 64, 76], the surveys [63, 80] and a remarkable paper with 
F. Penzel [68] on the reduction of the factorization problem for the difficult part 
of the class of Daniele-Khrapkov matrices to Riemann problems on Riemann sur- 
faces) - still a challenging topic. Various research groups in the world have been 
and are still busy with hard open problems from this field. Some general aspects 
and literature are set out in the recent survey by I. Gohberg, M.A. Kaashoek 
and I.M. Spitkovsky on “An overview of matrix factorization theory and operator 
applications” in Factorization and Integrable Systems (Eds. I. Gohberg et al.), 
Birkhauser, Basel 2000, p. 1-102. 

There is a strong motivation for generalized factorization, since it allows 
a rigorous operator theoretical approach: a solvability theory in Sobolev spaces 
and the construction of generalized inverses, which are not so evident from the 
classical Wiener-Hopf technique. The point is that explicit factorization of non- 
rational matrix functions is a very difficult subject. E. Meister and the author 
have contributed to the factorization of the so-called Daniele-Khrapkov matrix 
functions and those which appear in the elastodynamic theory, mentioned above. 
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This research also attracted S. Prossdorf from the Weierstrass Institute in Berlin, 
resulting in a joint paper with the author in 1989 (before the fall of the Wall) and 
it was very successfully continued by the group of A.F. dos Santos in Portugal 
with several publications. 

One of the most important results is a complete discussion of the orders of 
singularities for Sommerfeld problems, which depend directly on the increase of 
the so-called plus factor in the generalized factorization; see [63], which outlines 
the results for scalar symbols and for some examples in the matrix case. For a long 
time it was not clear whether the edge condition in general should be formulated 
in the form gradu ~ r~ 1//2 (which is convenient in the study of the Dirichlet 
and the Neumann problem) or in a different way. The solution of the Rawlins 
problem shows the surprising asymptotic behavior gradu ~ r -3 / 4 which forced the 
engineers to discuss the conventional square root singularity in the edge condition. 
Now we know that there are examples of Sommerfeld problems with two different 
boundary conditions on the two sides of the screen which exhibit a singularity of 
any order S £ [1/2, 1[. This can be considered as a consequence of the finite energy 
condition u £ if 1 (fl), as already suggested by E. Meister in his earlier work. 

3.8. Wedge problems and multimedia problems 

The dielectric wedge problem attracted researchers in diffraction theory as early 
as the 1930’s. Around 1980 Erhard Meister with N. Latz began research on this 
kind of problem (see [D3]), and also considered further transmission problems 
for wedges [40, 42]. Multimedia problems, where the space is divided into four 
rectangular wedges, have a similar structure, which he studied with R. Penzel in 
[44, 51]. During the visit of Francisco Teixeira to Darmstadt in 1989, a rigorous 
approach in Sobolev spaces was started and extended in joint work with the three 
Franks , namely F. Penzel, F.-O. Speck and F.S. Teixeira [69, 70, 74, 75, 79] and 
with A.B. Lebre and F.S. Teixeira [72]. Meister reported on these topics in [73] 
and, more recently, in [97]. He investigated this class of problems in a wider context 
in [82, 84, 85, 88] and partly in [86, 87, 96]. It became one of his very favourite 
topics. His retirement lecture in the Darmstadt Mathematical Colloquium on 11 
February 1998 was entitled “Ecken und Kanten nah und fern - mathematische 
Probleme der Streutheorie fur kanonische Gebiete” (Edges and wedges near and 
far - mathematical problems of diffraction theory for canonical domains). 

After a formulation of the problems in a Sobolev space setting, they could 
be reduced to systems of Wiener-Hopf-Hankel equations where certain compati- 
bility conditions for the given data were crucial for the construction of analytically 
strong relations between the associated operators. In several physically relevant 
cases the authors succeeded in constructing analytic solutions by discovering new 
composition formulas for Wiener-Hopf-Hankel operators and using recent matrix 
factorization techniques. Part B of this volume contains an article by L.P. Cas- 
tro, F.S. Teixeira and the author that extends corresponding joint work with E. 
Meister and also reports on the present state-of-the-art in this field. However, the 
complete analytical solution of the dielectric wedge problem is still unknown. 
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3.9. Spectral theory and time-dependent problems, scattering theory 

Many times E. Meister claimed that it is necessary also to solve the spectral 
problems or time- dependent initial-boundary value problems (rather than the time- 
harmonic) in order to understand scattering completely. So he tried to find a way 
to generalize the results on time-harmonic problems to general time-dependent 
ones, the so-called aperiodic problems. One can say that the latter problems were 
successfully investigated by the last generation of young people in his group, after 
quite a long period of research (see the papers on spectral theory [77, 89, 90] and 
the aperiodic case [81, 94, 95] as well as the surveys [98, 102] and, last but not least, 
the four PhD dissertations [D23-D26]). All of this work is carefully presented in 
the report on “Analytical and spectral theoretical investigation of time-dependent 
scattering problems with canonical semi-infinite obstacles” published in GAMM- 
Mitteilungen 23 (2000) 93-117 [FP6] - up to including his final work [102] that he 
presented at the IWOTA in Faro in September 2000 (see the photograph towards 
the end of part A). 

3.10. Quaternion boundary value problems 

In his last years, Erhard Meister also moved into the field of quaternionic anal- 
ysis. In this area, in collaboration with his wife Ljudmila, he made interest- 
ing observations particularly in electromagnetic theory, and also for canonical 
boundary-transmission problems in elastodynamics and visco-elastodynamics [100, 
101]. These new formulations led to new results on solvability and contain some 
key ideas for further analytical treatment. 



4. Research projects 

The research projects undertaken by E. Meister strongly stimulated the progress 
of the group. They helped to sponsor foreign scientists and to support young 
researchers. Let us look at some of the most important enterprises in the different 
areas of research. 

The Deutsche Versuchsanstalt fur Luft- und Raumfahrt (DVL) provided the 
first and most important financial support for E. Meister personally during the 
period 1956-58 whilst he prepared his PhD dissertation, and until the mid-60’s 
he gratefully acknowledged this support in various papers up to the publication 
of his habilitation thesis in the series of DVL reports [16-18]. Besides this aid, he 
received a grant from the European Office of the US Army [3, 6, 7, 8, 10, 11] due 
to the practical relevance of his research. It seems that this experience convinced 
him that he had a duty in his turn to provide substantial support for his young 
collaborators later in his life (and to ask them to treat real world problems). 

Some of the most active DFG projects were: 

• Instationare Triebwerkstromungen. DFG project Me 261/3, 1975-1979. See 

[30, 32, 37] including H.-J. Sommer, G. Buggle and M. Jirmann. 
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• Nichtklassische Wiener-Hopf-Probleme mit Anwendungen in der Beugungs- 
theorie. DFG project ME 261/4. See various publications in 1985-89 [48, . . . , 
60] with partial support for M. Costabel, F. Penzel, R. Penzel, R. Schneider, 
full support for the author and collaboration with N. Latz and E. Liineburg. 

• Non-classical Wiener- Hopf problems with applications in fracture mechanics. 
Subproject in the Forschergruppe Ingenieurwissenschaftliche und mathema- 
tische Analyse bruchmechanischer und inelastischer Probleme. DFG project 
KO 634/32, 1988-96 with support for young members of the group like K. 
Rottbrand [67, 83, 92], F. Penzel [68], J. Mark [81] and two visits by F.S. 
Teixeira in 1989/90, see [69-72, 74, 75, 79, 97] partly published with A.B. 
Lebre, P.A. Santos, F. Penzel and the author. 

The cooperation with the Portuguese colleagues was continued through two 
projects jointly undertaken with the author and directly supported by the Ger- 
man Academic Exchange Service (DAAD), the Federal Ministry for Research and 
Technology (BMFT) and the Portuguese National Science Foundation (INIC and 
JNICT, respectively): 

• Wave diffraction phenomena, Sobolev space methods, and approximation the- 
ory. INIDA project 311 sponsored by DAAD and INIC (Portugal) in 1991-92 
with exchange visits by E. Meister, B. Silbermann, F.-O. Speck and mem- 
bers of their groups like C. Erbe, T. Ehrhardt and others already mentioned 
before. 

• Singular operators - new features and applications. JNICT/BMFT Project 
no. 423/1 in 1995-98 with exchange visits by L. Castro, J. Mark, A. Passow, 
A. Moura Santos (various publications resulting in four PhD dissertations) 
and F.-O. Speck. 

Another DFG project should be mentioned in connection with the research 
described in Sec. 3.9: 

• Analytische und spektraltheoretische Untersuchungen zeitabhangiger Streu- 
probleme an kanonischen halbunendlichen Objekten. DFG project ME 
261/13-1, 2, duration 1997-2000. See the detailed report [F6] and papers, 
e.g., with A. Passow and K. Rottbrand [94, 95, 98] and Meister’s last publi- 
cation [102]. 

Some members of the group were supported by single applications like R. 
Hinder, sponsored by the VW foundation and the DFG [91, 99] and M. Soliman 
and B.-J. Jungnickel [93], who were sponsored by the German Federal Ministry of 
Trade and Commerce. 
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5. Guests, international contacts 

Convinced of the importance of international contacts, E. Meister promoted many 
visits by foreign colleagues to Germany, especially from the Eastern bloc. He and 
his guests enabled many young people to widen their scientific horizons by mutual 
exchanges. 

Some of the most important contacts were connected with three Alexander 
von Humboldt awardholders proposed by Erhard Meister: R. Duduchava, I. Goh- 
berg and V. Maz’ya. We refer the reader to the corresponding reminiscences that 
are included in the next part of the book, which contains a variety of contributions 
with quite different points of view. Naturally, they cannot reflect all the relations 
that existed, so that some complementary information can be given here from the 
author’s memory (in addition to Meister ’s report of 1993). 

There was for instance E.L. Koh from the University of Regina, Saskatchewan, 
Canada, who spent the year 1975-76 in Darmstadt on a National Research Coun- 
cil Travel Fellowship. As a specialist in integral transformations, he influenced 
the work of E. Meister with G. Buggle [32, 37, 38] and stimulated contacts with 
Canada, see Sec. 7. 

M. Shinbrot from Montreal (later he moved to Victoria) stopped off in Darm- 
stadt in May 1979 and talked about “Difference kernels” . The discussion was very 
lively and had some impact on our work on “General Wiener-Hopf Operators” 
during the following years; see [43], for example. 

A. Heins from Ann Arbor, Michigan, was invited to Darmstadt in the summer 
of 1980 and gave a lecture course on “Some representation theorems for diffraction 
problems” . He was one of the first who thought about matrix factorization taking 
the logarithm of a matrix by series expansion (there is a remark in a 1950 paper by 
him on “Systems of Wiener-Hopf equations. . . ”). The idea gained some importance 
later in the context of Daniele-Khrapkov and Jones form matrix functions. 

Three DFG fellowship visits of one year each took place in the 80 ’s (see also 
the reminiscences section): D.C. Pack came in 1980-81 to continue work on the 
Boltzmann equation, and also with his contacts in the Mechanics Department of 
the TH Darmstadt. R.A. Hurd spent the academic year 1986-87 in Meister’s group 
with nice results on diffraction problems [53, 54, 57, 58] and an interesting review 
on “The explicit factorization of 2 x 2 Wiener-Hopf matrices” which appeared only 
as a departmental preprint no. 1040 in March 1987, but attracted a remarkable 
amount of attention in the Darmstadt group and its scientific vicinity. 

The stay of A.D. Rawlins in 1988-89 occasioned a useful comparison of the 
methods of the British school and the operator theoretical approach resulting in 
two joint papers [65, 66]. 

S. Prossdorf from the Karl Weierstrass Institute of the Academy of Sciences 
in (East) Berlin was invited for half a year in 1988 and, after a lengthy correspon- 
dence with the GDR Foreign Ministry, he succeeded in carrying out his first visit 
to West Germany in March 1988 - for one month. He gave various talks in Darm- 
stadt, Bonn, Stuttgart and other places recommended by E. Meister. The visit was 
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the basis for an intensive international relation that unexpectedly turned into a 
domestic one two years later. Despite having no time, he succeeded in publishing 
a well-received paper about matrix factorization together with the author in the 
summer of 1989, a few months before the fall of the Berlin Wall. 




Meister with Prossdorf and Speck in Feb. 1998 



After the political liberalization at the beginning of the 90 ’s, many contacts 
grew rapidly with colleagues from the Eastern bloc countries as reported in various 
reminiscences. Relatively few of these resulted in joint publications, an exception 
being the collaboration with S. Nazarov [99] who spent one month at Darmstadt 
in 1997. On the other hand, the author’s departure for Portugal yielded a high 
number of projects and publications as a natural continuation of existing activities 
reported above; see also the reminiscences of A.F. dos Santos and F.S. Teixeira. 
Various existing contacts of E. Meister were extended and continued to Portugal 
and France, e.g., with R. Duduchava; see the list of his publications (now easily 
accessible via the internet) with M.A. Bastos, A.F. dos Santos, L. Castro and the 
author, and with M. Costabel and M. Dauge and others. 

It is impossible to mention here all the guests of E. Meister - just a brief 
glance into the files of the 80 ’s gives some impression of their variety: we can 
find names like B. Bojarski, L. Boutet de Monvel, L. Coburn, T. Ha Duong, A. 
Dzuraev, W.N. Everitt, J. Giroire, A.T. de Hoop, M.A. Kaashoek, H. Langer, R.C. 
MacCamy, G. Mendoza, M.W. Pautschko, A. Piscorek, D. Przeworska-Rolewicz, 
B.-W. Schulze, M.A. Shubin, S.R. Simanca, I. Spitkovsky, J. Wolska-Bochenek and 
many, many others. 
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6. Supervision, PhD students and habilitations 

The list of Meister’s PhD students can be divided into five generations originating 
from Saarbriicken (no. 1-5), Berlin (6-8 and 13), Tubingen (9-12 and 14) and 
Darmstadt - the latter split into three groups (15-19, 20-22, 23-26). It is inter- 
esting to compare the topics of the seminars, theses and publications, see, e.g., 
the reminiscences of N. Latz, and to observe the steady progress within the group, 
guided in a fatherly way by Erhard Meister. 

Being a humorous man, he started during his time in Tubingen to talk about 
filling the alphabet with his students: Alber, Buggle, Costabel, Donig, Eisenhardt, 
Frank (Speck), after having already started further along the alphabet with Ger- 
lach, Hery, (I, J missing), Kremer, Latz. He did not succeed in getting all the 
letters, but he did in fact get 26 PhD students - the number of letters in the 
German alphabet. 

There are also a considerable number of habilitations among group members, 
which might be mentioned here since E. Meister helped their progress: 

N. Latz, TU Berlin 1975, now prof, at the TU Berlin 
H. Sohr, Tubingen 1975, prof, in Paderborn 
H.-D. Alber, Bonn 1982, prof, in Darmstadt 
J. Donig, Darmstadt 1982, prof, in Duisburg 
F.-O. Speck, Darmstadt 1984, prof, at the TU Lisbon 
M. Costabel, Darmstadt 1984, prof, in Rennes 

J. Gwinner, Darmstadt 1989, prof, in Munich 
W. Varnhorn, Darmstadt 1992, prof, in Kassel 
P. Deuring, Darmstadt 1993, prof, in Calais 
F. Penzel, Darmstadt 1993, PD in Darmstadt 

R. Schneider, Darmstadt 1995, prof, in Chemnitz 
F. Ali Mehmeti, Darmstadt 1995, prof, in Valenciennes 

K. Rottbrand, Darmstadt 2000, consultant in Cologne 

Most of them are working as professors in various universities, some in poly- 
technic schools like M. Kremer, who became rector of the Fachhochschule Darm- 
stadt as long as twenty years ago. T. von Petersdorff went to the United States 
directly after his PhD exam and is now professor at the University of Maryland 
at College Park. 



7. Sabbaticals, journeys, participation in conferences 

There is no systematic report on traveling activities in E. Meister’s CV although 
he enjoyed meeting his colleagues all around the world. So this part of these notes 
highlights only a few of his trips (referring to various reminiscences again) . 

The first conferences he visited were the GAMM meetings from 1958 onwards 
(see R. Leis, D.C. Pack), and a number of E. Meister’s publications appeared in the 
Zeitschrift fur Angewandte Mathematik und Mechanik (ZAMM), being one of the 
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principal journals of applied and engineering mathematics. Later he was invited 
repeatedly to deliver a main lecture at the annual meetings of the Society. Thus 
he spoke about “Ein Uberblick iiber analytische Methoden zur Losung singularer 
Integralgleichungen” in Graz in 1976 and about “Operatorfaktorisierung in der 
Beugungstheorie fur kanonische halbunendliche Gebiete” in Dresden in 1993. 

The invitation by D.C. Pack to spend a sabbatical year as a guest professor 
at Strathclyde University in Glasgow represented his first opportunity to work 
outside Germany. The stay took place in the summer of 1966, but only for one 
semester, because of the professor position at the TU Berlin that he was offered at 
the same time (see N. Latz, D.C. Pack). A two- hour lecture course on “Hilbert’s 
boundary value problem with applications” was delivered for the first time, forming 
the basis of one of his favorite future lectures. 

In the late 60 ’s the famous Mathematisches Forschungszentrum at Oberwol- 
fach in the Black Forest started to organize conferences on “Methoden und Ver- 
fahren der mathematischen Physik” initiated by B. Brosowski and E. Martensen 
who published the proceedings under the same title in a new book series of the 
Bibliographisches Institut Mannheim. E. Meister immediately belonged to the in- 
ner circle and profited a great deal from the corresponding contacts (see his report 
and R. Leis). 

He participated in some thirty conferences at Oberwolfach and in at least 
the same number of national and international meetings, frequently as invited 
main speaker. Among them one can find various important conferences in Eastern 
Europe (see his report), e.g., in Kozubnik, Poland, in 1977 [29] and in Tbilisi, 
Georgia, in 1979. He attended the Toeplitz Memorial Conference in Tel Aviv in 
1981 [35], the IWOTA conferences in Amsterdam ’85, Rotterdam ’89, Regensburg 
’95 and Faro in 2000, the tenth Dundee conference [63], and the Calgary conference 
on the occasion of the 70th birthday of I. Gohberg in 1988 [61], the International 
Workshop on Direct and Inverse Electromagnetic Scattering at Gebze/ Istanbul in 
1995 [85], and the ICM in Peking in 2000 [100] - just to mention a few milestones. 

The second sabbatical term in February-March 1978 served for a quite busy 
journey to Canada. It included visits to E.L. Koh and W.D. Montgomery in Regina 
where he gave a two-hour lecture course on “Singular integral equations of con- 
volutional and Cauchy type”, another visit to R.F. Millar in Edmonton, Alberta, 
and further talks in Saskatoon and Vancouver. On the way back he participated 
in the Fifth Conference on Differential Equations in Dundee, Scotland [34]. 

In the spring of 1981, E. Meister was an invited speaker at the XVII Banach 
Center scientific meeting on Mathematical Methods and Models in Contemporary 
Mechanics [41], see Sec. 3.3. Another sabbatical term was spent at the University 
of Delaware from September to December 1981 where he prepared a paper with 
N. Latz [40]. 

Finally, it should be mentioned that E. Meister spent several one-month stays 
in Oberwolfach being a good and quiet place for research and project preparations, 
within the framework of Research in Pairs (RiP), together with the author in 1985, 
1987 and 1998. 
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8. Organization of conferences, workshops and colloquia 

“Function Theoretic Methods for Partial Differential Equations” was the title of 
the first international conference organized by E. Meister jointly with N. Week and 
W. Wendland in Darmstadt in 1976. It brought together some of the great pioneers 
of the area such as S. Bergman, W. Haack and I.N. Vekua, who met for the first 
time in their lives, and made possible exciting discussions between A.W. Bidzadse 
and R.P. Gilbert, G. Fichera, V.D. Kupradze, B. Bojarski and many others. The 
symposium represented one of the most interesting East- West meetings in the area 
at that time. The proceedings were published in the Springer series Lecture Notes 
in Mathematics [El]. 

Oberwolfach saw various conferences organized by E. Meister: “Integral Equa- 
tion Methods in Engineering” jointly with W. Wendland in 1980, “Mathematical 
Methods in Fluid Mechanics” with K. Nickel and J. Polasek in 1981 [E3], “Wiener- 
Hopf Problems with Applications” with I. Gohberg and M.A. Kaashoek in 1986, 
“Practical Treatment of Integral Equations, Boundary Element Methods and Sin- 
gular Integral Equations” with G. Hammer lin and W. Wendland in 1988, “Wiener- 
Hopf Problems, Toeplitz Operators and Applications” with I. Gohberg and M.A. 
Kaashoek in 1989, and “Singular Integral and Pseudo-Differential Operators and 
its Applications” with S. Prossdorf and B. Silbermann in 1994. As one can see, 
integral equations and operator theory were the main topics of these meetings, al- 
ternating between pure theoretical and very practical themes. Also the East- West 
exchange was very strong as highlighted by the reminiscences of A. Bottcher, B. 
Silbermann, L. von Wolfersdorf, and the colleagues from Prague, for instance. 

As early as the 80’s a very clear plan had been conceived by E. Meister: to 
celebrate the 100th anniversary of the publication of Arnold Sommerfeld’s famous 
paper on diffraction theory mentioned before in Sec. 3.4. His plan was carried 
out at the conference on “Modern Mathematical Methods in Diffraction Theory 
and its Applications in Engineering” in Freudenstadt/ Black Forest in 1996 with 
eighty participants. In the introduction of the proceedings [E4] we find a passage 
which sounds like a confession: The aim was to bring together experts from all 
over the world with young scientists so as to encourage them to cooperate in the 
fields of microwave- propagation and scattering as mathematicians, physicists, and 
engineers following the lines of Sommerfeld’s ideas. He was one of the first people to 
formulate diffraction problems as boundary value problems for canonical domains, 
like half-planes and wedges. Many analytical and numerical methods sprang up 
from his ideas, but a lot of unsolved old and new problems still exist. 

E. Meister also organized plenty of small workshops in Darmstadt and other 
places, sometimes informal and ad hoc, if there was a group of people around 
with similar interests, see, e.g., [F2]. He had a strong desire to stimulate the ex- 
change of ideas for the progress of science without thoughts of personal gain. In 
the 90’s some of the meetings were jointly organized with colleagues from the DFG 
Forschergruppe mentioned in Sec. 4. Also the success of his last big project was 
celebrated by three workshops in 1997-2000 as reported in Sec. C.l of [F6]. 
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At least two very special meetings should be mentioned that were organized 
to honour E. Meister. The 60th birthday colloquium at the TH Darmstadt in 
February 1990, jointly dedicated to his departmental colleague Willi Tornig who 
was born one day earlier, gathered together two hundred guests from all over 
Germany and surrounding countries, including the first president of the European 
Mathematical Society, Friedrich Hirzebruch. 

Second, the workshop on “Analytical Problems of Continuum Mechanics” on 
the occasion of E. Meister’s “Emeritierung” (retirement) in February 1998 was 
carefully prepared by H.-D. Alber and his colleagues and brought together the 
majority of his pupils, friends and colleagues in the so- familiar lecture rooms of 
the (re-named) Darmstadt University of Technology. E. Meister gave a colloquium 
talk that was announced by the poster of Prof. K.-H. Hofmann shown in the next 
two pages. Some photos of that meeting are included in this volume as well as the 
exciting ceremonial address by Douglas Jones (E. Meister liked it so much) and 
parts of the author’s lecture on “Some operator theoretical aspects in diffraction 
problems” within this short biography. 

In June 2003 there was another workshop to honour E. Meister entitled “Op- 
erator Theory in Analysis and Engineering” which took place at the Darmstadt 
University of Technonlogy with the proceedings to be published in Mathematische 
Nachrichten. 



9. Editorial and referee work 

E. Meister was a member of the editorial boards of eight scientific journals and 
periodicals; see his CV. He was founder member of Mathematical Methods in the 
Applied Sciences in 1973, Integral Equations and Operator Theory in 1977 and 
of the Birkhauser book series Operator Theory: Advances and Applications in 
1979, and belonged to the editorial boards until his death. After the unification of 
Germany, he played a substantial role saving Mathematische Nachrichten as one 
of the leading journals of mathematical analysis in Germany. 

Moreover, he was involved in a lot of other extracurricular activities. Thus 
he was chairman of the GAMM committee on Applied Analysis and Mathemati- 
cal Physics, worked as elected vice- and main referee for applied mathematics for 
the DFG and for several years was a member of the DFG committee “Sonder- 
forschungsbereiche” . 

In addition he acted many times as second referee in doctoral exams in math- 
ematics and engineering, and wrote countless reviews for Zentralblatt and Mathe- 
matical Reviews, letters of recommendation and opinions for all possible purposes. 



10. Seminars and life in the group 

I am not a collector Erhard Meister used to claim meaning stamps and things like 
that. But mathematics was a different story; witness his interest in collecting PhD 
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students. In his house, you can still find tens of thousands of pages of notes written 
down in seminars and conferences. He always took as many notes as possible in 
lectures - complaining about the use of overhead projectors when they appeared. 
On being asked why he did that, even when there existed manuscripts of the talk, 
he answered with a smile “I am afraid of falling asleep” , but the truth was that he 
always liked to take with him as much as he could, extending his memory (which 
was excellent anyway). Sometimes he would say in a discussion: Yes, this question 
we considered some 15 years ago after a talk of Prof. X . . . let us have a look at 
my notes. 

All his life he ran a busy research seminar for collaborators, postgraduates, 
occasional guests etc. in addition to the ordinary seminars for students. Moreover 
he initiated and supported interdisciplinary joint seminars with colleagues from 
other departments, e.g., with K.P. Hadeler (Biomathematics) at Tubingen in the 
early 70’s. There were mutual seminars with P. Werner from Stuttgart, e.g., with 
lecture courses by C.M. Wilcox who was there on sabbatical leave in 1974. Prof. 
Wilcox was a specialist in scattering theory, spectral theory and waveguides, topics 
that were later treated intensively in Meister’s group. He used to appear with a 
sporting outfit as E. Meister on walking tours. 











K.H. Hofmann poster (2 nd part) 



In Darmstadt Erhard Meister started having contacts and joint seminars with 
G. Piefke (Electrotechnics) in the mid 70 ’s. Later he founded the Colloquium on 
Fluid Mechanics, jointly organized by E. Becker, E. Meister, K.G. Roesner and 
J.H. Spurk in the Department of Mechanical Engineering at the second campus 
of the THD called “Lichtwiese” , which existed for some twenty years. Prof. Spurk 
became the supervisor of E. Meister’s son Olaf. In the 90’s, the DFG “Forscher- 
gruppe” created the “Kolloquium Festkorpermechanik” (Colloquium on rigid body 
mechanics) organized by Meister, Spellucci and Tornig (Mathematics), Gross and 
Haupt (Mechanics) and Kollmann, Schmockel and Wissmann (Mechanical Engi- 
neering), constituting the largest interdisciplinary seminar, bringing together seven 
research groups. 

E. Meister’s universal interest was reflected in two habits: always taking notes 
and asking questions after every talk; see some quite original observations in the 
reminiscences of L. Meister, I. Gohberg and M.A. Kaashoek. His liking for discus- 
sions also resulted in the daily lunches with any colleagues and assistants at hand 
at 12h30 sharp. In Berlin’s restaurants near “Savigny Platz” one could hear the 
melody of the Saarland language, in Tubingen, the inn “Die Rose” at Lustnau 
benefited from a little group discussing in Berlin slang and in “Bayerischer Hof” 
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in Darmstadt, Swabian and Hessian sounds mingled with remnants of Saarland 
and Berlin tones. 

One nice tradition was to have supper with the guests after their seminar 
or colloquium talks in an Italian restaurant, which suited every taste, and often 
the groups went on talking till midnight. The younger colleagues created a Friday 
afternoon beer circle in “Hotzenplotz” or some “Biergarten” , and many guests also 
frequented and enjoyed the private weekend parties where everybody was welcome 
and university life mingled with real life. Jokes from Tbilisi, Warsaw, and Israel 
supplemented the pleasure of German specialities like sausages, garlic butter, local 
beer and Alsace wine, and sometimes the other way around, stories from the place 
we met before were conjured up by the taste of Pilmeini, Adjika and Polish Wodka. 

Once or twice a year E. Meister asked his assistants to organize a work outing 
for his group called AG 12 (Arbeitsgruppe 12) at Darmstadt. It was usually a 
hiking tour - one of his favorite sporting activities as everybody realized from 
his clothing, cf. the memories of R.A. Hurd, Meister’s son Olaf and many others. 
Sometimes friendly groups like that of W. Jaeger from Heidelberg (see the photo) 
and, of course, the AG 6 (of Prof. Wendland) were invited to take part in the tour. 
Some people therefore spoke of AG 18. Typically this ended after a four- hour walk 
in a nice inn where the discussions continued in more comfortable surroundings. 
The Oberwolfach walking and talking tours on Wednesday afternoons were most 
pleasant and successful when Erhard Meister was the guide - a master guide 
(nomen est omen). 

Meister’s marriage with Ljudmila brought university life to his home more 
and more. Various colleagues were invited to stay there during their visits; see the 
comments by V. Maz’ya, S. Nazarov and D.C. Pack for instance. And many times 
we met there with his guests, colleagues and friends enjoying a little concert in the 
large living room or sitting in the garden and talking about the sense and pleasure 
of doing mathematics. 

Acknowledgement: The author would like to thank Ljudmila Meister and Olaf 
Meister and his family for their friendly support during the preparation of this 
short biography. It was a great help to have the list of publications and PhD 
dissertations and to see the collected works that was provided by Steffen Roch. 
The suggestions of the editors are gratefully acknowledged as well as the proof- 
reading by Mrs. Susan Picken and comments from various colleagues and my wife 
Gaby. 
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Is Electromagnetism any Use? 

Douglas S. Jones 



It is a great pleasure for me to have this opportunity of honoring Professor Meister 
on this special occasion. He has made many important and valuable contributions 
to the theory of electromagnetism as you will have gathered from the fascinating 
lecture by Professor Speck and from yesterday’s and today’s workshop. However, 
it is not my task to describe again the power of Erhard’s mathematics but to 
try to explain the significance (if any) of electromagnetism for life today. I shall 
attempt to do this by tracing how it has developed over the past century or so 
and the impact of those developments on society - a sort of potted history in non- 
technical terms. This will mean that I shall be omitting the technical details of 
the contributions of many distinguished theorists and, regrettably, that includes 
Professor Meister. Anyhow he is far too active to be consigned to the history 
books yet. 

Tracing the origins of electromagnetism is like finding the source of a river 
with many tributaries because numerous international scientists are involved. Some 
would say that it started about 130 years ago with that well-known Scotsman, 
Maxwell, but I think that the beginning is much earlier. There is one form of 
electromagnetism with which we are all familiar, namely, light. And some 300 
years ago a Dutchman Huygens explained how waves of light behaved. His house 
is still preserved in the neighborhood of Den Haag. Mind you, a Dutchman once 
told me that everywhere in the Netherlands is in a neighborhood of Den Haag. I 
guess he did not come from Friesland. 

I shall now describe Huygens’ theory so that you can discover all you need to 
know about waves and perhaps a good deal more than you ever wanted to know. 
What Huygens said was that, if a wave is started from a source, it will begin to 
spread at a certain speed and after a time will reach position 1 (Fig. 1); it will move 
on coming to position 2 eventually and keep going. The sound from my mouth is 
doing exactly that, reaching you row by row, and is covering a kilometre roughly 
every three seconds. 

Some people say they can detect that the sound from the brass and strings 
of a large orchestra arrive at slightly different times though I cannot. Another 
illustration that waves travel at a definite speed is the time you have to wait 
for an echo in a valley with steep sides. Bats, by sending out pings at regular 
intervals, use this property to avoid obstacles; they can distinguish between two 
objects separated by the width of a pencil line. 



Lecture on the occasion of the retirement of E. Meister on 13 February 1998 at Darmstadt. 
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Figure 1 



Not all waves travel at the same speed; electromagnetic waves travel very 
fast. When you look in a mirror you see yourself at once; yet the light has gone 
from your body to the mirror and back again to your eyes. Thunderstorms are a 
good example, when a discharge takes place you see the lightning immediately but 
the thunder comes later; every 3 seconds delay adds a kilometer to your distance 
from the flash. So if you want to know how far away the storm is you count the 
number of seconds between the flash and first rumble, then divide by 3. Gives you 
an idea of when to take cover or start running. 

There is a useful practical application. If you measure how long it takes for 
a radio signal to go to A and back again you know how far you are from A. (Fig. 
2(a)). If you do the same with B you can pinpoint your position if you know 
whether you are north or south of AB (Fig. 2(b)). Actually it is more reliable to 
have a third station so that you get a precise fix without worrying whether you are 
north or south. Applying a bit of mathematics you get a method that was used 
to navigate aircraft in the Second World War. Then if you are living after 1957 
the idea occurs that wider coverage would be achieved if you put A in the sky on 
a satellite and eventually you come up with a system which, today, enables you 
to locate your position on the earth to within a meter or two by electromagnetic 





Figure 2 
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waves (Fig. 3). Once such links are established why not use them for the telephone 
- the Inmarsat Mini-M service does that though the phones cost some 4000 marks 
at the moment and then you can call from anywhere in the world to anywhere in 
the world for 4 marks a minute. An offshoot is a gadget called MoBIC produced 
by British Telecom and the German company FHP which tells a blind man his 
position and route to his destination, and warns him if he deviates from the route. 
Perhaps there’ll be a button to let others know where he is. 

Now, if you could see the sound wave as it went by what would you observe? 
Roughly speaking it would go up and down; the distance between the peaks is 
called the wavelength (Fig. 4). 

Middle C on a piano has a wavelength of about 1^ metres, top C is about 
8 cm. The wavelength of an average voice is about 2 m varying from 4 m for low 
voices to 20 cm for high-pitched speech. Some ears can hear wavelengths as short 
as 2 cm and as long as 20 m. Compare the size of the ear, but remember that 




Figure 4 
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the bones of the skull conduct sound direct to the inner ear without having to go 
through the outer ear. 

The shorter the wavelength the more information a wave can carry. Pictures 
speak louder than words; if you don’t believe me try describing a painting by 
Picasso or an etching by Durer in words. This means that TV waves, which carry 
pictures, must have a much shorter wavelength than sound broadcasts. 

Another rough rule is that, to pick up weak signals, a rod or wire is needed 
which is about half a wavelength long. This explains why in the 1920’s houses had 
long wires draped around - the broadcasts were on long wavelength and not very 
strong (Fig. 5). It explains also why TV antennas some way from the station are 
composed of rods a few centimeters long at least in countries like Britain where 
cable television has had little impact (Fig. 6). 

Actually the ideas of Huygens lay dormant for 150 years when they were 
picked up by Fresnel. Until Fresnel’s intervention the prevailing theory, due to 
Newton, was based on small particles of matter floating about. By the time of 
the revival of Huy gen’s ideas the next figure on the historical scene had appeared. 




Figure 5 
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That was Faraday at the University of London. He has been called the father of 
electricity and the bicentenary of his birth occurred about 6 years ago. When the 
Finance Minister asked him what the value of science was he replied “Whatever 
it is I am sure you will find a way to tax it”. By the middle of the last century 
Faraday’s researches had led to the creation of the telegraph which sent messages 
by Morse code. The Scotsman Bowman Lindsay of Dundee, called by Marconi the 
father of wireless telegraphy, had made transmissions in 1853. It would be another 
twenty years or so before the microphone and telephone were invented by Bell. 

This is where Maxwell comes on the scene, though his entry was by accident. 
By the way, in addition to his scientific achievements, Maxwell also wrote humorous 
verse and a collection of his poems has been published by Markings Heritage. 
Maxwell had been educated at the Universities of Edinburgh and Cambridge where 
he was taught by the same tutor as taught Lord Kelvin, Stokes, Cayley, Tait to 
mention a few eminent scientists and rated best of the lot (in those days the 
Cambridge examination was 16 papers each of 3 hours taken on 8 consecutive 
days - I wonder what today’s students would think of such an exam). At the age 
of 25 he was appointed Professor of Natural Philosophy at Marischal College in 
Aberdeen, Scotland. Here he made an outstanding reputation with contributions 
in astronomy, color vision and the theory of gases. 

Aberdeen also housed King’s College and in 1860 the government decided on 
an economy measure - the British government never seems to have lost the habit of 
economising on higher education; perhaps the German government is wiser. The 
economy measure was to combine the two colleges into a single institution, the 
University of Aberdeen, and halve the number of academic posts. This was fierce 
even for a city like Aberdeen, reputed to be very careful with money - inhabitants 
don’t like using blinkers on their cars in case they have to replace a bulb. There 
were two Professors of Natural Philosophy; one had to go and, politics being what 
it is, it was Maxwell who went. He tried for Edinburgh but Tait was appointed. 
Eventually, he found a position as Professor at King’s College, London. 

In London he had Faraday as a colleague and the regular contact caused him 
to take a serious interest in electromagnetism. At the time the governing equations 
were in skeleton form (Fig. 7). 
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Figure 7 

Faraday’s Law explains how dynamos, electric motors, hairdryers and electric 
razors work. Talking of hairdryers, when I checked in at the hotel where I am 
staying the receptionist said that a special room had been reserved for me. So I 
asked her “What’s special about this room?” She replied “It has a hairdryer.” 

Ampere’s Law indicates that current produces magnetic field. 

What Maxwell said, in a highly simplified argument, was: according to Fara- 
day electricity and magnetism occur together but there is no tall box in the second 
equation so we must add one to get Fig. 8 

For those who are worried that there is no square in the first equation, you 
can add one but it is an optional extra. For the record, Maxwell’s equations are 

dB 

curl E + = 0 

at 

curl H - ^ = J 

at 

Undergraduates are offered a simple explanation (somewhat deeper than the 
one just given) for the addition, but is well to recall that, in his original paper, 
Maxwell listed some 20 reasons for adding the box. Maxwell’s arguments were 
purely theoretical; no practical method of generating electromagnetic waves existed 
then and, indeed, 20 years were to elapse before their production. 

For the next step we have to move to Berlin and 1879. In Berlin the big chief 
was Helmholtz (the same Helmholtz as is associated with one of the notations 
for musical scales). Helmholtz did not hold with Faraday’s theories and therefore 
distrusted Maxwell’s equations. He had his own rival theory. Under his supervision 
was a doctoral student named Hertz. 

Helmholtz gave Hertz a problem which, in essence, would decide between 
the two opposing theories. Funny sort of supervisor. I mean if a supervisor asks a 
graduate student to decide between the supervisor’s theory and a rival’s you know 
what the answer must be. Hertz worked on it for a couple of months, concluded it 
was too hard and returned to completing his doctoral thesis. Shortly afterwards, 
he moved to Kiel as a Privatdozent but he found the laboratory facilities so in- 
adequate that he could not carry out his research properly. Fortunately, in 1885, 
he was appointed Professor of Physics at Karlsruhe and here he flourished. Using 
a wavelength of about 24 cm he established the speed of electromagnetic waves, 
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Figure 8 

constructed dishes like those on today’s satellite receivers and made a cavity res- 
onator. He described rays, diffraction, polarisation and refraction; solved the dipole 
problem and found its far field. All this in the space of some 3 years - a truly stag- 
gering achievement. Do you think he ever found time to sleep? He must have had 
as much energy as Professor Meister. His conclusion was and I quote “The results 
of the experiments on rapid electric oscillations which I have carried out appear 
to me to confer upon Maxwell’s theory a position of superiority to all others”. 
While there is controversy over who first produced electromagnetic waves there 
can be no doubt that the remarkable Hertz placed everything on a firm footing 
both theoretically and experimentally. His name is in constant use today when we 
say that the electricity supply is 50 Hz or a computer operates at 200 MHz. 

The translation of Hertz’s laboratory experiments into a practical operating 
system was accomplished by Marconi. If this meeting had been held 2 months 
earlier we would have been celebrating the centenary of the first wireless message 
sent outside a laboratory. Marconi had moved to England because the Italian gov- 
ernment did not think it was worth financing wireless transmission. In December 
1897 he succeeded in sending a message in Morse by wireless from the English 
coast to a ship some 5 km away. 

In the meantime the theorists had not been idle. 

Following Hertz they had set to work to find out that Maxwell’s equations 
predicted about electromagnetic waves in a variety of circumstances. I shall men- 
tion only some of the relevant names: Poynting, Kirchhoff, Helmholtz, Heaviside, 
Rayleigh, Sommerfeld, Poincare and MacDonald - many of the papers are still 
worth reading if you can get hold of a copy. 

I should mention a couple of things about that great man Sommerfeld. First, 
I have been in this business so long that some people think I was a contemporary 
of Sommerfeld at university. I was not; he attended a few years earlier. The second 
item is his legacy of what I call Sommerfeld’s ghost wave. In his famous paper 
on propagation over the earth there is a misprint in the final formula so that a 
sign is printed incorrectly. With the incorrect sign two terms combine to produce 
a wave; with the right sign the terms cancel and there is no wave. That is why 
I call it a ghost wave. Subsequent authors did not bother to read the paper - 
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Figure 9 

do today’s writers read what their predecessor’s have written I wonder (it saves 
a lot of trouble not having to read complicated mathematics) - quoted the final 
result and predicted the existence of the ghost wave. At the time apparatus was 
too primitive to decide the issue and it was not until 1935 that Norton pointed 
out the misprint and gave the proper interpretation. Norton’s predictions were 
confirmed experimentally by Burrows in 1937. You would think that settled the 
matter but the ghost wave continues to haunt at regular intervals - only last year 
I was involved in an argument with some authors who believe in its existence - 
plus ga change, plus c’est la meme chose. 

As I have remarked early apparatus was primitive and some of the massive 
set of theoretical results had to wait 30 years before verification, for example, by 
Savornin’s experiments on razor blades and Burrows’ experiments on earth effects. 
In 1908 came the solution by Mie of what happens when an electromagnetic wave 
hits a sphere or ball. This was important because it explains the color of a sunset, 
the formation of a rainbow and how radar is scattered by rain thus enabling modern 
aircraft to carry a radar which detects the presence of storm clouds. 

Another thing which Mie’s solution tells you is how a wave propagates from 
one point of the earth to another since the earth is a sphere. The theorists con- 
cluded that the wave did not penetrate beyond the visible horizon (Fig. 9). This 
was a disaster because Marconi had managed already to send signals between 
Europe and Newfoundland. Could Maxwell’s equations be wrong? The resolution 
took 10 years. It was nearly 1920 before Watson and White showed that the the- 
orists had made a mistake in their sums and that waves would pass the horizon 
travelling further the longer the wavelength (Fig. 10). This explains why to cover 
a country many ground stations are required for TV or FM radio, not so many for 




Figure 10 
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the radio medium waveband and ever fewer for the long waveband. The episode 
reminds us that the motto of the Royal Society of London is NULLIUS IN VERBA 
which means “Don’t believe a word until you see the evidence” . Theoretical pre- 
dictions not backed by experimental confirmation should be treated with the same 
deference as the statement that a political party will halve taxes or that all Roman 
Catholic priests are celibate. 

The 1920’s brought further advances. Appleton discovered a layer in the sky 
which would bounce back radio waves so that, like Heineken beer, signals could 
reach parts that other waves could not reach (Fig. 11). The first public broadcast 
of sound took place in Britain. It was on a wavelength of 1500 metres so that it 
would go long distances and was received by a long wire attached to a crystal set 
connected to a pair of earphones. A thin wire, called a cat’s whisker, joined the 
crystal to the earphones (Fig. 12). You wiggled the cat’s whisker about on the 
surface of the crystal until you got acceptable sound. Although the device would 
be superseded by another invention the crystal was to play an important part in 
the Second World War and a development 20 years later. 

Another arrival in the 1920’s was the valve (British) or tube (US) also known 
as a tube (Rohre) in Germany, I believe. It consisted of a tungsten wire which 
was heated by an electric current so as to emit electrons. The electrons were 
pulled past a grid of wires by a high voltage (Fig. 13). By this means a small 
wave on the grid was turned into a much larger one at the top (anode, plate). 
Thus amplification became available and it was possible to design hi-fi sets with 
loudspeakers instead of earphones. It took time for adoption because in those days 
not all households were connected to electrical power lines and a good supply of 
electricity was necessary to run the valves. 

With valves much stronger signals became available. They enabled the first 
transmission of television pictures by Baird, another Scotsman, followed by the 
BBC’s television service in the 1930’s. They also made possible the first demon- 
stration of radar detecting flying aircraft. Another valuable consequence was com- 
munication between ground and aircraft by voice instead of by Morse code via a 
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long trailing wire. The illustration in Fig. 14 from a book of 1935 on aircraft com- 
munication shows how, up till then, the crew had to winch out a wire to receive 
messages from the ground. Both of these developments were to play a crucial role 
in World War II. 

World War II brought an enormous amount of research into electromag- 
netism, but I shall mention only a couple of things. There were infrared goggles to 
assist nightfighters in spotting enemy aircraft. They are used today by those who 
ski at night. Are they called night flight ers, I wonder? 

A very significant invention was the magnetron at the University of Birm- 
ingham in England. I expect that many of you will have found a magnetron very 
useful at home. In a microwave oven the food is heated by electromagnetic waves 
and the waves are produced by a magnetron. 

Actually, the magnetron had been known about for 20 years, but it was 
unstable. What the University of Birmingham did was to discover how to make it 
controllable. The invention was given away free of charge to the US. Imagine what 
royalties would have accrued if it had been patented by the University. 

The magnetron generates high power at short wavelengths, e.g., 10 or 3 cm. 
It allows the concentration of waves into beams like searchlights by means of a 
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dish such as is used in satellite reception today. The short wavelength also permits 
the picking out of detail in anything which reflects the waves. Today this property 
is employed by satellites to determine changes in vegetation, movement of ground 
objects and sometimes prospecting for mineral deposits. Some industries use it 
to check for flaws in a manufactured item without destroying the product - non- 
destructive testing. 



Bonded metalwork 
forming counterpoise 




Figure 14 
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At the end of World War II the short wavelength receivers contained, for 
various reasons, a crystal like the one already mentioned. Bell Telephone Labo- 
ratories in New Jersey decided to improve the efficiency of the crystal. As they 
proceeded with theory and experiment they came to realise that they could make 
it behave as an amplifier like a valve but without any need for a heavy current 
to heat a tungsten wire or a high voltage to draw the electrons. It could be run 
from an ordinary dry cell or torch battery, and it was much smaller than a valve. 
So, in 1948, the transistor was born. Perhaps rebirth would be more correct since 
I have been told that the transistor effect was patented in 1925 by the Canadian 
Lilienfield, though never taken up. 

Do you think that the transistor would be invented in today’s climate for 
research? Long-term basic research is not popular in many industries; accountants 
like quicker returns on their money. And universities, pretty well everywhere, have 
suffered erosion of the infrastructure so vital to research as politicians have cut 
basic funding and, simultaneously, increased the number of students. Teaching 
extra students, many not up to previous standards, consumes valuable faculty 
effort though the popularity of science in our schools is declining. 

Once cheap reliable manufacture was established the transistor became very 
popular and had replaced the valve practically everywhere by the 1960’s. Walkie- 
talkies appeared, hand-held radio receivers, bleepers and mobile phones emerged, 
though not everyone in the proximity of people with mobile phones is convinced 
that they represent progress especially when they are in one of your lectures. Color 
television and video recorders were affordable by the masses. Combined with the 
LCD (Hull and Strathclyde) the cheap hand calculator could be manufactured. 
And 25 years ago saw the advent of the first PC computer, the forerunner to 
today’s PC with its millions of transistors. 

Another important electromagnetic invention is the laser which originated 
from the Hughes Research Laboratory in California in 1960. The advantage of the 
laser is that it controls light electronically. Previously light could only be controlled 
by switching it on or off - or as the Frenchman said “Light the candle in the 
window when your husband is out”. The very short wavelength of light means 
that a laser beam can be highly concentrated offering surgeons the opportunity 
of delicate repairs of the body such as the retina of the eye. It means also that 
large amounts of information can be carried along glass fibers not much thicker 
than a hair. So cable TV becomes feasible so long as the cable is connected to 
your house. But once it is connected why not use it for your telephone as well or 
for communications via your computer and access to the Internet. Already electric 
power lines (called the grid) are being used in Britain for high-speed connection to 
the Internet. The alternative of attaching something called ADSL (Asynchronous 
Digital Subscriber Loops) to enable ordinary telephone lines to transmit television 
or send high-speed data is under consideration in Britain. Another application is 
the endoscope which is a fiber permitting a doctor to see inside your body. 

There is also the ability of the laser to create three-dimensional pictures in 
the air, called holograms. One of the smaller British horses is illustrated (Fig. 15). 




Is Electromagnetism any Use? 



59 




Figure 15 

In fact, the horse is a hologram produced in Trafalgar Square in the center of 
London, with the National Gallery visible through the horse. You might think 
that this is of interest only to those of an artistic nature but surgeons are finding 
them helpful in treating brain tumours, skull fractures and vascular diseases, while 
dentists use them in dealing with awkward teeth. 

The full benefits of the laser are probably not yet explored. The Dutch in- 
vention of the CD demonstrates its efficiency at storing information. If optical 
or quantum devices can be found equivalent to the transistor in convenience and 
price maybe the transistor will be as unknown in the future as the valve is today. 

Applications such as I have been describing often require a knowledge of how 
an object affects an electromagnetic wave. Much time has been spent by theorists 
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and experimentalists in trying to acquire this knowledge, yet plenty of problems 
remain. Nature is not always amenable to analysis and sometimes we want to 
modify its behavior. 

For example, efforts have been made to alter the response of an object to an 
interrogating signal. In some cases the aim is an enhanced response. This might 
be to assist navigation by indicating the position of a landmark or beacon, or 
perhaps to identify a friendly aircraft from enemies so long as the enemies do not 
take advantage of this means of identification. 

The other extreme is to try to conceal a target as in the U.S. Stealth aircraft. 
When asked if a target can be made invisible I have always replied with a firm 
No because all known methods of reducing the response are frequency dependent. 
Therefore transmission of a J-function of sufficient power will render any target 
visible. I am sure that this is the correct engineering answer but I am not sure 
that a mathematician would agree. After all it is known that there can be zeros 
in radiation patterns and that, in water waves and acoustics, there are certain 
situations where no reflected waves are produced. Perhaps the question is a suitable 
piece of homework for Professor Meister when he retires. 

You might argue that you cannot generate a J-function in real life. But, 
and I know this will please Mrs. Meister, recently Russian and British scientists 
have collaborated to make a backward oscillator using a superconducting magnet 
which can operate at 2 gigawatts of pulse power. To put 2 gigawatts in context 
note that the maximum consumption of electricity on a winter’s day in Britain 
is about 40 gigawatts. The device is capable of producing 5 nanosecond pulses of 
500 megawatts at a wavelength of 3 cm. Its resolution is so sharp that you can 
distinguish the blades of a helicopter and its rear rotor at 35 km. In fact, it can 
separate the responses of two scatterers which are as little as a 1/2 metre apart. So 
it is a pretty fair approximation to a J-function. The existence of such a powerful 
transmitter does prompt a thought. What would happen if the beam were directed 
at a nearby network of computers? Would it not put the network out of action? 

Another area where electromagnetism will have an impact on society is the 
introduction this year of digital video. Digital radio started about a year ago 
in various parts of Europe, including Germany and Britain. For those who can 
afford the equipment and live in the right place, digital radio offers sound of the 
quality of a compact disc and highly robust reception even on portable and mobile 
receivers such as a car radio. Moreover, a top quality stereo transmission in digital 
radio required only about one tenth of the spectrum of an FM stereo service so 
that there is the prospect of more choice of programme and additional facilities, 
assuming that the broadcasters are up to providing the requisite variety. Will it 
not be marvellous - ten more channels devoted to tennis, golf and football? 

Of course, not all developments are beneficial because electromagnetic waves 
can be interfered with. When transmitting a TV signal freckles can be added to 
the face of a TV presenter or removed. Signals can be added to modify or destroy 
information. A strong electromagnetic disturbance can paralyse a computer or 
network - make sure your machines are properly protected. 
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Again, once an electromagnetic wave is in the air it can be picked up by 
anyone with the right apparatus in the right place. Remember that during your 
next confidential conversation on a mobile or cordless phone. Some shops when 
they check your credit card by swiping rely on electromagnetic waves and the 
information can be intercepted by someone wishing to tap into your account. 
Likewise codes on remote car lockers can be picked up and used by thieves unless 
they are constantly changed. Indeed, it is said that intelligence agencies of several 
countries monitor all electromagnetic transmissions as well as all electronic mail. 

Electromagnetic waves may damage your pocket. 

It is difficult to imagine what society would be like today without electro- 
magnetism. It pervades almost every aspect of our lives. I hope that what I have 
said has shown you how all the facilities we enjoy have been made possible by a 
conjecture of 150 years ago and the efforts of many scientists and engineers. 

You may wonder what is the role of an applied mathematician like Erhard in 
all these developments. He starts with a practical problem such as “What is the 
size of the signal from a mobile phone when it reaches another mobile phone in a 
town?” In this generality the problem is extremely difficult because the signal en- 
counters buildings of various shapes and sizes, moving vehicles and other obstacles. 
So the mathematician breaks it down into simpler problems from which general 
principles can be inferred and applied to the original problem. For instance, he 
might examine the effect of a wall or how the signal goes over a roof. Even so 
the resulting mathematical problem is at best formidable, as you can see from 
Maxwell’s equations, and at worst insoluble if the approximations are unsuitable. 

Professor Meister was a brilliant expert in choosing conditions for entirely new 
situations and showing that his formulation led to soluble problems by intricate 
and deep methods. Moreover, by extremely powerful and original techniques, he 
went on then to find the solution. The methods he devised were so versatile and 
effective that they allowed significant progress to be achieved in other fields such 
as the vibrations of solid bodies and aerodynamics. 

Professor Meister has been an important scientist with a considerable influ- 
ence throughout applied mathematics. His name will be cited many times in the 
future. It is a privilege and honor to dedicate this lecture to him. 

Department of Mathematics 
The University 
Dundee DD1 4HN 
Scotland 
United Kingdom 

e-mail: drossOmaths . dundee .ac.uk 
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How Could it Happen? 

Ljudmila Meister 



We were asked many times: “How did you meet?” Indeed, it is not quite obvious 
how it could happen. . . 

In 1993 I got a DA AD scholarship and an invitation to spend two months 
in the Institute of Physical Geodesy at the Technical University of Darmstadt in 
Germany. At that time I was an Assistant Professor at the Moscow University of 
Geodesy and Cartography and this scholarship gave me the possibility of travelling 
abroad which was still not very common for Russian scientists at that time. I could 
tell a whole separate story about the adventures I had to get a passport, visa, 
etc. Finally, the day came when all the difficulties were behind me and on the 
first of October 1993 I arrived in Germany. It was my first visit to a “capitalist 
country” . All this was only possible because of a recent Russian innovation called 
“Perestrojka” . 

I worked at the Institute of Physical Geodesy all day long and spent my spare 
time looking around and trying to understand this absolutely new life. It was like 
being in a pink fog. Once I got an e-mail from my elder son Andrew, who was a 
PhD student in mathematics at Columbia University in New York at that time. 
He wrote to me: “Mother, there is a famous Professor named Erhard Meister in 
Darmstadt. Please, meet him and ask about the possibility of my having scientific 
contacts with him”. Well, I found in the university address book that Prof. Dr. 
Erhard Meister was the head of the section “Mathematical Methods in Physics” 
and I went directly to his department, since I was not confident about speaking 
English on the phone. It seems me like only yesterday. . . 

I remember very well that rainy November day when I asked a man with very 
kind eyes, “Where can I find Professor Meister?” and he answered: “It’s me. Come 
in.” Erhard liked this story very much. He asked me to repeat it again and again 
with all the details. He did not belong to any faith, but he was sure (we both were 
sure) that our meeting was predestined. We married on the 31 st of August 1994 
and did not part until his last minute. 

Our life was centred around his job, that is, around mathematics. He was 
interested in everything that was going on in the mathematical world, particularly 
in any progress in mathematics. New solutions, new problems, new names attracted 
and delighted him. Of course, all aspects of mathematics were the main subject 
of our talks at home. However we discussed not only mathematical problems. 
He was interested in practically everything: philosophy and biology, history and 
modern politics, etc. Days were too short for us. Fortunately, we had no language 
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problem, we spoke English and understood each other even without any language. 
One of the results of our long discussions was my talk in the Colloquium of the 
Mathematics Department in 1997 on “Mathematical education in Russia before 
and after Peres trojka” . 

Erhard was very glad when guests came to our house. There were well-known 
mathematicians like Gohberg, Vishik and others among our guests and young peo- 
ple who had just started making their way in science. We used to sit on our terrace, 
drinking good wine and talking about interesting things and Erhard was happy. 

Quaternions, quaternionic analysis and all kind of applications were the main 
theme of our joint mathematical interests. In the summer and winter terms of 
1996-1997 Erhard organized seminars for students of the Technical University of 
Darmstadt on these subjects. He gave the main introductory talks and I was re- 
sponsible for advising the students on their lecture preparation. Erhard had the 
idea of applying relatively new methods of quaternion analysis (or Clifford analysis 
in a wider sense) to solve well-known problems of visco-elasticity and plasticity on 
the one hand and problems of electrodynamics on the other. He tried to convince 
me to concentrate on one of these directions, but since as my previous work was 
connected with applications of quaternions in geodesy and navigation problems, I 
wanted to continue research also in that held. The results of our long and fruitful 
discussions were my Habilitation with a thesis on “Quaternions and their appli- 
cations in photogrammetry and navigation” presented at the Technical University 
“Bergakademie” Freiberg in 1998 (Erhard was very proud of it) and, moreover, 
our joint papers entitled “Some initial boundary problems in electrodynamics for 
canonical domains in quaternions” and “Quaternion boundary value problems for 
canonical objects in continuum physics”. They were presented at conferences in 
Olomouz in 1999 and Beijing in 2000, respectively. 

The best place for our joint work was the spa Bad Fussing in Germany. We 
went there many times. After finishing breakfast and all the morning spa duties, 
we began to talk and write down new ideas. We were both free from everyday 
duties and nothing disturbed us except the bells from the church nearby. I was 
angry about this permanent noise but Erhard just laughed about it and so I started 
laughing, too. 

In February 2000 (Erhard’s 70th birthday) Professor Wendland organized 
a celebration with a so-called “Meister’s Colloquium” which included two talks. 
First came my talk about general properties of quaternions and then after a short 
break came the main talk, by Erhard, about quaternionic analysis in mathematical 
physics. 

We took part together in several Conferences on Clifford Algebra and Analysis 
(in Seiffen, Germany 1996; Delaware, USA 1997; Calabria, Italy 1998; Beijing, 
China 2000). His wide view and deep understanding of the problems immediately 
made Erhard a central figure in discussions in this relatively new field for him. 
When the next scheduled talk was finished and the words “Does anyone have any 
questions?” were pronounced, all heads turned to Professor Meister. Of course, he 
had questions and the next interesting discussion started. 
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Erhard and Ljudmila Meister at home in 1998 



Erhard considered it his duty to participate in every conference until the last 
talk was given. Sometimes I asked him to go for a walk with me instead of listening 
to all the lectures, but every time he answered that it was his duty towards young 
mathematicians. He told me that his own first talk at a conference in Oberwolfach 
(around 1958) had also been the last one on the schedule, and he had been so 
pleased that Professor R. Courant had heard and encouraged him. Erhard tried to 
help young mathematicians as much as he could. The last three-day workshop he 
organized in TU Darmstadt was solely for young mathematicians from different 
countries: Germany, the Netherlands, Russia. His students J. Mark, K. Rottbrand, 
K. Michalincic and I. Sourovtzeva also gave talks there. 

Once, in May 2001 when he was already ill, we were watching TV. There was 
a story about a young mathematician who got the first prize in some competition. 
Suddenly, Erhard told to me: “Our life was not in vain, when such young people 
follow us.” 

We both knew that we were destined for each other and I am thankful for 
every day I had with him. 

Ljudmila Meister 
Tieckstrasse 6 

D-64291 Darmstadt, Germany 
e-mail: meister.mat@t-online.de 



Operator Theory 

Advances and Applications, Vol. 147, 67-67 
© 2004 Birkhauser Verlag Basel/Switzerland 



Erhard Meister - Friend and Colleague 

Albrecht Bottcher and Bernd Silbermann 



Although we had known the work of Erhard Meister since the early 70s, we only 
met him in person in 1984 at the Conference on Problems and Methods of Math- 
ematical Physics in Chemnitz. This meeting left an indelible imprint on our mem- 
ory. We remember perfectly that we immediately had the feeling of meeting a good 
friend whose views on mathematics and opinions on academic life were in aston- 
ishing agreement with our own. His kindness and frankness were truly winning 
characteristics. Later on we discovered that the congruence of our minds extended 
to nearly all vital questions. As we were living in different political systems, this 
compatibility was by no means self-evident. 

We feel deeply grateful for the great effort Erhard Meister put into helping 
our personal careers and making the Faculty of Mathematics of the Chemnitz 
University of Technology flourish. Thanks to his inexhaustible enthusiasm, our 
personal and scientific contacts with him continued right up to his death. For 
example, he took the initiative to meet us at a conference in Warsaw, and he was 
one of the organizers of the memorable Oberwolfach conference on Wiener-Hopf 
problems in December 1989. The latter conference was our first opportunity to go 
to the Western part of Germany. At this conference, we met numerous colleagues 
whose names had been well known to us from their work for a long time but whom 
we had never seen before and, moreover, we came together again with good friends, 
such as Israel Gohberg, who had left the Eastern hemisphere many years before 
and who, at the time, seemed to be out of our reach forever. 

In the subsequent years, we exchanged many visits with Erhard Meister. 
We remember with great pleasure the variety of discussions on mathematics and 
all topics under the sun. Erhard Meister’s most striking traits were his genuine 
integrity and altruism. He helped us wherever possible, he established contacts 
between us and other colleagues, and he worked actively in the commission that 
directed the reorganization of our faculty after the political changes in Germany. 
He was a true stroke of luck for our faculty. 

His death is a harsh loss for us. All his friends greatly valued his extraordinar- 
ily broad spectrum of mathematical interests and experience, his enthusiasm for 
mathematics and his zest for discourse. It is inconceivable that we can no longer 
relish all that. 

Fakultat fur Mathematik, TU Chemnitz, D-09107 Chemnitz, Germany 

e-mail: aboettchOmathematik . tu-chemnitz . de 

e-mail: Bernd . Silbermann@Mathematik . TU-Chemnitz . de 
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Thank You - Erhard 

Roland Duduchava 

My first meeting with Erhard was in the autumn of 1979, when he arrived in 
Tbilisi as a guest of the Academy of Sciences of Georgia. The reason for the 
invitation was the intersection of interests in mathematics we had found in the 
preceding years. V. Kupradze, the chairman of the Department of Mathematics 
and Physics, supported this visit (they had met before during a GAMM conference 
and also at the International Conference on Function Theoretic Methods for Partial 
Differential Equations organized by Erhard Meister, Norbert Week and Wolfgang 
Wendland at Darmstadt in 1976). It was the starting point of a long friendship 
and collaboration. During the stay in Tbilisi, Erhard showed himself to be not only 
a strong mathematician (he gave several excellent talks there), but also a strong 
adept of Georgian traditional meals: he was definitely ranked a Long Distance 
Runner in the competition of proposing traditional Georgian toasts inspired by 
the taste of Georgian wines. 

During his visit, Erhard advised me to apply for a Humboldt scholarship, an 
idea which I gladly followed. In 1980 I arrived in Darmstadt for one year. There 
I made some of the closest friends I have to this day. My first visit to Darmstadt 
(followed by many others, of long or short duration) coincided with a very fruitful 
period of collaboration with the two groups of E. Meister and W. Wendland. 
Sometimes it was difficult to understand who belonged to which group. Excellent 
lectures and seminars as well as many Friday meetings ending in the “Kneipe” 
(pub) nearby and nice week-end parties belong to the best memories in my social 
life that I can recall. The atmosphere of those parties was so inspiring that some 
of our older colleagues, who arrived with the intention of leaving after an hour or 
two, were still hanging around in the early morning, when most of the younger 
participants had already gone. The group is now spread over the whole of Europe: 
M. Costabel in France, F.-O. Speck in Portugal, O. Liess in Italy, W. Wendland, 
R. Schneider and E. Stephan in different places in Germany etc. and when we 
meet we always recall that time as unforgettable. 

These connections, inspired by Erhard, helped me and many of my colleagues 
in Tbilisi to survive as professional mathematicians during the turbulent years of 
the disintegration of the Soviet Union. It is essential to note that Erhard always 
had a great heart for friends and colleagues and, especially, for those who were 
victims of circumstances. This emerged from his individual experience, because 
the start of his career after school was not a straightforward and easy one. 

What were the most attractive features of Erhard’s character? Besides being 
a highly educated man with an encyclopedic knowledge, he had an infectious 
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E. Meister with R. Kleinman, R. Duduchava, F.-O. Speck 
and V. Maz’ya at Oberwolfach in 1986 

enthusiasm and energy. He was the organizer of many international meetings, both 
formal and informal. His friends are to be found all around the globe and he took 
pleasure in stimulating contacts and exchanges of people. 

I met him for the last time during the IWOTA conference in Faro, when he 
was already suffering from his deadly disease. But even there I was sure we would 
meet many times in the future and that his health problem would vanish like 
smoke in a strong wind. I would like to believe still that at the next conference I 
attend, Erhard will show up and we will have a nice meal with long conversations 
about life and mathematics, with some glasses of nice wine. I very much miss these 
meetings and conversations with Erhard. 

Roland Duduchava 
A. Razmadze Mathematical Institute 
Academy of Sciences of Georgia 
1, M. Alexidze St. 

Tbilisi 380093 
Georgia 

e-mail: duduchOrmi . acnet . ge 
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Our First Visit to Oberwolfach 

Miloslav Feistauer, Karel Kozel, and Jin Neustupa 



It was in December 1977 that we had our first opportunity to visit the Federal 
Republic of Germany. After we finished our Ph.D. studies, our teacher and the 
chairman of the Department of Applied Mathematics and Computer Science at the 
Faculty of Mechanical Engineering, Prof. Dr. Jan Polasek, in collaboration with 
his German colleagues, had managed to get an invitation for us to the conference 
“Methoden und Verfahren der mathematischen Physik” in Oberwolfach. We will 
never forget the moment when we arrived in Oberwolfach. Sitting in the conference 
house near the big chess board painted on the floor, we were observing everything 
with curiosity. Suddenly Prof. Polasek jumped up and started to greet joyfully and 
loudly a tall, smiling man. It was Prof. Dr. Erhard Meister, who was one of the 
organizers of the conference. Prof. Meister’s expressive personal charm, cordiality 
and optimism immediately made a strong impression on us. Moreover, in the days 
that followed, we found Prof. Meister to be an excellent mathematician. There 
did not appear to be many people in the mathematical community whose wide 
knowledge, interest and brilliant thinking gave them the ability to understand 
immediately the merit of a scientific problem, or to formulate an opinion and 
discuss it. Prof. Meister was one of these outstanding people. 

We were really grateful to Prof. Meister for his help in many situations, for 
his friendship and for his great help in expanding the relations and cooperation 
of scientists from our two (and also other) countries. Prof. Meister was, together 
with Prof. Polasek, the initiator of a long-term collaboration between the Techni- 
cal University of Darmstadt and the Czech Technical University and the Charles 
University in Prague. Many of our colleagues were able to visit the TU Darmstadt 
and other German universities and take part in various conferences in Germany 
owing to Prof. Meister’s support. Thanks to Prof. Meister’s influence, we have 
also had the pleasure of welcoming many German mathematicians and engineers 
to Prague. We are glad that the cooperation and our contacts live on and continue 
on many levels - official, scientific and personal. 

Although we had many further opportunities to meet with Prof. Meister after 
the year 1977, our first positive impressions never changed. 




72 



Miloslav Feistauer, Karel Kozel, and Jiff Neustupa 



Miloslav Feistauer 

Department of Numerical Mathematics 
Faculty of Mathematics and Physics 
Charles University in Prague 
Ke Karlovu 3 
121 16 Praha 2 
Czech Republic 

e-mail: feistOkarlin.mff.cuni.cz 
K. Kozel 

Department of Technical Mathematics 

Faculty of Mechanical Engineering 

Technical University Prague 

Karlovo nam. 13 

121 35 Praha 2 

Czech Republic 

e-mail: kozelkOfsik.cvut.cz 

Jiff Neustupa 

Department of Technical Mathematics 
Faculty of Mechanical Engineering 
Technical University Prague 
Karlovo nam. 13 
121 35 Praha 2 
Czech Republic 

e-mail: neustupaOmath . niu . edu 




Operator Theory 

Advances and Applications, Vol. 147, 73-75 
© 2004 Birkhauser Verlag Basel/Switzerland 



Our Meetings with Erhard Meister 

Israel Gohberg and Marinus A. Kaashoek 



Professor Erhard Meister was an outstanding expert in many areas of mathematics 
and a wonderful person. He was a pleasant colleague and a good friend of both of 
us. We shall miss him. 

We met Erhard Meister regularly at colloquia, conferences and seminars, 
in Germany, in Israel, in the Netherlands, and in other countries. Our meetings 
with him were important for us. During these meetings we discussed progress and 
problems in the area of singular integral equations and Wiener-Hopf operators, 
with an emphasis on recent developments in factorization. But not only that, we 
also discussed organizational matters, including conferences, journals, books, and 
invitations. 

The first author recalls with gratitude his meeting with Meister in the Spring 
of 1975 when he visited West Germany for the first time after leaving the former 
Soviet Union. During this first meeting, which took place in Darmstadt, Meis- 
ter put the first author in touch with C. Einsele, a member of the Birkhauser 
family, who was then the head of the editorial branch of the publishing company 
Birkhauser Verlag Basel. At that time Birkhauser Verlag was preparing the trans- 
lation of the Gohberg-Krupnik book 1 into German, under Meister’s supervision 
and editorship. The connection with Einsele was very important and led to the 
foundation of the journal Integral Equations and Operator Theory in 1978. From 
the very beginning, Meister was a member of the editorial board of the journal, 
as well as of the later book series Operator Theory: Advances and Applications. 

Meister was knowledgeable in pure and applied mathematics. His scientific 
achievements in both areas are many and essential. He attracted students and 
co-authors, and was influential both in the German mathematical community and 
abroad. His wide knowledge made him a valuable contributor to discussions in 
conferences and seminars where he often raised unexpected questions and made 
interesting remarks. 

Together with Meister, the two of us organized two one- week Oberwolfach 
meetings on “Wiener- Hopf Problems”, one in 1986 and the other in 1989. These 
were very special meetings which attracted participants from the West (including 
the USA) and from Eastern Europe. The second meeting was one of the first where 
experts from East Germany met their colleagues from the West in person. These 
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E. Meister with I. Gohberg and M.A. Kaashoek in 1997 



were exciting events which had a considerable influence on the further development 
of Wiener-Hopf theory and its applications. 

Meister was also an active participant in other Oberwolfach meetings on 
operator theory. At all these meetings his positive attitude and cheerful personality 
helped to create a stimulating atmosphere and an environment of friendship. 

At the Oberwolfach meetings he had a double role: first as a scientific leader, 
and secondly as the chief organizer and guide of the hikes on Wednesday after- 
noons. In his second role he usually appeared in knickerbockers and colorful long 
socks, the traditional German outfit for hikers, and an impressive hat. He knew 
the geography of the Black Forest well, including the right cafes with good coffee 
and delicious tortes. His guiding was precise, and we always were back on time at 
the institute. 

An unexpected meeting, which Meister organized, was a small one day con- 
ference in Darmstadt in 1997 when the first author received a honorary doctoral 
degree from the Technische Hochschule at Darmstadt, and the second author pre- 
sented the laudatio lecture. Later we learned that Erhard had been preparing 
this event for many years, skilfully guiding his proposal through the university 
channels. 

We remember gratefully his support for and participation in the Interna- 
tional Workshops on Operator Theory and Applications (IWOTA). At the IWOTA 
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meeting at Faro (Portugal) he could not give his plenary talk, and his lecture was 
presented by his wife Ludmilla. But even then no one expected that this IWOTA 
meeting would be his last public appearance at an international conference. His 
death is a great loss to the mathematical community and to his many friends. 
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Some Canadian Collaboration 

Robert Allan Hurd 



I first met Erhard Meister in 1982 when at his invitation I paid a visit to the Math- 
ematics Department of the Darmstadt Technical University. But I had known him 
long before as a reviewer of Wiener-Hopf subjects for the Mathematical Reviews. 
His comments there were always perceptive and charitable. 

Our common interest in Wiener-Hopf problems led to an invitation to spend a 
year at the University in 1986. For this he obtained for me a Deutsche Forschungs- 
gemeinschaft fellowship. It was during this year that our friendship was estab- 
lished. It lasted till his unfortunate death. I came to admire him in many ways - 
not the least of which was his ability to make telling comments and ask search- 
ing questions in many mathematical fields. During this year we collaborated on 
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the application of Wiener-Hopf techniques to diffraction problems, resulting in 4 
papers and published reports. 

Looking back on that year, it is amusing to remember that our initial collab- 
oration was fraught with misunderstandings. I was surprised to find that to a large 
degree we spoke different mathematical languages when we spoke of Wiener-Hopf. 
For my part, I encountered a completely different notation which took me quite 
a long time to feel comfortable with. He, I think, was encountering for the first 
time some new matrix Wiener-Hopf factorization methods. Each of us assumed 
the other knew all these things. Happily it was all cleared up and 4 papers and 
our long friendship resulted. 

One highlight of the year in Darmstadt was a conference at Oberwolfach 
where Erhard revealed himself as an athlete. Hitherto, I had not thought of him 
as an outdoorsman. But suddenly he appeared in hiking costume and proceeded 
to lead us over beautiful hill and dale for many kilometers before ending up at a 
pub for restoration. 

With my departure from Darmstadt our collaboration ended; but not our 
association. We met at conferences at Gebze in Turkey and at the Sommerfeld 
Centenary in Freudenstadt. But he also twice visited my wife and me at our 
seashore house in Nova Scotia. The second time was with his wife Lyudmila. I still 
can see them, arm-in-arm, admiring the sunset - just as I admired him. 

Robert Allan Hurd 
RR 1 Cardinal, Ontario 
KOE 1E0, Canada 
e-mail: hurdOrec order . ca 
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Reminiscences of Erhard Meister at 
Saarbriicken and Berlin 

Norbert Latz 



Erhard Meister came to Saarbriicken from the German Research Establishment 
of Aeronautics at Miihlheim/Ruhr in April 1958 to work as an assistant of Heinz 
Sohngen, who had accepted a chair of mathematics at the Faculty of Mathematics 
and Natural Science of the University of Saarland. 

During the summer term of 1958, Erhard Meister was responsible for exer- 
cise classes corresponding to the analysis lectures of Professor Sohngen given to 
students of mathematics, physics and chemistry. Erhard Meister was a very severe 
supervisor, especially when trying to find out which students had solved the weekly 
exercises and which were only copying. But he was not very successful, because 
most of us knew each other pretty well, being from the Saar region. 

In July 1958 Erhard Meister received his doctorate from the University of 
Saarland presenting a thesis entitled “Berechnung des Geschwindigkeitsfeldes und 
der Luftkrafte an einem schwingenden, gestaffelten Gitter” (Calculation of the 
velocity field and the forces on an oscillating staggered cascade). 

At the beginning of the summer term of 1960 and during three successive 
terms, Erhard Meister was the assistant responsible for the Seminar on Wiener- 
Hopf Methods with Applications in Mathematical Physics. This series of seminars 
was initiated by Heinz Sohngen and Gottfried Eckart, Director of the Institute of 
Applied Physics and Electrotechnics. The talks were proposed and supervised by 
Erhard Meister. 

Besides Heinz Sohngen and Gottfried Eckart, another scientist who stimu- 
lated Erhard Meister to take his habilitation was Udo Wegner, Director of the 
Institute of Mechanics. In July 1963 Erhard Meister presented a habilitation the- 
sis entitled “Beitrag zur Theorie der ebenen instationaren Unterschallstromung 
um ein Profil im Kanal oder im Gitterverband” (Contribution to the theory of 
planar non-stationary subsonic flow around a profile in a channel or in a staggered 
system). At the end of the summer term of 1963, Erhard Meister became a “Pri- 
vatdozent” . The students and assistants of the Wiener-Hopf seminar were proud 
to be invited by him to wine and dine at the “Schlossrestaurant Saarbriicken” . 

Erhard Meister and his young family moved from Riegelsberg to Saarbriicken. 
A little later, he was invited to give a course at the Technical University of Berlin 
during the winter term of 1965/66. I myself joined him as an assistant there. 
Erhard Meister lectured on Advanced Mathematics for Engineers. He developed 
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good contacts with his colleagues, especially with Ernst Wienholtz and Klaus 
Habetha. 

During the summer term of 1966, Erhard Meister was invited by Professor 
D.C. Pack to lecture at the University of Strathclyde in Glasgow. I myself went 
there as a DAAD scholar. It was a most exciting time. Besides research and teach- 
ing there was also time to discover the beauty of Scotland. 

Then Erhard Meister was offered the Chair for Pure and Applied Mathe- 
matics at the Technical University of Berlin previously occupied by the famous 
mathematicians Werner Schmeidler and Erich Kahler. It was a great day in the 
life of Erhard Meister. 

He accepted for the winter term of 1966/67 and was received with great 
cordiality, especially by the “big shots” of that time: Alexander Dinghas from the 
Free University, Wolfgang Haack from the Hahn-Meitner Institute and Ernst Mohr 
from the Technical University. 

During the years that followed, Erhard Meister was engaged in teaching, 
research and administration. The following collaborators passed their doctorate 
under his supervision: Gerhard Hery, Dieter Schulze, Norbert Latz, Manfred Kre- 
mer, Echter Gerlach, Gottfried Eisenhardt. 

Wolfgang Haack and Erhard Meister motivated Wolfgang Wendland to take 
his habilitation in 1969. 

Political restrictions at the end of the sixties induced perturbations into the 
universities of West Berlin. Erhard Meister was offered a chair of mathematics at 
the venerable University of Tubingen. He accepted in 1970. A new stage in the 
university life of Erhard Meister began. 

Norbert Latz 

Institute of Mathematics 
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Germany 
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More than Forty Years with Erhard Meister 

Rolf Leis 



Erhard Meister and I we first met in 1958 at a GAMM meeting in Saarbriicken. For 
both of us it was the first attendance at such a conference, as far as I remember. The 
Saar territory had only shortly before been integrated into the Federal Republic 
a milestone in the process of Franco- German reconciliation. Erhard Meister was 
moving to Saarbriicken at that time to be an assistant of H. Sohngen, who had 
just received a Chair there. As for me, my first visit to the USA was coming up. 

As a result we were both looking ahead full of expectation and immediately 
got along with each other very well. Since that time - and until his death - we 
met each other on numerous occasions and visited each other regularly, having the 
opportunity for long interesting talks and discussions, and stimulating exchanges. 
I shall also never forget the many excursions and short walking tours during or 
after meetings which we both attended. Erhard Meister came from Sachsen- Anhalt 
which at that time belonged to the GDR. If only for that reason, he had a great 
interest in what was going on in the East and he had a lot of contacts there. Thus 
he helped me, coming as I did from the Rheinland, making the East more accessible 
to me. I will never forget my first visit to Poland in 1977 attending a conference 
in Kozubnik near Porabka in the Beskiden. Erhard Meister was also there and 
afterwards we decided to drive through Poland in my beetle together, going to 
Warsaw via Auschwitz and Tschenstochau. The journey made a big impression on 
both of us. 

Erhard Meister was extremely knowledgeable and had broad mathematical 
interests. He also knew how to manage organizing details very well. He liked to give 
of his best and he was always ready to pass on his knowledge and experience to 
others. That made him become a much sought-after adviser. I might mention, for 
example, his longstanding chairmanship of the GAMM Fachausschuss for Applied 
Analysis, his activities in the group of founders of the “Mathematical Methods in 
the Applied Sciences” and his activities for the DFG. He served as a member of 
the “Senatsausschuss fur die Angelegenheiten der Sonderforschungsbereiche” for 
six years (1981-1986) and he repeatedly acted as a referee. From 1983 till 1992 
he acted several times as an expert or referee for our Sonderforschungsbereiche in 
Bonn. 

As I have already said, Erhard Meister always did his very best - for his 
family, for his students and of course for his own field - and he went on doing this 
to the very end. I do not want to reflect on his mathematical activities in detail 
now. That will be done elsewhere. But I want once more to stress his enthusiasm 
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for mathematics and his vigorous attempts to promote the usage of mathemati- 
cal methods in other fields of the applied sciences, especially in the engineering 
sciences. His death - much too early, we feel - hurts a lot. 

Rolf Leis 

Institut fur Angewandte Mathematik der Universitat Bonn 
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Remembering Erhard Meister 

Vladimir Maz’ya 



At the end of the 1970s, big envelopes from Darmstadt filled with red preprints 
started to come to my address in Leningrad. Like many others in the USSR at 
that time, I was isolated from Western mathematicians and the arrival of every 
parcel symbolized a kind of personal contact for me. The envelopes were charged 
with sympathy. That was the beginning of my acquaintance with Erhard Meis- 
ter, the head of the young Darmstadt school of applied mathematics. He and his 
colleagues Wendland, Speck, Costabel, Stephan, Varnhorn and others worked on 
the problems I was also interested in. Their papers dealt with numerical meth- 
ods of solving partial differential equations, scattering theory, boundary integral 
equations, elliptic boundary value problems in non-smooth domains etc. 

It became possible for me to accept Meister’s invitation much later during 
perestroika . Coming to Darmstadt for the first time in 1990, the year of his 60th 
birthday, I met a big, strong, energetic man, speaking enthusiastically and with a 
broad smile. There were no spare offices at the Department of Mathematics and he 
offered me a part of his own. I was seated on a sofa, with my papers on a long, low 
table perpendicular to Meister’s. From time to time I had to leave for the library, 
since he had meetings. 

As a young man, Meister was very interested in the engineering sciences, 
but he changed his mind and studied mathematics and physics at Heidelberg. He 
had a unique ability to speak expertly both on topics in engineering and pure 
mathematics. Following the course of modern technologies and materials, he liked 
to discuss issues of their mathematical modeling. Some of his work dealt with 
rotating and vibrating blade rows, subsonic flow, dielectrical antennas, scattering 
of acoustic and electromagnetic waves. At that time, I was running an engineering 
laboratory in Leningrad and was involved in some of these topics. I spent hours 
listening to him and was impressed by his knowledge of both classical structural 
mechanics and the most recent theories of coupled fields. 

Unselfishness characterised Meister’s devotion to science. He loved the science 
itself and not himself in the science. Always surrounded by students, he had great 
influence in shaping the careers of many applied mathematicians. 

I saw clearly that Meister was greatly respected by his colleagues at the 
Department, at the Darmstadt Technical School, in Germany and beyond. That 
was not only because of his enormous erudition but also owing to his openness, 
optimism, and readiness to help. My late friend Siegfried Prossdorf told me that 
Meister’s role in saving the Weierstrass Institute in Berlin after the unification of 
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E. Meister with V. Maz’ya and T. Shaposhnikova in Feb. 1998 



Germany was very important. My personal profound indebtedness goes to Meister 
for his support when I told him about my intention to leave the USSR. I keep with 
gratitude his strong recommendation letter for my Linkoping position. 

In 1991 and 1994, I invited Meister and Wendland to be plenary speakers 
at the Linkoping Conference on Applied and Industrial Mathematics. My impres- 
sions of their visits are unforgettable. Neither missed a single talk, always making 
notes and bombarding every speaker with questions. The range of their knowledge 
seemed to be boundless and both conferences owed most of their success to their 
participation. 

Meister was an inexhaustible source of stories, personal, professional, and 
historical. Some of his reminiscences were exceptionally interesting and it is a pity 
that they are not preserved. For example, he was an expert on R. Courant’s rela- 
tions with German colleagues after World War II, the history of the Oberwolfach 
Institute, and the lives and works of many in the generation of his teachers. 

Years passed, our relations became warmer and meetings more frequent. My 
first Humboldt visit to Darmstadt in 1999 was especially memorable. We made 
plans for joint research in crack propagation. He and I, and our wives Mila and 
Tanya, spent much time together. The Meisters showed us picturesque neighboring 
towns and invited us to their hospitable home with a collection of teddy bears 
which he was fond of. They were a happy couple, caring for each other. Their 



Remembering Erhard Meister 



85 



house, open to numerous friends, was a place where one could enjoy both vivid 
discussions and tasty food. Erhard once said to me that he had been lucky to meet 
Mila, a woman of extraordinary kindness. 

In the summer of 2000, the four of us planned to spend some time together 
on the sea shore in Portugal after the IWOTA workshop in Faro but this plan 
could not be fulfilled. The workshop was overshadowed by his illness and became 
his last mathematical conference. 

Together with many others, I will greatly miss Erhard Meister’s friendship, 
humor, and inspiration. 

Vladimir Maz’ya, 
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The Family Man 

Claudia Meister and Olaf Meister 



When our father died after a short but intense illness, many colleagues and friends 
spontaneously decided to honor him by giving lectures, organising workshops and 
writing articles. All the members of our family are extremely thankful for these 
signs of friendship and gratitude. 

We as his family were asked to contribute by describing the family man 
Erhard Meister. With our words we want to paint a picture but do not wish to 
present an exact curriculum vitae. When we think of our father, many short stories 
and memories come to our minds. 

Here are some of them: 

Everybody in our family called him “Ata” . Why? When his daughter Frauke 
was a little child, he very often took her for a short walk outside. In Germany 
this kind of activity is usually called in children’s language “Ata-ata-gehen” . So, 
the nickname of our father was born: “Ata”. Many years later, he was proud of 
this name because of its relationship to “Ataturk” ; like the father of the Turkish 
people, he was the father of the “Meister- family” . 

Ata was always very interested in what was going on in the world. This was 
why he never wanted to miss watching the 7 p.m. news on TV. This was like a 
ritual. Ata came home approximately at 5 to 7. Then, he went straight to the TV, 
watched the news and meanwhile ate his dinner and drank his beer. It was really 
the same procedure every day and nobody could prevent him from doing this. 

His interest in political and historical affairs was so strong that it was nearly 
impossible to play games with him like “Trivial Pursuit”. Why? After a short 
time, he usually found a question which interested him so much that we forgot to 
play on because we researched this question very intensively by looking in different 
encyclopaedia and studying maps. After a while we realised that we had forgotten 
to continue our game. 

On the other hand, most sport themes bored him. It never was possible to 
talk to him about soccer or skiing news. 

Ata was not really a sportsman, but he liked riding a bike and hiking through 
mountains. We recall many very nice bicycle tours together with him in the sur- 
roundings of Tubingen and Darmstadt. The mountain tours were particularly 
memorable, for example the very hard and impressive “Alm-Marsch” of about 
25 km around Solden, or several mountain tours in the Stubai valley. 

Although Ata himself did not practice sports, apart from the exceptions de- 
scribed above, he gave us every opportunity to find out what we - his children 
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- wanted to do. Not only in sports, but also for every other situation in life. 
Most important of all is that our father encouraged us children to choose our own 
profession according to our own interests and knowledge. 

Every year in early spring when the first flowers were coming out, Ata started 
his hard and dedicated work in the garden. His first important objective was to 
kill and destroy all the weeds in the garden. But this passion did not end at the 
border of our garden, no: he hated weeds so much that he continued this work 
everywhere he happened to walk. His killing of weeds was so radical that very 
often flowers became his victims too. This resulted in some long discussions with 
our mother and in some “reconstruction” of the garden. Furthermore, gardening 
was a dangerous adventure for him as he sometimes got injured, so that he ended 
up being a victim of himself. 

Many people don’t know that Ata was not only a head worker but also had 
a talent for practical work. When he was young, for instance, he carried out all 
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the electrical installation in the house and he often joined us, the children, when 
we played with our model railway. But we didn’t just play; we also built many of 
the little houses, the railway-stations, the little mountains etc. ourselves. 

Because of his great commitment to his professional work (including his hon- 
orary work), he had very little time for his family. But his family was very impor- 
tant to him, providing him with great support. The most important people in his 
family life were our mother and our grandmother. They took care of us children 
and together they managed the household. 

After the unexpected death of our mother, At a had the great fortune to meet 
Ljudmila. With his second love he was given again several years full of joy and 
happiness. 

Claudia Meister and Olaf Meister 
Weinbergstrae 42 
D-63925 Laudenbach 
Germany 
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Recalling Meetings with Erhard Meister 

Serguei A. Nazarov 

It was in Prague during one of the EQUADIFF conferences that Professor Erhard 
Meister agreed to discuss a mathematical question with me while we were walking 
from our hotel to the lecture rooms. Although he was really very friendly and 
well disposed, it was definitely difficult to follow him in two senses; the stride of 
the tall and strong man was too long and the perfect English of the bilingual 
mathematician was too quick for me. Being an open person with a likeable smile 
he attracted everybody, but at that time, I could hardly understand his rapid 
torrent of speech and, being deeply daunted by our first dialogue, I tried to avoid 
mathematical topics when meeting him again at two conferences in Germany. 

Fortunately for me, our relationship underwent a crucial change during the 
Petrovskii conference in Moscow. It was a bit strange that, having a lot of foreign 
guests, lectures were mainly presented in Russian. Occasionally we were sitting 
alongside each other and once Professor Meister asked me to translate a fragment 
of the talk by V.A. Kondratiev. What was surprising to me was his understanding 
of the principal ideas even without translation. Afterwards, when having lunch 
together, we continued our discussion and I was greatly impressed by his knowledge 
of both the engineering sciences and related topics in pure mathematics. His deep 
comments on my questions concerning hydrodynamics and the diffraction theory 
were indeed very helpful for my future research. 

Later, while visiting Professor D.P. Kouzov in Saint-Petersburg, Erhard Meis- 
ter kindly accepted an invitation to my house. I remember that he liked cold vodka 
and hot pelmeni (Russian meat-dumplings cooked by my wife). This time we did 
not argue about mathematics at all. . . 

During a two month stay in Paderborn at the invitation of Professor Her- 
mann Sohr, a former student of Erhard Meister, I visited the Darmstadt Technical 
University with my wife for a few days. He showed us Darmstadt, a nice small town 
with a tiny Orthodox church, and we walked along colorful streets and through 
a cheerful Christmas fair, and his stride was not as long and impetuous as usual, 
since it had to be adapted to a woman’s stroll. 

We also had many discussions, especially on a rigorous formulation of the 
Kutta-Joukovskii conditions at the trailing edge of a three-dimensional airfoil. 
This resulted in a joint paper, by the two of us and one of his pupils, Rainer Hin- 
der, as well as several separate papers by him, by me, and by him in collaboration 
with Hinder. 

It was virtually a tradition for me to go at least for a day to Darmstadt 
whenever I was in Germany. Once during my talk at the Darmstadt Technical 
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University, I found a graceful woman sitting next to him, who also attended the 
“after- lecture” dinner in an Indonesian restaurant. My wife, Nadia, was convinced 
of the existence of a romantic love-affair and, indeed, within a year we were in- 
formed that Luydmila and Erhard had been married. 

Our joint work on the Kutta-Joukovskii conditions was especially intensive 
in 1996/97. I had a half-year guest professorship at Stuttgart University in the 
group of Professor Wolfgang Wendland. I often used to make one-day trips to 
Darmstadt in order to clarify mathematical details of our work. Eventually, I was 
invited to the Darmstadt Technical University to lecture a short course on the 
propagation of cracks in three-dimensional solids. Erhard, as he asked me to call 
him, kindly proposed that Nadia and I should live in his house during this month. 
It was a wonderful time, especially in the evenings. . . We, together with Ljudmila 
and Nadia, would discuss the most varied topics - books, movies, art, politics. A 
comet could be seen in the night sky above the roof of Meister’s house. 

I met Erhard for the last time at the Instituto Superior Tecnico in Lisbon. 
He had a very short but busy visit to Portugal and we could only have a very brief 
conversation. A year later, Roland Duduchava came into my office at the same 
institution and said that he had some very sad news. . . 

Erhard Meister was an outstanding scientist, he enjoyed scientific work and 
his energy and enthusiasm was infectious, and inspired many mathematicians and 
mechanicians. At the same time he had a great personality, forceful and good- 
hearted. Even his criticism was amiable and thus easily acceptable. His sudden 
death was a heartbreaking blow to all his friends. 

Serguei A. Nazarov 
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A View from Scotland 

Donald C. Pack 



My first meeting with Erhard was at the GAMM conference in Karlsruhe in 1964, 
in which I took part in acknowledgment of having been made a member not long 
before. After my talk I was invited by Erhard to have dinner with him and one 
of his students from the University of Saarbriicken, Benno Schorr, whose research 
related to mine at that time. We got on very well together and I invited him to 
spend the 1965 66 session with us at the University of Strathclyde as a Guest 
Lecturer. Before he could come he received a call to a Chair at the Technical 
University of Berlin and, since he was not already a Professor, he felt that he had 
to accept the offer and move to Berlin. In consequence he came to Glasgow for 
the first half of 1966. Before he left us he travelled widely in Scotland by public 
transport, and when I was his guest in Berlin in the Spring of 1967 he told me of 
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several beautiful places in Scotland that he had visited and we to that date had 
not! These exchanges were the beginning of a friendship that lasted for the rest of 
Erhard’s lifetime, a period of more than 35 years. 

Erhard’s first wife, Christa (who died in 1993), having fled from the DDR, 
was anxious about living in West Berlin, and was relieved when Erhard moved to 
Tubingen. I stayed at their home there; before bedtime Erhard and I went walking 
with his large wolf-hound, Growly, and it was amusing to see that this big man 
was walked by his dog, rather than the other way round! 

The connection with Erhard opened up the possibility of other links between 
colleagues and these developed greatly over the succeeding years, with lecture 
visits, longer stays and workshops. 

When Erhard came to Glasgow he usually stayed with us; he would greet my 
wife, Connie, with a big “bear-hug”, as she called it. In Germany I was “Onkel 
Pack” to his children. I was his guest for 5 months in 1981 in Darmstadt staying 
with Connie in the University’s house in the Dieburgerstrasse. Erhard and I would 
return to his office for a cup of coffee after lunch in the Mensa, and talk over a 
wide range of subjects from mathematics to the problems of Departments and the 
difficulties facing universities in our two countries. On one occasion he allowed me 
to sit in on the final oral examinations of some of his students (always with their 
individual permission) , which was an interesting experience since at that time our 
passes were almost entirely dependent on written papers. 

The last time I saw Erhard was at his retirement celebrations in Darmstadt. 
I stayed with him and his second wife, Ljudmila, whom I had not previously met. 
After the ceremonies she prepared a lovely meal at their house for some of his 
colleagues and friends, and a lively evening followed. On the Sunday morning 
Erhard and I went for a long walk in the neighborhood and talked of many things. 
In the afternoon I flew home. 

Erhard was not only a fine mathematician but also a very kind and genial 
man, whose letters, phone-calls and friendship I do indeed miss. 

Donald C. Pack 
18 Buchanan Drive 
Bearsden 

Glasgow G61 2EW 
Scotland 
United Kingdom 
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The Lisbon Connection 

Antonio F. dos Santos and Francisco S. Teixeira 



We recall, with emotion, our first meeting with Erhard Meister, in August 1988, in 
Calgary, during the IWOTA conference to commemorate the 60th anniversary of 
Israel Gohberg. Erhard Meister had a charming personality, something which made 
a strong impact on our group. His invitation for further contacts was promptly 
accepted by us and led to a long-lasting cooperation between the Darmstadt and 
the Lisbon groups. 

The visit to Lisbon in September of that year of a member of his group at the 
time, Frank-Olme Speck, was the first step in a close collaboration that continued 
until the death of Erhard Meister. 

Motivated by common scientific interests centered around the theory of Wie- 
ner-Hopf operators, factorization and applications to wave diffraction, an exchange 
(by post) of views and plans for future cooperation was started, culminating in 
a visit by E. Meister to the Department of Mathematics at the Instituto Supe- 
rior Tecnico (1ST) in April 1989 during which he delivered two lectures entitled 
“Modern Wiener-Hopf Methods in Diffraction Theory” and “On Some General- 
ized Sommerfeld Half-Plane Problems” . This visit was the starting point for several 
joint projects. 

At the time of this visit the second author was concluding his Ph.D. thesis 
under the supervision of the first author. The interest shown by Erhard Meister 
in the work that was being done led to Prof. Meister’s being invited to be the 
external referee in the Ph.D. examination that took place in October 1989. His 
participation in the examination jury led in turn to his inviting the new Ph.D. 
member of the Lisbon group to visit the Technische Hochschule Darmstadt (THD) 
for a two-month period following the examination. 

This took place in November /December 1989. This visit allowed the second 
author to establish work and friendship relations with members of Meister’s re- 
search group (M. Costabel, W. Varnhorn, F. Penzel and R. Schneider, as well as 
F. Speck). In that period we participated together in a workshop in Oberwolfach 
organized jointly by E. Meister, I. Gohberg and M. Kaashoek on “Wiener-Hopf 
Problems, Toeplitz Operators and Applications”. The great mathematical back- 
ground of Erhard Meister and his enthusiasm were evident from his participation 
in and organization of the meeting. This meeting was crucial for us in establishing 
personal contacts with several scientists working in the area of Operator The- 
ory and Mathematical Physics. We would mention, in particular, contacts with 
S. Prossdorf, B. Silbermann, G. Litvinchuk and W. Wendland. 




96 



Antonio F. dos Santos and Francisco S. Teixeira 




E. Meister’s last lecture at the Faro conference 
in September 2000 



During 1990 several members of Meister’s group visited Lisbon: M. Costabel 
in May, giving two lectures on “Boundary Integral Equation Methods” , F. Penzel 
in July, giving a short course on “Projection Methods and Numerical Solution of 
Integral Equations” as part of the program of our Master’s Course on Applied 
Mathematics for that year and F. Speck who gave a series of four lectures on 
“Multidimensional Singular Integral Operators” . 

Starting in September 1990, F. Speck became Invited Full Professor in our 
Department, a position that he still retains. At the same time the second author 
accepted a position of Invited Researcher, financed by the DFG, in the Department 
of Mathematics of the THD, as part of E. Meister’s group. During this period a 
number of papers were published or submitted for publication together with E. 
Meister, F. Speck, A. Lebre (who visited Darmstadt in April/May 1991), F. Penzel 
and P. A. Santos, then a student in the course of Applied Mathematics at the 1ST 
(these publications are included in “Publications by Erhard Meister”, refs. [69], 
[70], [71], [72], [74], [75], [79]). 

In 1991 the Darmstadt and Lisbon groups succeeded in getting approval for a 
two-year project (1991-92), “Wave diffraction phenomena - Sobolev space meth- 
ods and approximation theory” financed jointly by INIC (Portugal) and DAAD 
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(Germany). This facilitated the research exchange between the two groups and 
made possible another visit by Meister to Lisbon. During this period the authors 
of this note participated in workshops in Darmstadt and another in Oberwolfach 
organized or co-organized by E. Meister. From 1991 up to the IWOTA conference 
in Faro (September 2000) several meetings took place between members of the 
Lisbon group and E. Meister. We recall his pleasure in talking about the careers 
of his ex-students and the enjoyable walks that he liked to organize, specially at 
the time of workshops. On all non-formal occasions he was always a great friend, 
and a master in creating a pleasant atmosphere around him. 

Between 1994 and 1998 another exchange project strengthening the ties 
Darmstadt-Lisbon was approved jointly by JNICT (Portugal) and BMFT (Ger- 
many) entitled “Singular Operators-New Features and Applications” . Within the 
framework of this project younger researchers from both groups were able to visit 
the other group. L. Castro, A. M. Santos, K. Rottbrand, C. Erbe, A. Passow and J. 
Mark participated in this exchange programme and concluded their Ph.Ds. within 
the period 1994-1998. 

In 1996 E. Meister agreed to become a member of the Advisory Committee of 
the Centro de Matematica Aplicada of the Instituto Superior Tecnico, a position 
that he occupied until his death. A meeting of this committee motivated his last 
visit to Lisbon in May 1999. On this visit he was accompanied by his wife Ljudmila. 
They both gave seminars in the Mathematics Department of the 1ST. 

We recall, with emotion, our last meeting with Erhard in September 2000, in 
Faro, at the IWOTA conference. He was already debilitated by the illness that took 
his life but, nevertheless, he made an effort and succeeded in giving his lecture, 
helped by his wife. This was the closing lecture of the conference. At the end of this 
lecture he made a brilliant summary of his area of research in reply to questions 
put by several participants in the conference. 

The image of a great friend and Mathematician, to whom we feel grateful, 
remains in our memory. 

Francisco S. Teixeira 
Departamento de Matematica 
Instituto Superior Tecnico 
Av. Rovisco Pais 
1049-001 Lisboa 
Portugal 

e-mail: Antonio.Ferreira.SantosOmath.ist.utl.pt 
e-mail: fteixOmath.ist.utl.pt 
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Prof. E. Meister’s Relations with Freiberg 

Lothar von Wolfersdorf 



It is with great pleasure that I have accepted the invitation of the editors to 
write a few words about the relations of Prof. Meister with Freiberg and the 
mathematicians at the Mining Academy. The relations between Prof. Meister and 
myself had their origin in the tradition of our teachers. Prof. Meister was an 
assistant of Heinz Sohngen in Saarbriicken and I am a pupil of Hans Schubert in 
Halle. Both our teachers together with Johannes Weissinger, later in Karlsruhe, 
Kurt Schroder and also Wolfgang Haack in Berlin, represented a group of applied 
mathematicians who worked during the second world war at the Deutsche Ver- 
suchsanstalt fur Luftfahrt (DVL) in Adlershof (Berlin) on mathematical problems 
in aerodynamics, in particular on singular integral equations in airfoil and propeller 
theory. After the war Prof. Sohngen and Prof. Schubert continued in scientific 
contact, so that even as a young assistant in Halle, I was aware of the interesting 
results by Prof. Meister and Prof. Sohngen on singular integral equations from the 
theory of potential flows in lattices of profiles. 

I met Erhard Meister in person at the interesting conferences on integral 
equations organized by Prof. Janina Wolska-Bochenek and her colleagues and 
coworkers from the Technical University of Warsaw together with Prof. Danuta 
P r zewor ska- Role wicz from the Polish Academy of Sciences. At these conferences 
Erhard Meister, Wolfgang Wendland and Heinrich Begehr made a point of estab- 
lishing good personal contacts with their colleagues from East Germany which was 
not always easy in Germany in the times of the GDR. Later on, the relationship 
between Prof. Meister and myself and my wife was strengthened through visits by 
Prof. Meister to Freiberg with lectures at the department and trips to Dresden 
and “Saxonian Switzerland” . Prof. Meister helped my coworkers and me with his 
great knowledge of the literature and with publishing our papers in Mathematical 
Methods in the Applied Sciences, something that was important for our reputation 
in the mathematical community. 

After the political changes in East Germany, Prof. Meister was one of the first 
to support us in Freiberg in word and deed in the reorganization of mathematical 
life at our university. In particular he gave advice on the structure of our depart- 
ment and helped us with scientific opinions concerning the new appointments to 
professorships in our university, among them an important one for the author. 
He was also deeply interested in the new official twinning of our towns Freiberg 
and Darmstadt. In those enthusiastic days in Germany, Prof. Meister’s invitations 
to several conferences on integral equations and function theoretic methods in 
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partial differential equations at the Mathematisches Forschungsinstitut in Ober- 
wolfach and to the colloquium on the occasion of his 60th birthday in Darmstadt, 
as well as the joint visits to the GAMM conference in Krakow (Poland) and the 
workshop on singular integral equations for German and Israeli mathematicians 
in Tel- Aviv were highlights of our mathematical life. 

Prof. Meister ’s relationship with Freiberg adquired a new dimension due to 
the scientific interaction between my colleague Prof. W. Sprofiig and Prof. Meis- 
ter’s wife Ljudmila in the field of quaternionic analysis. These contacts started with 
a lecture by Mrs. Meister in Freiberg and culminated in her habilitation at our uni- 
versity. On these occasions we had a good feeling that Prof. Meister enjoyed being 
in Freiberg. At the very pleasant evening get-together with colleagues following his 
wife’s habilitation he remarked that he could imagine living in Freiberg. This we 
took as a great commendation of our town and university. We also greatly appre- 
ciated the invitation to Prof. Sprofiig to join the editorial board of Mathematical 
Methods in the Applied Sciences, and later to become a managing editor. 

Further remarkable events in our relationship with Prof. Meister were our 
visits to the very successful Sommerfeld workshop at Freudenstadt (Black Forest) 
in 1996 and to the colloquium on the occasion of his retirement in Darmstadt 
including a nice birthday party at his house. My colleagues Prof. W. Sprofiig, 
Prof. E. Wegert and myself are proud and thankful that we were lucky enough 
to enjoy very good contacts with Prof. Meister for a very long time. And we are 
glad to see that some of his pupils are continuing this positive relationship with 
Freiberg. 

Lothar von Wolfersdorf 

Institute for Applied Analysis 

Faculty for Mathematics and Computer Science 

Technical University Bergakademie Freiberg 

D-09596 Freiberg 

Germany 

e-mail: wolf ersdorf @mathe . tu-f reiberg . de 
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PART B 



Invited Papers from the Areas of Interest of 
Erhard Meister 



The second part of the book contains scientific papers from var- 
ious fields that belonged to the research interests of E. Meister 
such as mathematical physics, integral equations, operator the- 
ory, matrix analysis, the theory of function spaces and related 
topics. 
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Quasistatic Problems in Viscoplasticity 
Theory I: Models with Linear Hardening 

Hans-Dieter Alber and Krzysztof Chelminski 



In memory of the dedicated mathematician Erhard Meister 



Abstract. We study the existence theory to quasistatic initial-boundary value 
problems with internal variables, which model the viscoelastic or viscoplastic 
behavior of solids at small strain. In these problems a system of linear partial 
differential equations coupled with a nonlinear system of differential equa- 
tions or differential inclusions must be solved. The solution theory is based 
on monotonicity properties of the differential equations or differential inclu- 
sions. The differential inclusions considered in this article belong to the class 
of constitutive relations of monotone type with positive definite free energy 
and typically model solids with linear hardening behavior. Models for solids 
without hardening or with nonlinear hardening are considered in a companion 
article. 



1. Introduction and statement of results 

In this article we study existence and uniqueness of solutions to initial-boundary 
value problems, which model the viscoelastic or viscoplastic deformation behavior 
of solids at small strain. The initial-boundary value problems we study use consti- 
tutive relations modelling the dependence of the stress on the strain history, which 
consist of differential equations or differential inclusions. We restrict our attention 
to the class of constitutive relations of monotone type with positive definite free 
energy introduced in [3]. Typically, these constitutive relations can model solids 
with linear hardening behavior. Existence of solutions to constitutive relations of 
monotone type with positive semi-definite free energy is studied in the companion 
article [1]. 

To formulate the initial-boundary value problem let Q C R 3 be an open 
bounded set, the set of material points of a solid body. S 3 denotes the set of 
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74C10, 35Q72. 
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symmetric 3 x 3-matrices. Unknown are the displacement u(x,t) G R 3 of the 
material point labeled x at time t , the Cauchy stress T(x,t) G S 3 and the vector 
of internal variables z(x,t) G R^. The model equations are 

— di v x T(x,t) = 6 (z,£), (1.1) 

T(x, t) = T>(e(V x u(x, t)) - Bz(x , £)), (1.2) 

J^OM) e f(e(Vxu(x,t)),z(x,t)), (1.3) 

which must hold for (x,t) G 0 x [0, 00 ). The unknowns must satisfy the initial 
condition 

z(x,0) = z^°\x), xefl, (1.4) 

and either the Dirichlet boundary condition 

u(x,t) = 7 d (#,£), (x, £) G dQ x [0, 00 ), (1.5) 

or the Neumann boundary condition 

T(x, t)n(x) = 7 at(x, £), (x, £) G x [0, 00 ). (1.6) 

Here Va^x, £) denotes the 3 x 3-matrix of first order derivatives of tq the defor- 
mation gradient, (S7 x u(x, t)) T denotes the transposed matrix, and 

s(V x u(x,t)) = 1 X u{x, t) + ( V x u(x,t )) T j G S 3 , 

is the strain tensor. B : R N — > S 3 is a linear mapping, which assigns to the vector 
z(x,t) the plastic strain tensor e p (x,t) = Bz{pc,t). One often assumes that all six 
independent components of the symmetric matrix e v belong to the components of 
2 , in which case B would be the projection to these six components. Moreover, 
V : S 3 — > <S 3 is a linear, symmetric, positive-definite mapping, the elasticity tensor. 

The given data of the problem are b : £1 x [ 0 ,oo) — ► R 3 , the volume force, 
7 d : dQ x [0, 00 ) — > R 3 , the boundary displacement, 7 n : d£l x [0, 00 ) — > R 3 , 
the traction at the boundary, and z^ : ft — > R^, the initial data. n(x) in the 
Neumann boundary condition denotes the exterior unit normal to dQ at x. 

The equation (1.2) and the differential inclusion (1.3) with a given function 
/ : S 3 x R n — » 2 rN together determine the dependence of the stress T(x, t) on the 
strain history s — > e{S7 x u(x, s)). They are the constitutive relations which model 
the inelastic behavior of the body. Clearly, these constitutive relations cannot 
be chosen arbitrarily. Instead, thermodynamical and mathematical requirements 
restrict the choice of /. In this article we assume that (1.3) belongs to the class 
of constitutive relations of monotone type with positive-definite free energy, a 
class for which these requirements are satisfied. For this class there is a quadratic 
positive-definite free energy 

(4{e, z ) = \[V{e - Bz )\ ■ ( £ - Bz ) + \( Lz ) ■ z 



(1.7) 
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and a monotone function g : R N — ► 2 rN with 0 G g(0), such that / in (1.3) is of 
the form 

f(e,z) = g[-p^zip(e,z)^, (s,z)eS 3 xR N . (1.8) 

The scalar product of two 3 x 3-matrices in (1.7) is defined by 

3 

cr • r = ^ (T%jTij , \<t\ = y/a • cr, cr, r G <S 3 , 

i,j=l 

and L denotes a symmetric positive definite TV x 7V-matrix. 

The aim of this article thus is to study existence and uniqueness of solu- 
tions to the quasistatic initial-boundary value problems (1.1)— (1.6) with consti- 
tutive relations of monotone type to positive-definite free energy. In addition to 
the Dirichlet condition (1.5) and the Neumann condition (1.6) we also consider a 
mixed boundary condition stated later. 

Using that (1.2) and (1.7) together yield — p\7 z z) — B t T — Lz , where 

B t : S 3 — > R N is the mapping adjoint to B , these initial-boundary value problems 



can be written in the transparent form 

— di y x T(x,t) = b(x,t), (1.9) 

T{x,t) = T>(e(V x u(x,t)) - Bz(x,t)), (1.10) 

z t (x,t) G g(B T T(x,t) — Lz(x,t)), (1.11) 

z(x,0) = z^\x), ( 1 . 12 ) 

either with the Dirichlet boundary condition 

u(x, t) = (x, t), (x, t) G dVt x [0, oo), (1.13) 

or with the Neumann boundary condition 

T(x,t)n{x) = 7 jv(x,t), (x,t) G dft x [0, oo), (1.14) 

or with mixed boundary conditions. 



The class of constitutive relations of monotone type was introduced in [3] . It 
extends the class of constitutive relations of generalized standard materials defined 
by B. Halphen and Nguyen Quoc Son in [16]. For a generalized standard material 
the function g is the gradient or subdifferential of a convex function. Extension of 
the class of constitutive relations of generalized standard materials is necessary, 
since, as shown in [3] by studying examples, most constitutive equations from 
engineering do not belong to this class. The definition of the class of constitutive 
relations of monotone type is motivated by the “good” mathematical properties 
it has, and it includes the classical constitutive models like the Norton-Hoff and 
the Prandtl-Reuss laws. However, in [3] it is also shown that even this class is too 
small to include most models from engineering for the inelastic behavior of metals. 
It would thus be necessary to define and study still larger classes. 

Nevertheless, it is an important mathematical goal to understand the exis- 
tence theory of initial-boundary value problems to constitutive equations of mono- 
tone type, and in this article and in the companion article [ 1 ] we develop this 
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existence theory. For mathematical reasons the class of constitutive relations of 
monotone type is separated in the subclass of constitutive relations with positive 
definite free energy (1.7), and in the subclass where the free energy is only positive 
semi-definite. The existence theory to the former subclass, which is rather satis- 
factory and complete, is studied here, the existence theory to the latter subclass, 
which presents greater mathematical difficulties and is less complete, is studied 
in [1]. 

Typically, the free energy is positive definite if the constitutive relations in- 
clude terms modelling linear hardening, as in the model of Melan-Prager for exam- 
ple, whereas the free energy is only positive semi-definite if terms modelling nonlin- 
ear hardening are included, or if no hardening at all is modeled. The Prandtl-Reuss 
and Norton-Hoff laws, for example, do not model hardening, and thus belong to 
the class of constitutive relations of monotone type with positive semi-definite free 
energy. The results of the present article therefore can be applied to the Melan- 
Prager model, but not to the Prandtl-Reuss and Norton-Hoff models. 

Since the article [1] contains an extended discussion of the literature to the 
existence theory for problems from plasticity and viscoplasticity, we mention here 
only a few references specially related to the topic of the present article: 

The existence theory for quasistatic problems to classical constitutive models 
started with [21] and [12], and was continued in [17, 14], in which elasto-plastic 
constitutive equations were studied, and in [18, 15], where the existence theory 
for constitutive equations with hardening was investigated. In particular, in [15] it 
was noticed that the presence of linear hardening simplifies the existence proofs. 

The existence theory to dynamic initial-boundary value problems, where the 
equation (1.1) is replaced by the equation pu u — div^ T(x, t) = b(x, t), is considered 
in [20], where special models from viscoplasticity are studied, and in [3], where the 
existence theory for dynamic problems to constitutive equations of monotone type 
with positive definite free energy was started. Both of these references use methods 
similar to the ones employed here for the existence proof. The investigation of 
dynamic problems to models of monotone type is continued in [10, 11, 8] and 
extended to special classes of models with positive semi-definite free energy. 

The existence theory for quasistatic problems to models of monotone type 
with positive definite free energy was started in [4]. The results of the present 
article complete these investigations and they extend the results for quasistatic 
problems in [9, 13]. Moreover, our results form the basis of the investigations in 
[5], where the homogenisation of initial-boundary value problems to constitutive 
equations of monotone type is studied and justified. 

The main results are precisely stated in the remainder of this introduction. 

Statement of the main results. We need some notations and definitions: We always 
assume that Q C R 3 is a bounded open set with C 1 -boundary dCl. T e denotes a 
positive number (time of existence), and for 0 < t < T e we set 



Zt = fi x [0, t \ , Z — Zt g . 
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If w is a function defined on Z t and if 0 < s < t, we denote the function x > w(x,s) 
by w(s). The norms on L p (ft,S 3 ) and L p (ft,R N ) are denoted by ||ix|| P} n, and for 
the scalar products on the spaces L 2 (ft,S 3 ), L 2 (ft, R iV )and L 2 (Z,S 3 ), L 2 (Z, <S 3 ) 
we use the symbols 

(a, r)n = / cr(x) ■ r(x) dx , (cr ,r) z — / a(x,t) • r(x,t) d(x,t) . 

Jq Jz 

Since V : S 3 S 3 is symmetric and positive definite, other scalar products on 
these spaces are 

[c, T] n = (Pa, t)q , [a, r]z = (Per, r)z . 

iff(D,R n ) is the Banach space of functions in L p (ft, R n ), for which the compo- 

o 

nents have weak derivatives in L p (f2,R n ), and # p (D,R n ) denotes the closure in 
Hf(ft,R n ) of the space Co°(ft,R n ) of all infinitely differentiable functions with 
compact support contained in ft. The norm of iff(fi,R n ) is Clearly, for 

Z instead of ft we use the same notations. 

We need solutions of the Dirichlet and Neumann boundary value problems 
of linear elasticity theory. With b,i p E L 2 (0,R 3 ), 7 jr> E H 2 ( 0,R 3 ) and jn £ 
L 2 (<9D,R 3 ) these problems are given by the equations 

— divT(x) = b(x) , x e ft, (1.15) 

T(x) = P^(Vw(x)) — i p (x) S j , x e ft, (1.16) 

with the Dirichlet condition 

u(x) = 7 d(x), x E dft, (1.17) 

or the Neumann condition 

T(x) n(x) = */n(x), x £ dft . (1.18) 

To define a weak solution of the Dirichlet problem, we insert (1.16) into (1.15), 

o 

multiply the resulting equation with v E Hi (ft, R 3 ) and integrate by parts. A weak 

o 

solution is sought in the form u = w+^d with 7 ^ E H 2 (ft, R 3 ) and w E H\(ft, R 3 ). 
Insertion of this representation in the resulting integral identity yields 

(p(e(VuO - e p ), £ (VtO) n = (M) n - (p(e(V 7 D )),e(Vt;)) n , (1.19) 

where we used that V((eVu(x)) — i p (x)) is a symmetric matrix. Accordingly, a 
function (u,T) E H 2 (ft, R 3 ) x L 2 (ft,S 3 ) is called a weak solution of the Dirichlet 

problem (1. 15)— (1.17), if (1.16) holds and if w E Hi(ft, R 3 ) exists with u = w+^/d, 

such that (1.19) is satisfied for all v E Hi(ft,R 3 ). 

Analogously, to define weak solutions of the Neumann problem we use (1.18) 
in the process of partial integration and obtain for v E H 2 (ft, R 3 ) 
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(u, T) E Hi (CL, R 3 ) x L 2 (£2, <S 3 ) is called a weak solution of the Neumann problem 
(1.15), (1.16), (1.18), if (1.16) and the equation (1.20) hold for all v E H 2 (Q,R 3 ). 
For reference we state the following classical result: 

Lemma 1.1. There is a constant C > 0 with the following properties: To all b E 
L 2 (fl,R 3 ), i p E L 2 (Q,S 3 ) and 7 ^ E H 2 (D,R 3 ) £/iere zs a unique weak solution 
(u,T) of the Dirichlet problem (1.15) —(1.17). This solution satisfies 

IM|i,2,0 < + ||7d||i,2,o) • (1*21) 

Moreover, there is a weak solution (uq,T) of the Neumann problem (1.15), (1.16), 
(1.18) if and only ifbe L 2 (Q,R 3 ), i p E L 2 (D,S 3 ) and jn £ L 2 (dD,R 3 ) satisfy 
the equation 

/ b(x) • (a + uj x x)dx — / 7 n(x) • (a + uj x x)dS 

Jn Jon 

for all a,w E M 3 . This solution can be chosen such that 

11^0 || 1,2,17 < C'(||&|| 2 ,Q + 1 1 £p 1 1 2 , 17 + || 7 iv|| 2 ,ai 7 ) (1.22) 

holds. All solutions of the Neumann problem are obtained in the form (uq + a + 
uj x x,T) with a,uj E M 3 . 

The proof of these assertions is based on Korn’s inequality, cf. [24]. We note 
that for the Neumann problem the symmetric gradient e(Vu) is uniquely deter- 
mined even if u is not, since e(V x (a-\-uj x x)) = 0. The function a-\-uo x x represents 
an infinitesimal rigid motion. 

Next we give the definition of weak and strong L 2 -solutions of the initial-boundary 
value problems (1.9)— (1.14). 

Definition 1.2. Assume that the volume force b E L 1 (0,T e ; L 2 (fl,R 3 )), the initial 
data z E L 2 (fi, R N ) and the boundary data 7 d £ L 1 (0, T e \ (fl, R 3 )) , 7at E 
L 1 (0,T e ;L 2 (9fl,R 3 )) are given. 

A function (u,T,z) E L 2 (0,T e ; H 2 (Q,R 3 ))xL 2 (Z, 5 3 )xC([0,T e ], L 2 (D,R N )) 
is a strong L 2 -solution of the Dirichlet problem (1.9)— (1.13) or the Neumann prob- 
lem (1.9)— (1.12), (1.14), respectively, if 

(i) for almost every t E [0, T e \ the function ( u{t),T(t )) is a weak solution of the 
Dirichlet problem (1.15)— (1.17) or of the Neumann problem (1.15), (1.16), 
(1.18), respectively, with i p = Bz(t), b = b(t), 7 d = 7 D(t) and 7 n = 7 N(t)- 

(ii) t 1 — > z(t) : [0,T e ] —> L 2 (Q,R N ) is absolutely continuous on every compact 
subset of (0 ,T e ). 

(iii) g(B T T(t) — Lz(t )) E L 2 (Q,R N ), for almost every t E [0, T e ]. 

(iv) ( 1 . 11 ) is satisfied almost everywhere in Z . 

(v) z{0) = z(°l 
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The function (u,T,z) is a weak L 2 -solution of the Dirichlet initial-boundary value 
problem (1.9)-(1.13), or of the Neumann initial-boundary value problem (1.9)- 
(1.12), (1.14), respectively, if there exists a sequence {k n }^ =1 of functions k n G 
L 1 (0, T e ; L 2 (Q, M^)) , which converges in L 1 (0, T e ; L 2 (fl, R^)) to 0, and if there 
exists a sequence {( u n ,T n , z n )}^T 1 of strong solutions of the Dirichlet or Neumann 
problem with ( 1 . 11 ) replaced by 

~z n (x,t) € g(^B T T n (x,t) - Lz n (x,t)j + k n (x,t) , (1.23) 

which converges in L 2 (0,T e ; H 2 (£l,R 3 )) x L 2 (Z,R 3 ) x C([0, T e ], L 2 (n, R N )) to 
(u,T,z). 

We remark that if X is a Hilbert space (more generally, if it is a reflexive 
Banach space), then every absolutely continuous function t i— > h(t) : (0,T e ) — > X 
is almost everywhere differentiable, cf. [7, p. 145]. 

Next we state our two main theorems. We specially remark here that the free 
energy ip defined in (1.7) is positive definite if the symmetric N x iV-matrix L is 
positive definite; 'ip is positive semi-definite if L is positive semi-definite. We leave 
the obvious verification to the reader. 

The first theorem concerns the initial-boundary value problems to the Dirich- 
let and Neumann boundary conditions: 

Theorem 1.3. Assume that the matrix L in (1.7) is positive definite and that g : 
R N — > 2 r is a maximal monotone function satisfying 0 G g( 0). 

For i = 1 or i = 2 suppose that b G T e ; L 2 (fl, M 3 )), 7 d G i?*(0,T e ; 

H 2 (Q,R 3 )) and 7 at G £T/(0, T e ; L 2 (dfl, R 3 )). Moreover, for the Neumann problem 
assume that b and 7 n satisfy 

/ b(x, t) • (a + lu x x)dx = / t) • (a + uj x x)dS x (1-24) 

Jn Jan 

to all vectors a,cu G M 3 and almost all t in [0, T e \. Finally, assume that G 
L 2 (D,R n ) and that there is ( G L 2 (D,R N ) such that 

C(x) G g{B T T^\x) - Lz^\x)) a.e. in D, (1.25) 

where is a weak solution of the Dirichlet or Neumann problem (1.15) — 

(1.18), respectively, to the data b = 6 ( 0 ), i p = Bz^\ 7 o = 7d(0), 7 n = 7 iv( 0 )- 
Then, for i — 1 there is a unique weak L 2 -solution and for i = 2 a unique 
strong L 2 -solution of the Dirichlet initial-boundary value problem (1.9) -(1.13). 
Furthermore, for i — 1 there is a weak L 2 -solution and for i = 2 a strong L 2 - 
solution of the Neumann initial-boundary value problem (1.9) -(1.12), (1.14). If 
(uo,T,z) is a weak or a strong solution of the Neumann problem, then all solu- 
tions are obtained in the form (uo + a + u x x, T, z) with a , lu G L 2 ([ 0 , T e ], M 3 ). 

This theorem is proved in Sections 2. For the proof we reduce the initial- 
boundary value problem to an evolution equation in the Hilbert space L 2 with a 
maximal monotone evolution operator. Theorem 1.3 then follows from well-known 
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results for such abstract evolution equations. In the reduction we use projection 
operators defined by the boundary value problems of linear elasticity theory. 

We next study existence and uniqueness of global in time solutions to the 
problem (1.9)— (1.12) with a positive definite free energy function ^ to the mixed 
boundary condition 

u(x,t) = 7 n(x,t) for x G Ti , T(x,t)n(x) = 7 at(x,^) for x G , t > 0, (1.26) 

where Ti ,1^ C dLl are relatively open subsets of dft satisfying Ti D IY = 0, 
dQ, = Ti UT2 and |Ti| > 0. Here |Ti| denotes the 2-dimensional boundary measure 
of Ti. The proof of the following theorem given in Section 3 is based on a different 
method, which uses the partial Yosida approximation: 

Theorem 1.4. Let us suppose that the boundary data and the external force 

b possess the regularity 

be H%°{0,T e ;L 2 (n;R 3 )) 

id e Hno^H^^r.-R 3 )), lN e H?(0,T e ;H 2 _ 1/2 (r 2 -,m 3 )), 

for all T e > 0, and that to the initial data z° € L 2 (£2;R N ) there is ( e L 2 (£l,R N ) 
such that 

C( x ) £ g{B T T^\x) — Lz^\x)) a.e. in Q , 
where is a weak solution of the problem formed by (1.15), (1.16), (1.26) 

with t = 0, b = 6(0) and i p = Bz^°\ If the considered model is of monotone 
type with the maximal monotone constitutive function g : A(g) C — > 2 R , 

which satisfies 0 G g(0), and with a positive definite matrix L, then the system 
(1.9) -(1.12) with the boundary condition (1.26) possesses a global in time, unique 
solution 

(u,T, z) € Hf° (0, T e ; IR 3 ) x L 2 (Q;S 3 x R w )) for all T e > 0. 

2. Proof of Theorem 1.3 

In this section we prove Theorem 1.3. First we reduce the initial-boundary value 
problems (1.9)— (1.14) to evolution equations. To this end we need projection op- 
erators whose definition is based on Lemma 1.1: 

Definition 2.1. Let the operators Pd : L 2 (ft,S 3 ) — > L 2 (Q,S 3 ), Pn : L 2 (fl,S 3 ) —> 
L 2 (fi,<S 3 ) be defined by 

Pd^p — z(Vud) , Pn^p = e(V^iv) , 

o 

for every e p G L 2 (Q,S 3 ), where ud G H 2 (Ll,M. 3 ) is the first component of the 
weak solution of the Dirichlet boundary value problem (1.1 5) -(1.17) to the given 
functions b = 0, i p = e p , 7 d = 0; and un G iL 2 (fl,M 3 ) is the first component of 
a weak solution of the Neumann boundary value problem (1.15), (1.16), (1.18) to 
the given functions b = 0, e p = e p , jn = 0. 
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By the remark after Lemma 1.1 Pn is well defined, since s(Vun) is unique 
even if the solution of the Neumann problem is not. 

Lemma 2.2. 

(i) The operators Pd and Pn are bounded projection operators orthogonal with 
respect to the scalar product [j,t]q on L 2 (H,<S 3 ). 

(ii) The operators B T VP D B, B T VP N B : L 2 {Q,R N ) -> L 2 {tl,R N ) are self- 
adjoint and non-negative with respect to the scalar product (z, z)q . 

Remark. In the following we drop the indices D and N if a statement is valid for 
Pd and Pn and write P instead. 

Proof: (i) The boundedness of P follows from (1.21) and (1.22). To prove that Pd 
is a projection assume that i p belongs to the range of Pd, hence e v = e(Vu) for 

o 

a suitable u G iL 2 (fi,R 3 ). Thus, by definition of Pd we have Pds(\7u) — Pd£ p = 

o 

e{SJud ), where ud is the unique function in H 2 (fi,R 3 ) which satisfies (1.19) to 

/s O 

b — 7 d = 0 for all v G pf(Q,R 3 ). Clearly u satisfies (1.19), hence ud = u and 
Pd£ p = e(Vu) = i p , which shows that Pd is a projection. In the same way it 
follows that Pn is a projection. 

To prove that P is orthogonal, note that for all a G L 2 (£1,<S 3 ) the function 
Pa is of the form e(Vu). Therefore we can plug Pa in the second argument of 
the scalar products in (1.19) and (1.20) and obtain by definition of P for all 
r G L 2 (Q, S 3 ) 

[Pt - T,Pa] n = 0. 

Interchanging the roles of r and a yields 

[Pa - a, Pt]d = 0. 

From these equations we conclude for all a, r G L 2 (fi,<S 3 ) 

W,Pt]d = [Pa,Pr]D = [Pr,Pa] n = [t,P<t]q = [Pa,r\n . 

This yields P* = P, whence P is self-adjoint. Therefore P is an orthogonal pro- 
jection. 

(ii) For z,2G L 2 (fi, R N ) we have 

(. B T VPBz , z)n = ( VPBz , Bz)q = [ PBz , Bz]q 

= [PBz, PBz]n = [ Bz , PBz]n = ( VBz , PBz)q 
= {Bz, VPBz) n = (z, B T VPBz) n , 

which implies that B T VPB is self-adjoint and non-negative. This completes the 
proof. 

After these preparations we can reduce the initial-boundary value problems (1.9)- 
(1.14) to an evolution equation. Note first that (1.10) yields 

B t T -Lz = B t V(s - Bz) — Lz — B t T>s - Mz , 
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with the symmetric, positive semi-definite N x IV-matrix M = B T VB + L. There- 
fore ( 1 . 11 ) can be written as 

zt G g{B T Ve{y x u ) — Mz) . (2.1) 

Next, let (u, T, z) be a solution of the Dirichlet or Neumann initial-boundary value 
problem (1.9)— (1.14). If z{t) is known, then (1.9), (1.10), (1.13) or (1.9), (1.10), 
(1.14) form boundary value problems for the components u(t) and T(t) of the 
solution. These functions are obtained in the form 

(u(t),T(t)) = ( u(t),T(t )) + (u(t),a(t)), 

where (u(t),a(t)) is a solution of the Dirichlet or Neumann boundary value prob- 
lem (1.15)— (1.18) to the data b = b(t ), i p = 0, 7 d = 7 d(£), 7 n — 7 at(£), and 
(u{t),T(t)) is a solution of the same boundary value problem to the data b = 0, 
i p = Bz(t ), 7 d = Jn — 0- The Definition 2.1 of the projector P thus yields 

e(V x u(t)) = e(V x ii(t)) + e(V x ii(t)) = PBz(t ) + e(\7 x u(t)). (2.2) 

Using that a(t) = Ve(y x u(t)), we obtain by insertion of this equation into (2.1) 
that 

z t (t) e g([B T VPB - M)z(t ) + B T a(tf) . (2.3) 

Since a is computed from the data 6 , 7 7 ^, and thus is known, (2.3) is an 
evolution equation for z. With the evolution operator A(t) defined by 

A(t)z = -g({B T VPB - M)z + B T a(t)^j, 

this evolution equation can be written as 

z t (t) + A(t)z(t) 3 0 . 

This is a non- autonomous evolution equation. In the following we show that in 
the case of positive definite free energy it is possible to transform this equation 
into an autonomous evolution equation. Moreover, we prove that the resulting 
time independent evolution operator is maximal monotone in the Hilbert space 
L 2 (fl, R N ). This permits to apply the strong existence results known for such 
evolution equations. This good behavior of the initial-boundary value problem 
with positive definite free energy is a consequence of the following property of the 
linear mapping B T VPB — M in the evolution equation (2.3): 

Lemma 2.3. Assume that the symmetric matrix L from (1.7) is positive definite, 
let M = B t VB + L, and let P — Pd or P = P/v be the projection in L 2 (f£,<S 3 ) 
corresponding to the Dirichlet or Neumann boundary condition. Then the linear 
operator M - B T VPB : L 2 (fl,M iV ) — > L 2 (fl, R N ) is bounded, self-adjoint and 
positive definite with respect to the scalar product (z,z)q. 
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Proof: M — B T VPB is obviously bounded. By Lemma 2.2 the operator B T VPB 
is self-adjoint. Since M is symmetric, we conclude that also M — B T VPB is self- 
adjoint. To see that this mapping is positive definite, note that for z G L 2 (fi, M iV ) 

((Af - B t VPB)z , z) n = ( Lz , z) a + (Z>(J - P)Bz, Bz) a 

= (Lz,z ) n + (I - P)Bz,Bz = (Lz,z)q+ (I — P)Bz,(I — P)Bz 

> {Lz,z) n > n\\z\\ 2 n , 

with a positive constant fi. Here we used that P is orthogonal with respect to the 
scalar product [cr, t]q on L 2 (f2, S 3 ) and that L is positive definite. This proves the 
lemma. 

In particular, this lemma implies that M — B T VPB has a bounded, self-adjoint, 
positive definite inverse. 

To transform (2.3) to an autonomous equation we insert 
h = ( B t VPB - M)z + B t g 

into (2.3) and obtain 

h t e ( B t VPB - M)g(h) + B T a t . (2.4) 

Definition 2.4. Let the evolution operator C : L 2 ( f),R n ) — » 2 L2 ^ ,IRiV ^ be defined as 
follows: For h G L 2 (Q,^R N ) set 

Ch = {(Af - B t VPB)( | C G L 2 (fl,R N ), ((x) e g{h{x)) a.e. in fi}. 

The domain of C is 

A (C) = {he L 2 (fi, R n ) | Ch ± 0}. 

With this operator C the evolution equation (2.4) on L 2 (fi, R jV ) can be writ- 
ten as 

h t (t) + Ch(t) 3 B T G t (t). (2.5) 

We prove now that the operator C is maximal monotone if the vector field g is 
maximal monotone. The standard theory for evolution equations to such operators 
implies then that (2.5) has a unique solution for suitable functions G t . To prove 
this, we need that by Lemma 2.3 

(z, z)n = ((Af - B t VPB)~ 1 z , z) 

is a scalar product on L 2 (f],M Ar ). Well-known considerations show hat 

ll(Af- B T VPB)- 1 \\- l {z,z) n < ||z|| 2 jn < || Af - B t VPB\\(z,z) q . 

Whence the associated norm 

Mfi = ( z ,z)n 2 

is equivalent to ||z|| 2 ,^- 
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Theorem 2.5. 

(i) Let the mapping g : R N — » 2 M be monotone. Then the operator C is mono- 
tone with respect the scalar product (z,z)q. 

(ii) If g is maximal monotone and satisfies 0 £ g(0), then C is maximal monotone 
with respect to this scalar product. 

Proof: (i) Let 21,22 £ A(C). Then for £i £ Cz\, Qi £ Cz 2 the functions ^ = 
(M — B T 'DPB)~ l C t i satisfy &(x) £ g(zi(x)) a.e. in f2, for z = 1,2. Thus, 

<Ci - <2, - z 2 )n = ((M - B t VPB)~ 1 (( 1 - ( 2 ), z\ — z z) Q 

= (Ci “ 6)^1 - z 2 )n = j (fi(:r) - 62 (z)) • (zi(z) ~ z 2 (xfjdx > 0, 

since the monotonicity of g implies (^i(x) — £2(3?)) * ( z i( x ) — Z 2 {x)) > 0. Therefore 
C is monotone. 

(ii) We first show that the maximal monotone mapping g : R N — > 2 R with 
#(0) = 0 defines a mapping G : L 2 (f), R N ) — > 2 l2 ^ ,rN \ which is maximal 
monotone with respect to the scalar product (z,z)q. For z £ L 2 ( Q,R N ) we set 
Gz = {( e L 2 (Q,R N ) |£(x) £ g( z ( x )) a - e - m ^}- The domain is A(G) = {z £ 
L 2 (Q,R N ) | Gz 7^ 0}. Monotonicity of G is seen similarly as in (i). The mapping 
G is maximal monotone if and only if I + G is surjective. To prove surjectivity, it 
must be shown that to every h £ L 2 (tt,R N ) the equation 

hez + Gz (2.6) 

has a solution z £ L 2 ( Q,R N ). Since g is maximal monotone, (I + g) : R N — > 2 rN 
has an inverse j : R N — » R N , which satisfies | j (C) — J (C ; ) I < 1C — Cl f° r a ^- 
C, (' £ R N - Thus j is Lipschitz continuous. From 0 £ #(0) it follows that j(0) = 0, 
whence 

|j(C)l = 1.7(C) - i(0)| < |C - 0| = Id- (2.7) 

For h £ L 2 (fl,IR iV ) we now define z(x) = j(h(x)) for all x £ Q. Clearly, z solves 
(2.6) if z £ L 2 (Q,R N ). To see that z belongs to this space, note that z is measur- 
able, since h is measurable and j is Lipschitz continuous. Moreover, (2.7) implies 
\z(x)\ < \h(x)\, hence z £ L 2 (Q,R N ). Consequently, z solves (2.6) and we conclude 
that I + G is surjective. Hence G is maximal monotone. 

With this result we can show that I + C is surjective. Since C — ( M — 
B T VPB)G , it must be shown that to every h £ L 2 (f], R N ) there is a solution 
zeL 2 (Sl, R N ) of 

h e z + (M - B t VPB)Gz. (2.8) 

We apply (M — B T VPB)~ l to (2.8) and obtain the equivalent equation 

(M - B T VPB)~ l h £ (M - B t VPB)~ 1 z + Gz. (2.9) 

To prove that (2.9) has a solution z we note that since (M — B t VPB)~ 1 is positive 
definite, there is /i > 0 such that 

(M - B t VPB)~ 1 -[ii 
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is positive definite on L 2 (Ll, R N ). As a bounded mapping, it is Lipschitz continuous. 
Thus, G + ((M — B T VPB )~ 1 — fil) is maximal monotone as sum of the maximal 
monotone mapping G and a Lipschitz continuous monotone mapping, cf. [7, p. 
34]. This implies that 

G + ((M- B t VPB )~ 1 - ill) + ill = G + (Af - B t VPB )~ 1 

is surjective. Therefore (2.9) and as a consequence also (2.8) has a solution z G 
L 2 (D, R n ). This implies that / + (M — B T VPB)G = I + C is surjective, whence 
C is maximal monotone. The proof of Theorem 2.5 is complete. 



With this result we can apply standard existence results to the evolution equation 
(2.5). To state two of these results we need the following definitions (cf. [7, p. 64], 
[6, p. 123, 134]): 

Definition 2.6. Let k G L 1 (0, T e ; L 2 (Q, R N )). A function h G C([0, T e ], L 2 (fi, R N )) 
is called a strong solution of the equation 

^+ChBk, ( 2 . 10 ) 

on the interval (0 ,T e ), if it satisfies 

(i) 1 1 — > h(t) is absolutely continuous on every compact subset o/(0,T e ), 

(ii) h(t) G A (C), a.e. on (0 ,T e ), 

(iii) jjf (t) +Ch(t) 3 k(t ), a.e. on (0 ,T e ). 

As we already remarked after Definition 1.2, (i) implies that £ i— > /i(£) is 
almost everywhere differentiable. 



Definition 2.7. Let k G L 1 (0,T e ; L 2 (Q,R N )). A function h G C([0, T e ], L 2 (fl, R N )) 
is called a weak solution of the equation (2.10), if there exists a sequence of 

functions k n G L : (0, T e ; L 2 (fl, E^)), which converges in L : (0, T e ; L 2 (fl, R N )) to k, 
and if there exists a sequence {/i n }^ =1 of strong solutions h n G C([0, T e ], L 2 (fi, E n )) 
of + Ch n 3 fc n , which converges to h in C([0, T e ], L 2 (fl, E^)). 



Theorem 2.8. If g : E^ — > 2 RiV £5 a maximal monotone function satisfying 0 G 
g( 0), £/ien the following assertions hold: 



(i) Let a G Hl{0, T e ;L 2 (D,5 3 )) and let G A(C) C L 2 (fi,E N ). Tften £/ie 
evolution equation 



hf T Ch 3 B^ 



has a unique weak solution on [0, T e \ satisfying 



h{0) = h(°l 



(ii) Let G Hi (0,T e ; L 2 (fl, <S 3 )), and let hi,h 2 be weak solutions of 

hu + Chi 3 B T ait, £ = 1,2. 
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Then 

\hi(t) - h 2 (t)\n < \hi(s) - h 2 (s)\a + f \B T (& u (r}) - a 2t (r}))\a dr] , (2.11) 

J S 

for all 0 < s < t < T e . 

Proof: Theorem 2.5 shows that C is maximal monotone with respect to 

the scalar product (z,z) under the assumptions of this theorem. Since for a G 
7/^(0, T e ;L 2 (f2,<S 3 )) the function B T a t belongs to L^O, T e ; L 2 (fl, M^)), this the- 
orem is therefore an immediate consequence of [7, Lemma 3.1 and Theorem 3.4, 
p. 64, 65]. The norm in (2.11) is associated to the scalar product (z,z). 

Theorem 2.9. Suppose that g : R N — > 2 rN is maximal monotone and satisfies 
0 G g(0). Also , let a G H^O.Te] L 2 (fi,<S 3 )) and leth ^ G A (C). Then the evolution 
equation 

h t +Ch3B T a t (2.12) 

has a unique strong solution on [0, T e ] with 

h(0) = (2.13) 

Moreover, h belongs to the space H^°(Q,T e ; L 2 (Q,R N )) and satisfies 

\h t (t)\n <\\\Ch ( -°' ) + B T cr t (0)\\\n+ [ \B T a t t(s)\nds a.e., 

Jo 

where ||| C/i (0) + B T <7 t (0)|||^ = inf{|C|n | C £ Ch^ + B T a t ( 0)}. 

We remark that for a Hilbert space X (more generally, for a reflexive Banach 
space X), the space 77f°( 0, T e ; X) coincides with the space of Lipschitz continuous 
functions on [0,T e ] with values in X, cf. [7, p. 143-145]. Therefore the solution in 
this theorem is Lipschitz continuous. 

Proof: Since C is maximal monotone and since for a G B\ (0, T e ; L 2 (f2, <S 3 )) the 
function B T a t belongs to 77^(0, T e ; 7/ 2 (fl, R n )), this theorem is an immediate con- 
sequence of [6, Theorem 2.2, p. 131]. 

Proof of Theorem 1.3: We first prove that strong T/ 2 -solutions of the Dirichlet 
problem are unique and strong L 2 -solutions of the Neumann problem are of the 
multiplicity stated in Theorem 1.3. Thus, assume that (t^,T*,^) for i — 1,2 are 
two strong solutions of the Dirichlet problem or of the Neumann problem to the 
data 6,7D,7iv and z^\ We set (7t, T,z) = ( u\ — u 2 ,T\ — T 2 ,z\ — z 2 ). 

By Definition 1.2 of strong L 2 -solutions, ( u(t),T(t )) is a weak solution of the 
Dirichlet or Neumann problem (1.15)— (1.18) to the data b = 0, i p = Bz(t) and 

7 _d = 7tv = 0. We have u G L 2 (0, T e ; T7i(fi, K 3 )) for the the Dirichlet problem and 
u G L 2 (0, T e ; 77 2 (fl, M 3 )) for the Neumann problem. Since, again by Definition 1.2, 
the function t i— > z(t) : [0,T e ] — > L 2 (Q,R N ) is absolutely continuous on every 
compact subset of (0, T e ) and z t (t) exists in L 2 (fl, R N ) for almost all £, we conclude 
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from the regularity properties of the linear elliptic boundary value problems (1.15)- 
(1.18) that also t > u(t) : [0,T e ] — » IT 2 (D,M 3 ) is absolutely continuous on every 
compact subset of (0,T e ), and that for almost all t G (0,T e ) the derivative Ut(t) 

exists with ut(t) G i7 2 (f£,M 3 ) for the Dirichlet problem and u t {t) G i7 2 (D,M 3 ) for 
the Neumann problem. In the case of the Neumann problem we possibly have to 
add a function a(t) +uj(t)xx with suitable coefficients a and uj to obtain a solution 
with these regularity properties. Using that weak solutions satisfy (1.19) or (1.20) 
and that iZ(0) = z(0) = 0, we thus obtain 



/ p^{e(y x u{t)),z{t))dx 

= r f (P(e(V x u(s)) - Bz(s))) • e(V x ut(s)) 

Jo Jn 

+ V z 'i/>(e(V x u(s)),z(s)) • z t (s ) dxds 

= — f f B T V(s(V x u(s)) — Bz(s)) — Lz(s) '~z t (s)dxds (2.14) 
Jo Jn t -* 

= - f [ ( B T T(s ) - Lz(s)) • z t (s) dxds < 0. 

Jo Jn 



Here we used that the relation za{x,t) G g(B T Ti(x,t) — Lzi(x,t)) a.e. and the 
monotonicity of g together imply ( B T T(x,t ) — Lz(x,t )) • z t (x,t) > 0 a.e. (2.14) 
implies f Q p r ip{eip\/ x u(t)),z(t)) dx = 0, whence ^{e(V X u(x,t)),~z{x,t)) = 0 almost 
everywhere. This yields e{V x u) = z = 0, since 'ip is positive definite. In the case 

of the Dirichlet problem we have u(t) G H\{ fi,K 3 ), hence we can use Korn’s first 
inequality to conclude from e(V x u) = 0 that u = 0. In the case of the Neumann 
problem we conclude from Korn’s second inequality and from s(V x u) = 0 that u — 
a(t) + uj(t) x x with a, a; G L 2 ([0, T e ], R 3 ). This proves the uniqueness statements 
for strong L 2 -solutions in Theorem 1.3. For the inequalities of Korn used here we 
refer to [19], [22] or [24, pp. 278]. 

To prove existence of strong solutions, let 6,7 d, 7 at and satisfy the as- 
sumptions of Theorem 1.3 with i — 2, and let (u(t),a(t)) G i7 2 (f£,R 3 ) x L 2 (D,<S 3 ) 
or (u(t),a(t)) G iff(D,R 3 ) x L 2 (f2,<S 3 ), respectively, be a solution of the Dirichlet 
problem (1. 15)— (1. 17) or of the Neumann problem (1.15), (1.16), (1.18), respec- 
tively, to the data b — 6(£),7 d — 7 d(Q, 7 tv = 7 tv(£) and e p = 0, for almost 
every t. From the regularity properties of these elliptic boundary value prob- 
lems we conclude under the assumptions for b, 7^ and 7^ of Theorem 1.3 that 
a G #2(0? T 2 (f2,<S 3 )). With a solution (&(0), T(0)) of the Dirichlet or Neumann 

problem (1.15)— (1.18) to the data b = 0, i p = Bz^\ 7d = 7at = 0 we obtain a 
solution = (u( 0) + 6(0), T(0) + <r(0)) of the equations (1.9), (1.10), 

(1.13) or (1.9), (1.10), (1.14) for t = 0, and the Definition 2.1 of the projector P 
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yields 

T (0) = V(£(V x u( 0)) - Bz {0) ) + Ve(V x u( 0)) = V(P - I)Bz {0) + <r(0). 

With M = B T VB + L we thus conclude that h l()> defined by 
fi (0) = ( B t VPB - M)z ( °> + B t &( 0) 

satisfies = B T V{P - I)Bz (°) - Lz^ + B T a{ 0) = B t T <°) - and thus 

belongs to A(C), by (1.25). Whence the assumptions of Theorem 2.9 are satisfied, 
and consequently there is a unique strong solution h of (2.12), (2.13). Set z = 
(. B t VPB — M)~ x {h — B T o ), and for almost every t let (u(t),T(t)) be a weak 
solution of the Dirichlet or Neumann boundary value problems (1.15)— (1.18) to 
the data b = 0, e p = Bz(t ), jd = 7iv = 0. We leave it to the reader to verify 
that (w, T, z) = (u + u, T + <r, z) is a strong solution of the Dirichlet or Neumann 
problems (1.9)— (1.14). This concludes the proof of the statements of Theorem 1.3 
for strong solutions. 

To prove the statements for weak solutions, we note that from the pre- 
ceding uniqueness and existence proof it follows in particular that (u,T,z) is a 
strong solution of the initial-boundary value problems (1.9)— (1.14) if and only 
if h = ( B t VPB — M)z + B T a is a strong solution of (2.12), (2.13). For k n £ 
L 1 (0,T e ; L 2 (Sl 1 R N )) it can be shown in exactly the same way that (u n ,T n ,z n ) 
is a strong solution of the problems (1.9)-(1.14) with (1.11) replaced by (1.23) if 
and only if h n = ( B T VPB — M)z n + B T a is a strong solution of -^h n + Ch n 3 
B T & t + ( B t VPB — M)k n . Using this result it can be verified in a straightforward 
way that (u,T,z) is a weak solution of the problems (1.9)-(1.14) if and only if 
h = ( B t VPB — M)z + B T o is a weak solution of h t + Ch 3 B T a t , h( 0) = . 

The statements about weak solutions in Theorem 1.3 now follow from Theorem 2.8. 



3. Proof of Theorem 1.4 

The method used in this section to prove Theorem 1.4 is based on the use of the 
Yosida approximation G\ of the maximal monotone constitutive multifunction g, 
and thus differs from the method of the preceding section. We proceed similarly 
as in [8, 11], where the dynamical problem was investigated. In the first step 
of the proof we replace g(B T — Lz) by a global Lipschitz function / and show 
that the theory of differential equations in Banach spaces yields global in time 
solutions of the resulting initial-boundary value problem. This result is formulated 
in Theorem 3.1. In the second step we use this result to construct a sequence of 
approximate solutions {(u A ,T A , z a )}a>o and prove a priori estimates, which allow 
to pass to the limit A — > 0 + . These estimates are formulated in Theorem 3.2 and 
Theorem 3.3. 

For brevity we use in this section the notation 

e(u(x,t)) = ^(V x u(x,t) + Vlu(x,t)) . 
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Since we study positive definite free energy ^ in this section, the matrix L is 
assumed to be positive definite. 

Let us start our investigation with the following problem of the type (1.9)- 
(1.12) containing only global Lipschitz nonlinearities 



di v x T(x,t) 


= -b(x,t), 


(3.1) 


T(x,t) 


= V(s(x, t) — Bz(x, t )) , 


(3.2) 


s(x,t) 




(3.3) 


Zt(x,t ) 


Tf 

-+-i 

ii 


(3.4) 


z(x, 0) 


= z™(x), 


(3.5) 



where the nonlinear constitutive function / is everywhere defined and global Lip- 
schitz, which means that 

3 L > 0 V (e 1 , z 1 ), (e 2 , z 2 ) E <S 3 x R N 

\f{e\z l ) - z 2 ) | < Lde 1 - e 2 \ + jz 1 - z 2 |) .(3.6) 

We are going to prove existence of global in time solutions for the system (3.1)- 
(3.5) with the boundary conditions (1.26). Let us denote by B 2 - the orthogonal 
projector of R N onto the subspace {(s p ,y) E R N : e p = 0}. Then equation (3.4) 
can be written in the components (e p ,y) 

- V~ l T t (x , t) + e(u t (x, t)) = B f(e(u(x , t)), z(x, t)) , (3.7) 

Vt{x,t) = B ± f(e{u(x,t)),z(x,t )), (3.8) 

where z = ( e(u ) — V~ 1 T,y). Hence, this system describes the evolution of the 
triple (iq T, y ). Obviously, in general we cannot expect that the system (3.7)-(3.8) 
possesses unique solutions. However, if we add to this system the equation of 
motion (3.1) then we can use the “orthogonality” of the functions T and e{u). Let 
us define some Hilbert spaces in which we will solve our problem: 

Hi,Fi (f^5 ^ 3 ) = {u E Hi(fl;]R3) : u^ 1 = 0}, 

^r 2 , S oi(^<S 3 ) = {T e i 2 (fi;«S 3 ) : divT = 0, Tn |r2 =0}. 

i7i,n(^;M 3 ) is the space of vectorial Sobolev functions with traces vanishing on 
Ti, and L 2 2 sol (0;<S 3 ) is the space of L 2 -functions with vanishing divergence and 
with trace in the normal direction to the boundary vanishing on 1^. Note that for 
functions T E Z/ 2 (£2;< S 3 ) with divT E L 2 (£1;M 3 ) the trace in the normal direction 
to the boundary is well defined and belongs to the space H 2 _ 1 ^ 2 (30; M 3 ) (see for 
example [23] p. 14). Moreover, let us denote by 

H(ft) = ff liri (fi;R 3 ) x L 2 2)Sol (ft;S 3 ) x L 2 (Q-,R N ~ 6 ) 
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the Hilbert space in which we solve the system (3.7)-(3.8). In this space we redefine 
the scalar product as follows 

((w 1 ,! 11 ,?/ 1 ), ( u 2 ,T 2 ,y 2 )) B = (T>£(u 1 ),£(u 2 ))q + (D- 1 T 1 ,T 2 )n+(y 1 ,y 2 )n . (3.9) 

By the assumption [Ti | >0 the scalar product (• , -)e is equivalent to the standard 
scalar product. 

The next step in our investigation is the cancellation of the given data (the external 
force and the boundary data). Hence, let us assume that our data 6, have 



the following regularity 

be C 1 (M + ;L 2 (fl;M 3 )), (3.10) 

7 D G C 1 (K + ;/f 1 2 /2 ( ri;R 3 )), 7 iv G C\R+-, H 2 1/2 (r 2 ; R 3 )) (3.11) 

and denote by (u*,T*) the global in time solution of the linear problem 

di v x T*(x,t) = —b(x,t), (3.12) 

T*(x,t) = Ve(u*(x,t)), (3.13) 

U*(x,t) | Pl = 7 D{x,t), T*(x,t)n(x)\Y 2 =-y N (x,t). (3.14) 

The solution of this problem has the regularity 

w* e C' 1 (E + ;Fi(fi;IR 3 )), T* € C 1 ^; L 2 (Q; S 3 )) . (3.15) 

Thus for the differences u — u — u* and T = T — T* we obtain the following 
evolution problem in the space M(Q) 

(u t ,T t ,y t ) = A(t)(u,T,y) , (3.16) 

where the operator A(t) is defined by: 

V (v,S,w) € H(fi) (3.17) 



( ^(t)(u, T, y), (v, S , w) ) H = (VB f(e(u) + e(u*(t)), z + z*(t)) , £ (v)) 

~(B f{e(u) + s(u*(t)), z + z*(t )) , S) + (B 1 - f(e(u) + e(u*(t)), z + z*(t)) , w) , 

where 5 = (s(u) — y) and z*(t) = (e(u*(t)) — / D~ 1 T* (t), 0). The initial value 

for the function y is known and equal to but for the functions u and T 

we have to compute the initial values from the initial value for the plastic strain 
*p(0) = B Hence, u( 0) is the unique solution of the problem 

div x 2?(e(u(0)) - £ p (0)) = 0 , (3.18) 

u(0)| ri = 0 , V(e(u(0)) - £ p ( 0)) n|r 2 = 0, (3.19) 

and we define T(0) = P(e(u( 0)) — e P (0)). 
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Theorem 3.1. For initial data (e p (0),y(0)) G L 2 (fi;M iV ) the problem (3.16) pos- 
sesses a global , unique solution 

(u,T,y) GC 1 (M+;H(n)). (3.20) 

Proof: Let us choose ti,t 2 € M+ and (u 1 ,T X ,-y 1 ), ( u 2 ,T 2 ,y 2 ), ( v,S,w ) € H(Q). 
The Lipschitz continuity of the function / yields 

( ,T\y 1 ) - A(t 2 )(u 2 ,T 2 , y 2 ), ( v , 5, w) ) H 

< C J jl^u 1 ) - e{u 2 )\ + IT 1 - T 2 1 + | y 1 - y 2 \ + \e(u*(ti)) - e(u*(t 2 ))\ 

+\T*(t 1 )-T*(t 2 )\}-(\e(v)\ + \S\ + \w\)dx 

< L ^\\{u l ,T X ,y l ) - (u 2 ,T 2 ,y 2 ) || H 

+ sup (||e(ttt(r))|| 2) n + ||T t *(r)|| 2 ,n)|ti -< 2 |}||(v,5,«;)||h, 

where the constants C and L do not depend on t. Consequently the family of 
operators A(t) is continuous with respect to t and global Lipschitz in the space 
M(^) with the Lipschitz constant L independent of t. Thus from the theory of 
differential equations in Banach spaces it follows that the evolution problem (3.16) 
possesses global in time, unique solutions having the regularity (3.20). 

We use Theorem 3.1 to construct a sequence of approximate solutions to the 
problem (1.9)— (1.12). To this end we replace g by the Yosida approximation G\ = 
A _1 (J — Ja), where J\ = (I -\- A g)~ l and A > 0. This yields the following sequence 
of approximate problems 



div x T x (x,t) 




(3.21) 


T x (x,t) 


= T>(s x (x, t) — Bz x (x, t)) , 


(3.22) 


£ X (x,t) 


= ^(V x u x (x,t) + Vlu x (x,t )) , 


(3.23) 


z?(x,t) 


II 

0 

V 

TT 

1 

V 
c+. 


(3.24) 


z x (x, 0) 


= z {0 \x) 


(3.25) 



with the boundary condition (1.26). Assuming that the external force b and the 
boundary data have the regularity required in (3.10), (3.11) and noting 

that G\ is globally Lipschitz continuous we conclude from Theorem 3.1 that for 
all initial data G L 2 (fl;M Ar ) the system (3.21)-(3.25) possesses global in time 
solution 

( u x ,T x ,z x ) = (u x ,T x ,z x ) + ( u * , T*,0) with (u x , T\ B ± z x ) e C l (E+ ; . 
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Let us assume that (s, z) G L 2 ( fl; S 3 x and define the total energy associated 
with the problem (1.9)-(1.12) by 



£(e,z) = / p'ip(s,z)dx 

Jn 

= - V(e — Bz) • (e — Bz) dx + - I Lz-zdx. (3.26) 

2 Jo 2 

Note that the positive definiteness of the matrix L implies that the right-hand side 
of (3.26) induces in the space L 2 (fl;<S 3 x R N ) a norm equivalent to the standard 
norm. This norm will be denoted by \\(s, z) ||^. Moreover, let us denote by T^\x) 
the initial stress obtained as the solution of the problem 

div x T ( °)(x) = -6(a;,0), (3.27) 

T^(x) = V(e(uW(x))-e p (0)), (3.28) 

= 7d(x,0), T(°\x) n(x)^ 2 = 7n(x, 0) . (3.29) 



Also, we set 

A(g) = {h G L 2 (£l\ R n ) | there is £ G L 2 (£t; R N ) such that £(x) G g(h(x)) , a.e.} . 

Theorem 3.2. Suppose that the external force b and the boundary data 
satisfy 

b£Hf°(0 : T e -,L 2 (fl-,R 3 )), 
j D £ H^(Q,T e -H 2 /2 ( r i; M 3 )), 

lN £H?(0,T e -,Hl 1/2 (r 2 ',R 3 )), 

for all T e > 0. Moreover, assume for the initial data z <( 9 £ L 2 (fl\ K' v ) that 

B T - Lz^ £ A{g) , 

where the initial stress T l ' t)> is defined as the solution of the system (3.27)-(3.29). 
Then for allT e > 0 the solution of the approximate problem (3.21)-(3.25) satisfies 
the following inequality 



(3.30) 

(3.31) 



sup ||(^V),2: t A (£))||, / , < C(T e ) , 

t€(0,T e ) 



where the constant C(T e ) does not depend on A. 
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Proof: Let us fix T e > 0 and for h > 0 let us denote by (e£(t), zfc(t)) the shifted 
functions (s x (t + h), z x {t + h)). Then for the time differences we obtain 

~\\{e X h -e\zi-z x )\\l 

= [ V{e x - £ A - Bz x + Bz x ) • (e* t - e x - Bz^ t + Bz x ) dx 
Jn 

+ [ L(z x -z x )-(z x htt -z x )dx 
= (using the notation v x = u x ) 

= f (v£ - v x ) ■ {b h - b) dx + ( K -v x ) ■ {T£ -T x )ndcr 

Jn Jan 

- J {g x (B t T x - Lz x ) - G\(B t T x - Lz x )} 

■(( B t T x - Lz x ) - ( B t T x - Lz x )) dx 

< (by the monotonicity of the function G\) 

< I {v x h -v x )- (b h -b)dx+ f (v£-v x )- (T x - T x ) n da . (3.32) 

Jn Jan 

The boundary integral is defined in the following sense 

[ (v x -v x )- (T x -T x )nda = {(T x -T x )n,(vk-v X ))an, (3.33) 

Jan 

where the brackets ( • , • )qq denote the canonical bilinear form between the spaces 
H\ f 2 (<9ft;R 3 ) and Hl 1/2 (dSl;R 3 ). 

Using the boundary conditions we get 

f t \\\(4-e\z x -z x )\\l 

< { (lN,h ~ In) , (Vh ~ v x ) )r 2 

(3.34) 

+ ( (Th ~ T x ) n , (dtiD'h ~ dt'jD) )ri 

+ [ ( v h -v X ) ‘ ( b h — b)dx. 

Jn 



Next we integrate (3.34) with respect to £, divide by h 2 and shift the difference 
operators from the velocity and from the stress to the given data (for more details 
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see [8], Theorem 4). Finally we pass to the limit — > 0 + and arrive at the inequality 

11 ( 4 ( 0 , 4 ( 0 ) 11 ^ 

^ ll(4(0)>4(0))ll| + 2 J ||7jv,M(T)||_i/2,2,r 2 ||^ A (' r )||i/2,2,afi dr 

+ 2 [ ||T A (r)n||_ 1/ 2,2,an||7D,ttt(r)||i/2, 2 ,r 1 dr 
Jo 

+ 2 [ \\v x (T)\\ 2 ,n\\btt(r)\\ 2 ,QdT 

Jo 

+ C\ sup ||7jv,t(i)||-i/2,2,r 2 sup ||v A (0 II 1 / 2 , 2,30 

l te(o,T e ) te(o,T e ) 



+ sup \\iD,tt{t) || 1/2, 2 , r, sup ||T A (0 n\\ -i/ 2 , 2, an 

£E(0,T e ) £6(0, T e ) 

+ sup ||u A (t)|| 2 ,n sup ||&t(0lko) , (3.35) 

£6(0, T e ) £6(0, T e ) 



where the constant C > 0 is independent of A. The boundary norms ||v A ||i/ 2 , 2 ,an 
and ||T A n||_i/ 2 , 2 ,an appearing in the right-hand side of inequality (3.35) can be 
estimated using the continuity of the trace operator 

lk A || 1 / 2 , 2,30 < C|k A lli, 2 ,o, (3.36) 

l | T A n ||_ 1/2 , 2 ,30 < C (||T A || 2 ,n + ||divT A || 2 ,n) , (3.37) 

where the constant C > 0 depends on the domain Q only. Inserting (3.36) and 
(3.37) into (3.35) yields 

11(4(0,4(0)11^, < ||(4(0),4(0))||$ + C(r e ,a) 

+a sup ||v A (0lli,2,fi + a SU P l|r A (0ll|o, (3-38) 

£6(0, T e ) £6(0, T e ) 



where a > 0 is any positive number and the constant C(T e ,a) does not depend 
on A. Thus we have only to estimate the L 2 -norm of the stress and the ifi-norm 
of the velocity. The first one can be estimated by the time derivative of the stress 

l|r A (Oll2 > n<2||T A (0)||| jfi + 2i /V A (T)||! i0 dT, (3-39) 

Jo 

and the second one can be estimated using the ellipticity of the equation of motion 

||u A (0lll,2,n < c (11^(011-1,2,0 + ||£p,t(0l|2,O + ||7r>,t(0 II 1 / 2 , 2,17 

+ Il7iv,t(0ll-l/2,2,r2) , 



(3.40) 
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where the constant C > 0 depends on the set Q only. Inserting (3.39) and (3.40) 
into (3.38) and choosing a sufficiently small we arrive at the inequality 

||(^(t),^(t))||2 <c(r e )(||(^(o),^(o))H^ + i). (3.4i) 

Finally, the assumption B T — Lz £ A (g) and the properties of the Yosida 
approximation (see [2] paragraph 3) imply that the sequence ||(£ A (0), z x (0))\\^ is 
bounded. The proof is complete. 

From Theorem 3.2 we conclude that the sequence {(^ A , ^ a )}a>o is bounded in 
Hf°(L 2 ), and this together with (3.22) implies that the sequence {T a }a>o is 
bounded in Hf°(L 2 ). Hence, we can pass to the weak limit A — > 0 + in the system 
(3.21)-(3.24) and obtain that the limit functions satisfy the following system of 



equations 

di v x T(x,t) = —b(x,t), (3.42) 

T(x,t) = T>(e(x,t) — Bz(x, £)), (3.43) 

e(x,t) = ^(V x u(x,t) + Wlu(x,t)), (3.44) 

z t (x,t) = x{x,t), (3.45) 

where y(x, t) = w — lim A ^ 0 + G\(B t T x — Lz x ). To end the proof of existence of 
global solutions to our system (1.9)— (1.12) it remains to show that 

x(x , t) £ g(B T T(x , t) — Lz{x , £)) for a.e. (x, t) £ Z . (3.46) 



Note that by the L 2 -weak-strong closedness of the graph of the maximal monotone 
operator g the inclusion (3.46) follows immediately from the strong L 2 -convergence 
of the sequence {B t T x — Lz x )} a > o - 

Theorem 3.3. Suppose that the boundary data ^dHn, the external force b and the 
initial data z° satisfy the assumptions from Theorem 3.2. Then for all A, /i > 0 
and for all T e > 0 the inequality 

\\(s x -£»,z x -z»)\\l < ^(\ + n)C 2 (T e )T e (3.47) 

holds, where C(T e ) is the constant from Theorem 3.2. 

Proof: The proof of this theorem is standard (see for example the proof of Theo- 
rem 3.1, p. 54 in [7]). Nevertheless, for completeness we present it here. Proceeding 
similarly as in the proof of Theorem 3.2, we obtain for the difference of two ap- 
proximation steps (e x — e fl ,z x — z that 

l 1 -\\(e x -e»,z x -z»)\\l (3.48) 

G\(B t T x - Lz x ) - G^{B t T » - Lz»)} 

• (( B t T x - Lz x ) - (B t T» - Lz 1 *)) dx . 
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Let us denote by w l = B t T 1 — Lz l for i = A, pi. Using G\ — A 1 (I — J\) we obtain 
(w A - w /i )(G' A (w A ) - («;")) da: 



/( 



= - [ (XG\(w x ) + J\(w x ) — nG^w^) 

JQ 

~ ■ (G\(w x ) - G /J/ (w fl )) dx 

< (by the inclusion Gi(w l ) e g(Ji(w' 1 ))) 



(3.49) 



< - 



[ (XG\(w x ) - • (Gx(w X ) ~ G^K)) d® 

Jn 



<\(\ + mGx(w X )\\ln + \\G,(wn\\ln)- 

We use Theorem 3.2 and equation (3.24) to see that ||Gz(u; z )|| 2 ,^ is uniformly 
bounded for 0 < t < T e . Insertion of (3.49) into (3.48) and integration with 
respect to t ends the proof. 



Proof of Theorem l.f: From Theorem 3.3 we conclude that the sequences {g a }a>o 
and {z a }a>o are L 2 -Cauchy sequences (note that the energy norm || • ||^ is equiv- 
alent to the standard L 2 norm). Consequently, the sequence {B T T x — Lz x } a>o 
is a Cauchy sequence in L°°(L 2 ) which implies that the inclusion (3.46) holds. 
Therefore a solution with the properties stated in Theorem 1.4 exists. Uniqueness 
follows as in the proof of Theorem 1.3 in Section 2. 
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Wiener-Hopf Determinants with 
Fisher-Hartwig Symbols 

Estelle L. Basor and Harold Widom 



Dedicated, to the memory of Erhard Meister 



Abstract. With localization techniques one can obtain general limit theorems 
for Toeplitz determinants with Fisher-Hartwig singularities from the asymp- 
totics for any symbol with one singularity of general type. There exists a 
family of these for which the determinants can be evaluated explicitly and 
their asymptotics determined. But for the Wiener-Hopf analogue, although 
there are likely analogous localization techniques, there is not a single example 
known of a symbol with Fisher-Hartwig singularity for which the determinant 
can be evaluated explicitly. In this paper we determine the asymptotics of 
Wiener-Hopf determinants for a symbol with one Fisher-Hartwig singularity 
of general type. We do this by showing that it is asymptotically equal to a 
Toeplitz determinant with symbol having the corresponding singularity. 



1. Introduction 

The strong Szego limit theorem states that if the symbol (p defined on the unit 
circle has a sufficiently well-behaved logarithm then the determinant of the Toeplitz 
matrix 

TnifP) — {fPj — /e)j,fc=0,...,n— 1 
has the asymptotic behavior 

det T n ((p) ~ G(ip) n E((p) as n — > oo, (1.1) 

where 

( oo 

y^fc(i°g</?) fc (log ff)~k 

k=l 

Here subscripts denote Fourier coefficients. 

Fisher and Hartwig [15] introduced a family of symbols with singularities and 
conjectured the form of the asymptotics for these. If 

<p a ,i 3 (e ie ) = (2-2cos6») (a+/3) / 2 e i(0 “ 7r)( “~ /3)/2 , 0 < 6 < 2tt 
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(this symbol is said to have a pure Fisher-Hartwig singularity), then their symbols 
had the form 

N 

ip(z) = <p(z) VctMz/Zj), 

3 = 1 

where (p satisfies the assumption of Szego’s theorem and 21 , . . . ,zjv are distinct 
points on the unit circle. They conjectured that for some range of the parameters 
the asymptotics had the form 

det T n (ip) ~ G(<p) n E{<p, a jt (3 Jt Zj ) 

where E(ip , a^-, (3j, Zj) is a constant (whose value they did not conjecture). Due 
to the work of many mathematicians the conjecture has now been proved, and the 
constant E(cp , otj, f3j, Zj) determined, in great generality. The basic condition is 
that | $l(aj ± (3 j ) | < 1. In early work the case of several singularities was tackled 
directly and the proofs were quite involved. But later it was discovered [1, 3, 9] 
that one could use localization techniques which made it possible to prove general 
results if one knew the asymptotics for the symbols with pure singularity. 
Luckily the Toeplitz determinants in these cases could be evaluated explicitly and 
their asymptotics were then a straightforward matter [8]. (For a detailed history, 
and a proof of the general result, see [10]. Stronger results for symbols with one 
singularity are contained in [14], and a status report for a generalized conjecture 
can be found in [13].) 

For the Wiener-Hopf analogue the symbol <r(£) is defined on the real line and 
equals 1 at ±oo. The finite Wiener-Hopf operator Wr(ct) acts on L 2 (0,R) and is 
equal to the identity plus the operator with kernel 

1 r°° 

-j_ MO-i 

Here there is also a “Szego theorem” for nicely-behaved symbols: 

det W R (a) ~ G(<t) r E(a) asR-^oo. (1.2) 



G(a) — e T (°\ E(a) = exp xt(x) t(—x) dx^j , 
where r is the Fourier transform of log cr, 

T(x) = — y logcr(£) e~ lx ^ 



A Wiener-Hopf symbol with pure Fisher-Hartwig singularity could be defined 



M ff-OiVtf + OiV 

(We specify the arguments of £ ± Oi and £ ± z to be zero or close to it when £ is 
large and positive.) This has the behavior 

OaAO ~ l£| a+/3 e^ a - p) sgn « as £ ^ 0. 
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In [6] there was stated an analogue of the general Fisher-Hartwig conjecture for 
symbols which have a finite number of singularities of the above type, with explicit 
values of the constants. These symbols have the form 

00 (0 0a r ,/3 r (£ — £r)> 

r 

where <to is a symbol for which (1.2) holds. For an attempted proof, it seems rea- 
sonable to try to do what was done in the Toeplitz case, that is, devise the proper 
localization techniques and then try to evaluate the determinants in the case of 
the pure singularity. However, while it is likely that quite general localization tech- 
niques can be developed (and, in fact, have been in certain cases) there has never 
been a single example where the finite Wiener-Hopf determinant for a singular 
symbol could be evaluated explicitly. 

In this paper we shall find the Wiener-Hopf asymptotics for the pure symbols 

A minor complication encountered for these symbols is that the function 
cr a ^ — 1 is not necessarily in L 1 but is in L 1 + L 2 . The corresponding operators 
Wr(cf) — I will be Hilbert-Schmidt and we shall use the regularized determinants 
det 2 Wr{cf). (For a Hilbert-Schmidt operator K the regularized determinant is 
defined by det 2 (J + K) = det (/ + K) e ~ K .) 

Previous results concerning the regularized determinants go back to [7] where 
the asymptotics were determined when all otj — 0 or all f3j =0. In the case of jump 
discontinuities, when all aj + f3j = 0, general results were also known. These were 
obtained by (two different kinds of) discretization which led to Toeplitz problems. 
For these results see [4], [11] and especially [12] where the regularized determinant 
asymptotics were, in a sense, settled in the jump case. Also, a conjecture for the 
a = (3 case was given in [17] and proved in some special case. 

We determine the asymptotics for the symbols <j a ^ under the condition 
|5t(a =t (3)\ < 1. This is done by showing that after normalization it is asymp- 
totically equal to a regularized Toeplitz determinant. 

Theorem. If\$l(a±(3)\ < 1 then 

det 2 W R {(T a ^)IG2{<J a ,i}) R ~ det 2 T n ((p at p)/G2(Va,f3) n 
when R ~ 2n — > oo, where 

G 2 (<t) = exp ^2. y (logcr(C) -< t(C) + l)dc) 

and 

G 2 {<p) = exp ((logyj)o - <fo + l). 

This will be proved by finding exact formulas for the Toeplitz and Wiener- 
Hopf determinants and regularized determinants and then showing the above quo- 
tients are asymptotically equal when R ~ 2 n. These formulas are expressed in 
terms of Fredholm determinants of operators acting on L 2 (0, 1) and are obtained 
by using an identity of Borodin and Okounkov [5] for Toeplitz determinants with 
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regular symbol and its Wiener-Hopf analogue [2]. What we do is simply stated: in 
both cases we introduce a parameter to regularize the symbol, apply the identity, 
and then take the limit. 

We remark that in the Toeplitz case, computing a regularized determinant 
from an ordinary determinant is easy and it causes no problem to go back and 
forth between the two in computations. The same is true for the finite Wiener- 
Hopf operators when — 1 is in L 1 . This holds exactly when (3 = a, and the 
following corollary will follow from the theorem. 

Corollary. If\$t(a)\ < 1/2 then 

det W R (cr ata ) ~ e~ Ra det T n (<p a , a ) 

when R 2 n — > oo. 



2. The case of (3 = a 



We do this case first since the general case has extra complications, but the main 
points are the same and will not have to be repeated. 

To state the Borodin- Okounkov identity, let (p be a symbol with sufficiently 
smooth logarithm and let cp(z) = (p~(z)cp+(z) be its Wiener-Hopf factorization, 
so that </? + extends to a nonzero analytic function inside the unit circle and Lp~ 
outside. Let K n be the operator on ^ 2 ({0, 1, . . . }) with matrix entries 

oo 

Kn(hj) ~ ^ /p~^)n+i+k + 1 / P )—n—j — k— 1* 

k = 0 



The identity is 

det T n (ip) = G((p) n E{y) det (/ - K n ), (2.1) 

where G(<p) and E{<p>) are the constants appearing in (1.1). For the regularized 
determinant we have 



det 2 T n (<p) = G 2 (p) n E(<p) det (/ - K n ). (2.2) 

This follows immediately from the first identity since 

det 2 A = det A e _tr ( A_/ ) 

whenever A — I is trace class. Notice also that we encounter the same expression 
in computing either 

det T n ((p)/G((p) n 
or 

det 2 T n (v)/G 2 (p) n , 

so the crucial computation is to find E(cp) det (I — K n ). This will be true when 
we do the Wiener-Hopf analogue as well. 

If we introduce a parameter r < 1 the symbol ip a ,at(z) = (1 — z) a ( 1 — z ~ 1 ) a 
becomes p r {z) — (1 — rz) a ( 1 — rz~ l ) a , a regular symbol for which both (2.1) 
and (2.2) hold. The limit of G 2 ((p r ) as r — > 1 is easily seen to be G 2 (^ a ,a)- The 
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constant E((p r ) equals (1 — r 2 ) a2 . The operator K n is the product of two Hankel 
operators on £ 2 ({0, 1, . . . }) which in this case are the same and have i, j entry 



HJi 



— rz 



rz 



-l 



z n+i+j dz = 



sin 7ra 






rx 



r — x 



x n+*+3+oc dX ' 



If the operator is denoted by H then det (J — K n ) = det (/ — H 2 ), and so we 
are interested in det (/ ± H). We consider at first only det (I — #), the Fredholm 
determinant of H. 

If 5Ro; < 1/2 we can write H = UV , where U : L 2 (0,r) — > £ 2 ({0, 1, . . . }) has 
kernel U (i, x) = x l and V : ^ 2 ({0, 1, L 2 (0, r) has kernel 

.. sin7ra / 1 — 

V{x,i) = 

7T \ r — x 






These are both Hilbert-Schmidt (in fact trace class) and det ( I — UV) = det (/ — 
VU). (See, for example, Chap. 4 of [16].) It follows that H has the same Fredholm 
determinant as the kernel 

' 1 — rx\ a 1 



sm7ra 



x 



,n+a 



7 r \r — x J 1 — xy 

on L 2 ( 0, r). If we set r — (1 — e)/(l + e) and make the substitutions 



x 



1 — x 
1 + x' 



y 



i-y 
1 + 2 /’ 



this becomes the kernel 

sin 7ra ( x + e 



7 r 



X — £ 



1 — X 

1 + X 



n+a 



x + y 



(2.3) 



on L 2 (e, 1). (By this we mean that the kernels represent unitarily equivalent oper- 
ators and so have the same Fredholm determinant.) We shall determine the limit 
of its Fredholm determinant as e — > 0. 

Denote by A the operator with the above kernel and by Ao the operator with 
kernel 

. . . sin na 1 

Ao(x,y) = — • 

7 r x + y 

Let P be multiplication by and Q multiplication by X[ e?v ^]. Although our 

operators act on L 2 (e, 1) they can be thought of in the obvious way as acting on 
L 2 (0, 1). For example the kernel of Ao can be replaced by X[ £ ^](x) Ao(x, y) X[ £ ^(y). 

We shall show that P(A — Aq) converges in trace norm as e — > 0. For this, 
and later use, we give an estimate for the trace norm of certain kernels. 

Lemma 2.1. The trace norm of a kernel f{x)g(y)/(x + y) on L 2 (J), where J C 
(0,oo), is at most a constant depending on a times the square root of 

dx 



Here a belongs to 



-1,1) but is otherwise arbitrary. 
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Proof. If we write the kernel as 



poo 

/ /(*K 

JO 



/2,-sx e ~sy g -a 



l/2 g(y)ds 



we see that it is the (operator) product of two kernels acting between L 2 (J) and 
L 2 ( 0, oo). The square of the Hilbert- Schmidt norm of the first equals 

f f \f(x)\ 2 s a e~ 2sx dsdx , 

Jj Jo 

which is a constant depending on a times fj \f(x)\ 2 x~ 1 ~ a dx. The second is anal- 
ogous. □ 



Lemma 2.2. The operator P(A — Ao) converges in trace norm to the operator on 
L 2 ( 0, 1) with kernel 

n-\-a 

-II 



sm 7r a 



7 r 



1 — x 



1 + X 



1 



x + y 



Proof. The kernel of the operator is the sine factor times 



*[,/£, i]( x ) 



X + £ 
X — £ 



1 — X 

l+x) 



n+a 



- 1 



x + y 



on L 2 (e, 1). If we replace the first x - factor by 1 then the error is of the form 






l-x\ n+a 1 



+x ) X+y 

where £i = 0( \/e). If we apply Lemma 2.1 with small positive a we find that the 
operator has trace norm 0(£ 1 ^ 2 ~ 6 ) for any 5 > 0. After this replacement we are 
left with 

n-\-a 

-i| 



XlVe.llfc) 

so it suffices to show that 






i 



x + y 



1 — X 

l + x 



n-\-cx. 



- 1 



x + y 



□ 



is trace class on L 2 { 0, 1). This also follows from Lemma 2.1. 

Lemma 2.3. If a is sufficiently small and Si a < 0 we have as e — > 0 

det (I - K n ) ~ det (/ - A 0 2 ) 

x det (/ — (/ — To) l P(A — To)) det (/ + (/ + To) 1 L 5 (T — To)) 
x det (i - ((/ - T 0 )- 1 Q(T - To)) det (i + ((I + To) _1 Q(T - To)) . (2.4) 
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Proof. Recall that det (/ — K n ) = det (/ — H 2 ) and that det (/ ± H) = det (/ ± A). 
The operator on L 2 (0, 1) with kernel Ao(x, y) without the sine factor has norm 
1. Hence if a is sufficiently small then I — Ao is invertible for all e and 

det (I - A) = det (I - A 0 ) det (/-(/- - A)) + Q(A - A))]) • 

The operator in the second determinant can be written 

(/-(/- A 0 )~ 1 Q(A - Aoj) (/-(/- A 0 )~ 1 P(A - Aoj) 

-(/ - A*)~ l Q{A - A 0 )(I - A 0 )~ 1 P(A - Ao). 

Now the operators I — Ao are uniformly invertible (their inverses have bounded 
norms as £ — > 0) if a is small enough. The same is true of the first product above, 
because of the sine factor in A — Ao. It follows that (2.4) will be established if 
we can show that the last term above is Oi(l), i.e, its trace norm is o(l). (And if 
the analogous statement holds for I + A, which it will.) We know that P(A — Ao) 
converges in trace norm. It follows from the uniform invertibility of (I — Ao) -1 that 
it converges strongly as £ — * 0 to the corresponding operator on L 2 (0, 1), where 
Ao does not have the X[ £j ij factors. The same is true of A — Ao when < 0 
because then multiplication by ((x + e)/(x — £)) a s ^ (x) converges strongly to 
I. Hence, since Q converges strongly to 0, the same is true of Q(A — Ao)(/ — Ao) -1 
and this together with the trace norm convergence of P(A — Ao) implies that the 
last term above is oi(l). □ 



We now have the ingredients necessary to derive our formula for 
det 2 T n (ip a ^ a )/ G 2 ((fa,a) • 

Lemma 2.4. Assume |3?a| < 1/2. Let Ao be the operator with kernel 

sin 'kol 1 



A 0 (x,y) = 



A\ the operator with kernel 



Ai(x,y) 



sm na 

1 T 



7 r x + y 

n+a. 



and A 2 the operator with kernel 

sin 7r<a 



A 2 (x,y) = 



7 r 



l-x \ 
1 + x) 



1 + x 

1 — X 



- 1 



x + y 



x + y 



All act on L 2 ( 0, 1). Then 

2 

det 2 T n (ip a ^ a ) / G 2 { ( p a ,a) n = 4 _a E( 1 — sin7ro; sech7r^) E( 1 + sin7ra: sech7r^) 
x det (/—(/ — Ao) l A{) det (/+(/ + Aq) ^ A\) 
x det (/-(/- A 0 )- 1 A 2 ) det (/ + (/ + A 0 )- 1 A 2 ), 
where the E factors are those of (1.2). 
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Proof. We compute the asymptotics of the right side of (2.4) as £ — ► 0 (r — ► 1). If 
we make the substitutions x — > e ~ x , y — > e~ y then Ao becomes the operator on 
L 2 (0,log£ _1 ) with kernel 



sin na 
2t r 



sech(x — y)j 2. 



This is a finite Wiener-Hopf operator with symbol sin7ra sech7r£ so we can use 



(1.2). We have G( 1 — sin 2 7rasech 2 7r£) = e a2 . Since E{ip r ) = (1 — r 2 ) ^ 
£ ~ (1 — r)/2 we see that E(tp r ) e a — ► 4~ a , which gives 



and 



lim E((p r ) det (I — A 0 2 ) = 4 a E( 1 — sin7ra sech7r£) i£(l + sin7ra sech7r£). 

r— > 1 



The limit of the factor 

det (/—(/ — ^4 0 ) _1 P(^4 — A))) 

in (2.4) is the determinant of what we get if we replace P(A — Aq ) by the operator 
A\ on T 2 (0, 1), by the established trace norm convergence. As for the factor 

det (i-il-Aoy'QiA-Aoj), 

notice that under the variable changes x — ► e/x, y — > e/y the operator Q(A — Ao) 
on L 2 (£, 1) becomes the one with kernel 






1 + x 

1 — X 



x — e 

X + £ 



n+ct 

- 1 



1 

x + y' 



And, in analogy with what went before, this converges in trace norm to the kernel 
A 2 (x,y) on L 2 (0, 1). Under this substitution the kernel of A 0 is unchanged. 

All this can be done with the other factors in (2.4). This establishes the 
lemma under our assumption that a is small enough. But the identity will hold 
in any connected a-region containing 0 in which both sides are analytic, so where 
tpoL,oc £ L l and where I E Ao are invertible and A\ and A 2 trace class. This holds 
for |3?a| <1/2. □ 



Remark. The operators I±(I±Ao)~ 1 Ai, those involving n in the statement of the 
lemma, are uniformly invertible for large n. It suffices to show uniform invertibility 
for / d= the operator with kernel the sine factor times 

fl-x\ n+a 1 
\1 + £/ X + y' 

If we drop the a we make an error with operator norm o(l), and then it suffices 
to prove the uniform invertibility of 1+ the sine factor times 

(l-x\ n/ 2 1 n -y \ n/2 

\1 + x) x + y\l + y) 

Since the spectrum of 1 /(x + y) is [0, tt\ and the factors have absolute value at most 
1, the spectrum of the above also lies in [0, 7r] . Since it is self-adjoint the uniform 
invertibility follows whenever 1/ sin7rce 0 [—1,1], and so when |5Ra| < 1/2. 
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Now let us go to Wiener-Hopf. To state the analogue of the Borodin- Okounkov 
identity here, let a be a symbol with regular logarithm. Write a = a + a~ where 
cr + extends to be nonzero, bounded and analytic in the upper half-plane and a~ 
in the lower and let Kr be the operator on L 2 ( 0, oo) with kernel 




dz. 

R-z-y 



(Here for notational convenience the subscripts denote Fourier transform.) Then 
for a symbol a with sufficiently regular logarithm and satisfying cf — 1 G L 1 we 
have 

det W R {a) = G(a) R E(a) det (/ - K R ). (2.5) 

The analogous formula for the regularized determinant is the following: for a sym- 
bol with sufficiently regular logarithm and satisfying a — 1 G L 2 , 



det 2 W R {o) = G 2 (a) R E{a) det (I - K R ). (2.6) 



The formula in the case that a — 1 G L 1 follows from the results in [2]. The 
derivation of the formula when a — 1 G L 2 is given in the Appendix. 

We introduce a small parameter e and change to the regular symbol 



= 



£ 2 + e 2 \ a 

e + i) ' 



As in the Toeplitz case we can compute the finite regularized Wiener-Hopf deter- 
minant of (J a ,oL for fixed R by letting e tend to zero. To see that this is so observe 
that since cr e (£) — 1 tends to a QjQ! — 1 in L 1 its Fourier transforms converge in L 2 
on any finite interval. The corresponding kernels k £ (x — y) and k(x — y) satisfy 




/ oo 

| k £ (x) — k(x)\ 2 dx, 

-oo 



which tends to zero. This shows that the regularized determinants are limits of 
ones with smooth symbols. This also holds for the G 2 (cr a?a ) term. (This discussion 
holds also for a a ^ when a ^ /?; the regularized symbols then converge in the space 
L l + L 2 and their Fourier transforms still converge in L 2 on any finite interval. 
When a = (3 the above remarks hold for the ordinary determinant as well.) 

The constant E(a £ ) which arises in (2.5) equals ((1 + e) 2 /4 s) a2 and so 

2 2 

E(a £ ) has the same limit 4 -a as in the Toeplitz case. If our finite Wiener-Hopf 

operator acts on L 2 (0,i?) then the operator Kr in (2.5) equals the square of the 
Hankel operator acting on L 2 (0, oo) with kernel (in variables s and t) 



1 

27 r 






e i(R+s+t)£ d £ 




7 r 



e -(R+*+t)x dx. 
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Making a switch UV — > VU as before changes this to the kernel 

sin to / x + g \ a / l-x \ a ~_ Rx 1 
7 r \x — e J \l + x/ x 4- y 



on L 2 (s , 1). 

This is almost exactly the same as the kernel (2.3). The only difference is 
that the expression ((1 — x)/(l + x)) n+a there is replaced here by 



1 — x 
1 + x 



a 



e 



— Rx 



The same argument given above for the Toeplitz case gives the following for the 
Wiener-Hopf case. 



Lemma 2.5. Assume |3ta| < 1/2. Let A\ be the operator on L 2 ( 0, 1) with kernel 



M (x,y) = 



sin ira 



1+x 



-Rx 



x + y 



Then with Aq and A 2 as in Lemma 2.4 we have 

det 2 WR(cr a , a )/G 2 (cra,a) R = 4~ a E( 1 — sinna sech7r£) E( 1 + sin7ro; seclur^) 

x det {I -(I- ^o) _1 ii) det (/ + (/ + ^o) _1 ii) 
x det (/ — (/ — ^4 q) ^^ 2 ) det (/ + (/ + ^4 q) ^ A 2 ). 



We can now establish the theorem in the case a = (3. It follows from Lem- 
mas 2.4 and 2.5 that 



det 2 T n ((p a ^ a )/G 2 ( ( p a ,a) n _ det (I — (I — Aq) l A\) det (/+(/ + A)) 1 ^-i) 
det 2 W R (^ a )/G 2 ((T aia ) n " det (/ - (/ - A^A^ det (/ + (/ + A))" 1 ^ ‘ 



If we knew that A\ — A\ — oi(l) then this together with the uniform invertibility 
described in the remark following Lemma 2.4 would show that the determinants 
involving A\ and A\ are asymptotically equal. Also, because when n is replaced 
by anything asymptotic to it the asymptotics of T n (</? ajQ! ) are the same, we may 
replace the condition on R by the stronger one R = 2n + 0(1). We suppose first 
that R — 2n exactly. If we apply Lemma 2.1 with a = 1/2, say, we see that we 
have to show that 




as n — > oo. The part of the integral where x is bounded away from 0 is clearly 
o(l). If x is small, say x < 5, we make a variable change x —> x/2 n and that part 
of the integral becomes a constant times 



n 



1/2 




e 



2 dx 
^ 3 / 2 * 



— x+0(x 2 /n) 
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The integral over x < ^/n is 0(n~ 2 ) and the integral over x > is 0(e~ v ^) 
since the 0(x 2 /n) term in the exponent is < x/2 in the range of integration if 5 is 
small enough. Thus A\ — A\ = oi(l) when R = 2 n. The error incurred when our 
actual R = 2n + 0(1) is replaced by 2 n easily seen to be o(l). This completes the 
proof of the theorem in the case a — (3. 

Remark. To prove that the Toeplitz and Wiener-Hopf determinants are asymptot- 
ically equal it was clearly not necessary to have the individual identities given in 
Lemmas 2.4 and 2.5, but only the identity for the ratio given above. We derived 
the individual identities because there was so little extra work involved. 

To derive the corollary, we need only observe that 

det 2 T n ((p aya ) = det T n + a + e -^(T n ( Va ^)-i) ^ 
det 2 W R (a a + = det W R (a a + e - tr (w^, „)-/), 

tr (2~n(^o;,a) /) = Tl ((^a,a)o 1); 

tr (W R (a a + -I) = r(J-J°° (<x a , a ( 0 - 1) dc) , 

G((p a , a ) = 1 and G(cr a , a ) = e~ a . 



3. General a and j3 

Introducing a parameter r now leads to the symbol tp r (z) = (1 — rz) a (l — rz~ 1 )@ . 
We have E((p r ) — (1 — r 2 )~ a/3 . Thus we are left with the contribution from 
det (I — K n ) just as in the previous case. Proceeding as we did before leads to 
the Fredholm determinant of the product of two different operators on L 2 (e, 1). 
One has kernel 

2 0 -a £ a-p SmTT/3 {x + ef (1 - x) n+a 1 
7 r (x — s) a (1 + x) n +^ x + y 

and the kernel of the other is obtained from this by interchanging a and /?. For 
the product the factors 2^~ a e a ~^ and 2 cx ~^e^~ OL cancel, and so we can replace 
them both by 1. The Fredholm determinant of the product equals the Fredholm 
determinant of the matrix kernel 

/ 0 sin 7t/3 (x+s) 0 (l-x) n+oc 1 \ 

7 r (x— £) a (l+x) Tl +^ x+y \ 

sin 7rq (s+e)° (l-x)"+^ 1 „ I 

\ 7T (x — e)^ (l+x) n + Q! x+y ) 

We proceed as before, with Aq having matrix kernel 



0 




142 



E.L. Basor and H. Widom 



We assume at first that a and (3 are small and purely imaginary. Then all x- factors 
which arise will be bounded. The analogue of (2.4) is here 

det (/ - K n ) ~ det (/ - A 0 ) 

x det (/-(/- A) _1 P(4 - A)) det (/-(/- Av)~ l Q(A - A)) (3.1) 

as r — > 1 (e — > 0). To see this, observe that P(A — Ao) is oi(l) plus the operator 
with kernel 

/ a sin tt0 [ (l-ar) 71+Q _ A x (3 ~ a \ 

I 7r (l+x) n +^ I x+y | 



I sin 7ra (1— x) n -i x a ^ a I 

\ 7T [(l+x)"+“ A J x+y U / 

This is true following the same argument as in Lemma 2.2 since the function 

( X + £ ) a _ x a-0 
(x -e)P ’ 

and also the one with a and (3 interchanged, are 0(y/e) for x E (y/e, 1). From this 
it follows that the analogues of Lemmas 2.2 and 2.3 hold and also (3.1). 

Now we proceed to find the analogue of Lemma 2.4. The kernel Q(A — Ao) 
is oi(l) plus the operator with kernel 



^ (£,>/£) (**0 



sin ix0 (x+g) 

7 r (x — g) 



sin 7T ot [ (x+e) a T ot-@\ _1 



7r \(x—e)P 



If we make the variable changes x — > e/x, y — > e/y this becomes 






r 0—a sin 7 r/3 (1+x)^ _ 13 

7T (1— x) Q x+y 



_a — /3 sin 7ra | (1 + 



7T I (1— X)^ 3 



and the kernel of Ao becomes 

/ q ^0—a sin 7 t(3 x q-/3 \ 

7T £ + ?/ 

r a — 0 sin 7 tq; x^~ Q a 

\ 7 T X + V U / 

Since determinants are unchanged if we multiply all kernels on the left by 
^ q £ 3~ a i ^ an< ^ on ri Sht by ^ ^ we can remove these 5 fac- 

tors from both kernels. Therefore for the limit of the second determinant in (3.1) 
the operators act on L 2 ( 0, 1) and we replace the kernel of Ao by 

/ a sin 7T/3 x a ~P \ 

/ U tt x+y \ 



7t x+y 



0 
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and that of Q(A — Aq) by 



( 



sin 7 t/3 



( i±xT 



V ain n 
7T 



(1 + ^ _ 1 
(l—x)P 



x+y 



(l-x) c 



0 



- 1 



x a P \ 
x+y 



) 



Finally, for the limiting operators arising from the P(A—Ao) term we multiply 

x {*-(3)f2 Q 



the matrix kernels on the left by 
( 0-«)/2 0 



y yi 



0 y( a ~P)/ 2 



0 

Thus the kernel of Aq here becomes 



and on the right by 



/ 



Ao{x,y) = 



0 



sinTT-ff {x/y) {f, - a)/2 

7 T X + y 



\ sin 7 r 

\ 7T 



( x /y) 



(c-/3)/ 2 



(3.2) 



x+y 



and the kernel coming from P(A — Ao) becomes 

/ Q sin tt(3 



+ {x,y) = 



(\-x) n+a _ 

(l + x )n + 0 J- 



x+y 



V 






i + /3 



(l+x ) 71 



- 1 



i x /y) 



(«-/?)/ 2 



a: +2/ 



/ 



(3.3) 

Similarly, for the limiting operators arising from the Q(A — ^4o) term we multiply 

/ x (0-a)/2 o \ 

the matrix kernels on the left by ( n ( a -p )/2 ) an< ^ on right by 



y 



(«-h)/2 

0 



y 



o 

U3-a)/2 



0 



. The kernel of Aq here becomes 



A 0 (x,y) = 



sin *0 (x/y) < - a ~ l3) / 2 \ 

it x+y 



V 



( x /y) 



(0 — oc) / 2 



(3.4) 



x+y 



) 



and the kernel coming from Q(A — Aq) becomes 



/ 



sin ir (3 



+ (x,y) = 



(1 ±xf 



(1-x) 



x+y 



V 



(l+x a 

(T^F ” 1 



0/y) 



{0~cc)/2 



x+y 



0 



0 x/y \ 

/ 



(3.5) 

None of these operations change the determinants. 

For the asymptotics of det (/ — Ao) in (3.1) both versions (3.2) and (3.4) give 
the same determinant. If we make the variable changes x e~ x , y — > e~ y then 
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(3.2) becomes 



sin tt/ 3 e (/3-o0(s-y)/2 
2n cosh(x— y)/2 



(a-/3)(x-y)/2 



(3.6) 

i sm 7r Oi n / 

\ 2ir cosh(:r — y)/2 / 

on L 2 ( 0, oo). This is the kernel of a Wiener-Hopf operator with matrix symbol. 

The matrix version of (1.2) is well known. The constant G(a) is defined now 
by using the logarithm of the determinant of the symbol and E(a) is replaced by 
det W(a)W(a~ 1 ). The symbol of I minus the operator with kernel (3.6) is 

/ i - . ^ in ~ i ‘ \ 

t (0 = 



cosh 7r(£+z(a: — (3)/ 2) 



am vi u: 

cosh Tc(£ t — i(a—(3)2) 



) 



whose determinant equals 



1 - 



sin7r<a sin7r/? 



cosh 2 7 r£ — sin 2 ir(a — (3)/ 2 



(3.7) 



Using the matrix version of (1.2) we find that the G factor times the Toeplitz 
E(cp r ) has limit A~ a/3 while the E factor equals det kF(r)14 / ’(r _1 ). 

If we set C(a,(3) = det W (t)W(t~ 1 ) we see that we have arrived at 

the following point. 



Lemma 3.1. If a and (3 are sufficiently small and purely imaginary then 
det 2 T n ( l p a , 0 )/G 2 (<p a , 0 ) n = C(a,(3) det(7-(7- J 4 0 )“M 1 ) det (7- (7- A))” 1 ^)- 

In the first determinant on the right the kernels of Ao and A\ are given by (3.2) 
and (3.3) and in the second determinant the kernels of Ao and A 2 are given by 
(3 A) and (3.5). 

This can be extended to any connected (a, (3) region where A\ and A 2 are 
trace class and the I — Ao (both versions) are invertible. Requirements just for 
boundedness of the operators are 5ft a, 5ft (3 < 1/2 and |3?(a — (3)\ < 1. An appli- 
cation of Lemma 2.2 shows that these suffice also for the entries of A\ and A 2 to 
be trace class. (Under this condition an a can be found in each case such that the 
integrals that arise are finite.) As for the invertibility of I — Ao, a little trigonom- 
etry shows that (3.7) is nonzero if cos7r(a + (3)/ 2 0 (— 00 , —1], and this holds if 
1 3? (a + f3)\ < 1. Since this is a connected set and the index of the determinant 
is zero for a and (3 small it must be zero for all these (a,/?). Hence under this 
condition I — Ao is Fredholm of index zero. But we do not know that it is invert- 
ible, so here is what we do. We know that W(r) is invertible if W(r) W{r~ l ) is. 
This operator is of the form I plus trace class and its determinant is an analytic 
function of a and (3 for |3?(a ± f3)\ < 1. So we assume temporarily that (a, (3) is 
not in the zero set of this determinant. (Notice that the determinant is nonzero 
for a and (3 are small enough.) The same applies to the other version of A 0 . Recall 
that we still have the extra requirement that Jfa, 5ft /? < 1/2. 
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Once we have invertibility of both versions of I — Ao we can proceed as 
before to the Wiener-Hopf analogue. Now the only change is that the expressions 
involving 1 =b x appearing in (3.3) are replaced by (1 — x) a (l -f x)~@ e ~ Rx and 
(1— x) /3 (l+x) _a e~ Rx so we must add the assumption that 3ft a, ?R{3 > —1/2. Other 
than this everything is as before until when we come to uniform invertibility. After 
replacing those expressions by e~ 2nx (the error in doing this being an operator with 
norm o(l)), the problem becomes that of uniform invertibility of I minus 

/ Q sin-rr/3 ^-2 nx {x/y) ((3 ~ a)/2 

7 r x+y 

, sin 7ra £—2nx (x/y)^ a ~^t 2 q 

on L 2 (0, 1). We see upon making the substitutions x x/2 n, y — » y/2n that this 

is equivalent to the uniform invertibility of I minus 

/ q sin tv (3 p — x (x/y) ((3 ~ Q)/2 

7 r x+y 

i simra c ~x (x/y)( a /3)/2 q 

\ 7 r x-\-y 

on L 2 (0,2n). This is completely equivalent to the invertibility of / minus the 
operator with the same kernel on L 2 (0,oo), and this in turn is equivalent to the 
invertibility of / minus the operator L with kernel 



L(x,y) = 



sin7T(3 c -x/2 (x/y) (f3 Q)/2 c -y/2 \ 

7T x + y ' 



simra -x/2 ( x / y)( a 0)/2 —y/2 



x+y 



Lemma 3.2. The operator I — L is invertible when |5R(o; ±/3)| < 1 and (a, (5) does 
not lie in the zero set of some analytic function which is nonzero for sufficiently 
small a and (5. 



Proof Let P denote multiplication by X[ 0 ,i] and think of the kernel A 0 given by 
(3.2) as acting on L 2 ( 0, oo). We know that I — PAqP is invertible except for (a, (3) 
in the zero set of some analytic function which is nonzero for a and /3 small. Now 
we can write 

I -L = I- PA 0 P - P(L - A 0 )P - PL(I - P) - (/ - P)LP 

and several applications of Lemma 2.2 show that the operators P(L — Aq)P, 
PL(I — P), and (I — P)LP are all trace class. Hence whenever / — PAqP is 
invertible the invertibility of / — L is equivalent to the invertibility of 

I -{I- PAqP)~ 1 (P(L - A 0 )P + PL(I -p) + (l- P)LP), 

which in turn is equivalent to the nonvanishing of its determinant. Since this is 
analytic in a and (3 and nonzero for small a and (3 the assertion follows. □ 
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Having established the necessary invertibility and uniform invertibility the 
asymptotics stated in the theorem follow, as in the case a = (3. But recall that we 
still have two conditions beyond the hypothesis |3?(a ± (3)\ < 1 of the theorem: 

(i) (a, (3) does not he in the zero set of some analytic function F(a, /?) which is 
nonzero for sufficiently small a and /?. 



(ii) |»a|, |3?/3| < 1/2. 

To remove requirement (i) we use the analyticity of the regularized determi- 
nants and geometric means, the latter also being nonzero. Suppose a and f3 satisfy 
(ii). The set S of a for which F(a,/3) is identically 0 in (3 is discrete. Assume 
a 0 S. Then {/3 : F(a,/3) = 0} is discrete. Choose any /3 with |5R/?| < 1/2. There 
is a little circle T with center (3 such that F(a, (3 f ) ^ 0 for all (3' G T. We know 



that 



det 2 W R {cr a ^) / G 2 {a a ^>y 



det 2 T n ((p a ^)/G2(v> a ,/3') n 

for all (3 f G T, and the denominator is also nonzero for (3 f inside T by the known 
asymptotics of det T n ((p a ^f). The limit holds uniformly for all /?' G T. Therefore 
the limit holds for /?' = (3 as well. So the statement of the theorem holds for all 
a satisfying \$la\ < 1/2 except for those lying in S. But now we can repeat the 
previous argument to show that it holds for a G S as well. 

To remove requirement (ii) we do now what we did not do earlier only 
because it would have made the formulas yet more complicated. We had these 
requirements because of the factors involving powers of 1 — x in (3.5) and the 
Wiener- Hopf analogue of (3.3). The exponents had to have real part greater than 
— 1/2 for the x - factors to belong to L 2 . What we could have done is multiply 

(1 — x ) a / 2 0 

0 (1 - xf! 2 



(3.4) and (3.5) on the left by 



and on the right by 



(l - y) a/2 

0 



0 

(1-1/)- 



■ 13/2 



and multiply the Wiener-Hopf analogues of (3.2) 



and (3.3) on the left by 



and on the right by 



. These would not have affected the determinants but 



( l - x )- a / 2 0 

0 ( l - x )-^ 2 

(l - y ) a/2 o 

0 (1 - y)P /2 

the x-factors (and now also the ^/-factors) belong to L 2 under the weaker condi- 
tions 1 3? a |, |3?/3| < 1. These hold under the hypothesis of the theorem and so 
are not extra conditions. The succeeding argument holds with only minor changes 
with these replacements. 



4. Appendix 

The continuous analogue of the Borodin-Okounkov identity for generalized deter- 
minants is given by the formula 

det 2 Wr{o) = G 2 (ct) R E(a) det (7 - K R ) 



(4.1) 
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where the terms G 2 ,F? and Kr were defined in Section 2. We shall show the 
identity is valid if a — 1 E L 2 , if the Fourier transform k of a — 1 is in L 1 and 
satisfies 




|x| \k(x )\ 2 dx < oo, 



and finally if a is nonzero and has index zero. As we shall see, the last two as- 
sumptions imply that a = a+a~ where cr + extends to be nonzero, bounded and 
analytic in the upper half-plane and a~ in the lower. All factors tend to one at 
Too. 

That (4.1) is true if a — 1 E L 1 fi L 2 follows from the corresponding identity 
for the ordinary determinant proved in [2] and the formula 



det 2 A — det A e “ tr (^--0 . 



To prove (4.1) under the condition a — 1 E L 2 we shall approximate a — 1 by a 
sequence of functions o n — 1 E L 1 DL 2 , apply the identity to each a n and then take a 
limit. In order to guarantee convergence of the terms appearing in the identity, we 
use a Banach algebra approach. We define the algebra K as the set of all bounded 
functions ip whose distributional Fourier transform restricted to R — {0} is equal 
to a function xp satisfying 

/ oo / poo \ 1/2 

IV/0MC+ (/ MIVKOI 2 ^) <oo. 

The Fourier transform may have a delta- function summand c J, and the norm on 
1C is given by H^H + \c\. This is a subalgebra of L°° and it is clear that the function 
a is contained in the algebra. In [18] it was proved that if xp G /C fl L 2 then there 
is a sequence of functions xp n with compact support converging to ip in both the 
norm of L 2 and 1C. This was actually proved for a slightly larger Banach algebra, 
but the proof is the same here. If we apply this result to the function a — 1 we 
find a sequence of functions a n — 1 for which (4.1) holds. 

It remains to show that each of the various terms has the proper limit. 
Since a n — 1 converges in L 2 to a — 1 the terms det 2 WR(a n ) and G 2 (cr n ) jR 
converge to det 2 W#(<r) and G 2 (cr) jR , respectively. The factor E(a n ) is equal to 
det FF(cr n )VF(cr“ 1 ) = det (/ — where H(p) is the Hankel operator 

with kernel a(x + y) and H(d) is the Hankel operator with kernel <r(— x — y ). Now 
since a n converge in 1C to the invertible element a it follows that the analogous 
statement is true for <r _1 and thus the corresponding Hankel operators converge 
in the Hilbert Schmidt norm. This follows immediately from the definition of the 
norm on 1C. Finally, convergence in 1C holds for the sequences and a~ and 
their quotients, because the well-known projections used in their definitions are 
continuous in 1C. This implies the convergence of the term det (/ — A#(cr n )) to the 
corresponding det (I — Kr) and completes the proof of the identity. 
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Convolution Type Operators with Symbols 
Generated by Slowly Oscillating and 
Piecewise Continuous Matrix Functions 
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To the memory of Erhard Meister 



Abstract. The paper deals with a local study of the Banach algebra A[so,pc ] 
generated by the convolution type operators W a ,b = aP~ 1 bfF with data 
a G [SO, PC] nXn and b G [SO p , PC p ] nXn which act on the Lebesgue space 
Lp(R) (1 < p < oo, n > 1). Here [SO, PC] nXn means the C*-algebra gener- 
ated by slowly oscillating (SO) and piecewise continuous (PC) n x n matrix 
functions, and [SO p , PC p ] nXn is a Fourier multiplier analogue on L P (R) of 
[50, PC] nXn . The work is based on the study of Fourier multiplier analogue 
SO p of SO, on the characterization of the multiplicative linear functionals 
of slowly oscillating functions, and on the compactness of the commutators 
AW a ,b — W a ,bA, where A G A[so,pc}, & £ SO, and b G SO p . Making use of 
the Allan-Douglas local principle we construct homomorphisms of A[so,pc ] 
onto local Banach algebras and establish a Fredholm criterion for operators 
A G A[so,pc] in terms of the invertibility of their images in the local algebras. 



1. Introduction 

Given 1 < p < oo and n > 1, let B(L^(R)) denote the Banach algebra of all 
bounded linear operators on the Lebesgue space L p (R). 

Let [SO, PC] be the smallest C* -subalgebra of the C*-algebra Loo(R) con- 
taining all slowly oscillating (SO) and piecewise continuous (PC) functions, and 
let [SO p , PC p ] stand for its Fourier multiplier analogue, which is a Banach subal- 
gebra of M p , the Banach algebra of Fourier multipliers on L P (R), 1 < p < oo. 

The paper deals with a local Fredholm study of convolution type operators in 
the Banach algebra A[so,pc] C B(L^(R)). The generators of the algebra A[so,pc] 
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have the form 

W a , b := a?~ l bT € B(L£(R)) (1.1) 

where T is the Fourier transform given by 

(F<p)(x) = - 7 = [ e lxy (fi(y)dy, i€l, (1.2) 

V 27T Jr 

a and b are n x n matrix functions with entries in [SO, PC] and [SO p , PC p \, 
respectively. 

The Banach algebra Ape C B(Lp(R)) generated by all convolution type op- 
erators W a ,b with a G PC nXn and b G PC ™ xn was studied by R.V. Duduchava in 
[9], [10]. The algebra Ape in the case of weighted Lebesgue spaces Lp(R,w) with 
power weights w was investigated by R. Schneider [23] and S. Roch and B. Silber- 
mann [20]. This algebra in the case of weighted Lebesgue spaces Lp(R,w) with 
general Muckenhoupt weights w was studied by A. Bottcher and I.M. Spitkovsky 
in [7] (see also [6]). Its shift-invariant analogue for the weighted Lebesgue spaces 
on the unit circle was treated in [15]. 

The paper is organized as follows. 

In Section 2 we define the spaces that we need later on, introduce and study 
a Fourier multiplier analogue SO p C M p of the C*-algebra SO of slowly oscillat- 
ing functions considered by S. C. Power [18], and define the Banach algebras of 
convolution type operators on the Lebesgue spaces L™(M), objects of the present 
study. There we also recall the local principle by Allan and Douglas (see, e.g., [5]). 

In Section 3 we study the spaces M(SO) and M(SO p ) of multiplicative linear 
functionals on SO and SO p , respectively. We prove that the sets M(SO) and 
M(SO p ) coincide, which implies the inverse closedness of the Banach algebra SO p 
in the C*-algebra SO. We also observe the inverse closedness of the Banach algebra 
[SOp, PC p ] in the C*-algebra [SO, PC] and the coincidence of their maximal ideal 
spaces as sets. Using the definition of asymptotically independent algebras (see 
[18]) we describe the fibers M oo ([S'0, PC]) = M^i^SOp, PC p ]) at infinity of the 
corresponding maximal ideal spaces and introduce some useful homomorphisms 
defined on the algebras [SO, PC] and [SO p , PC p ]. 

Sections 4-5 contain the main results of the paper. 

In Section 4 we prove the compactness of the commutators aWb — W^al if ei- 
ther a G SO and b G [ SO p , PC p ], or a G [SO, PC] and b G SO p , or a G [SO, C'(M)] 
and b G [SO p , (7 P (E)]. The proof of the compactness of such commutators for 
a £ SO and b G SO p is based on the theory of pseudodifferential operators pre- 
sented in [8], [19], [26]. 

Section 5 deals with a local Fredholm study of operators in the Banach algebra 
A[so,pc ]• First we prove that the Banach algebra 

^iagfso) : = [Wai n , b i n + /c : a € SO, be SO p }, 
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where I n is the identity n x n matrix and /C := JC(L p ( R)) is the ideal of compact 
operators in the Banach algebra B := B(L p ( R)), is a central subalgebra of the quo- 
tient algebra Aj so PC j = A[so : PC]/fc' Further, describing the maximal ideal space 

^(^diag (50)) of -4Jiag(50) an< ^ ma king use of the Allan-Douglas local principle 
we construct homomorphisms of the Banach algebra A[so,pc] onto local Banach 
algebras associated with the points of ^ (A^ [ag ^ so ^) . As a result, we establish a 
Fredholm criterion for any operator A £ A[so,pc] i n terms of the invert ibility of 
its images in the local algebras. Finally, we get explicit sufficient conditions for the 
Fredholmness of the operators 

m 

a = Y1 ( a * G t 50 ’ p C] nxn , h e [S0 P , PC p ] nxn ) 

i= 1 

on the spaces L™(R), 1 < p < oo, n > 1. 

Note that the local algebras mentioned above are generated by two idem- 
potents. Therefore, applying the two projections theorem (see, e.g., [11], [13], [2, 
Section 8.3]) one can construct a symbol calculus for the Banach algebra A[so,pc } 
and establish a Fredholm criterion for any operator A £ A[so,pc ] m terms of the 
invertibility of its symbol. The corresponding Fredholm theory will appear in a 
forthcoming publication. 



2. Preliminaries 

We begin with defining the spaces that will be considered in this work. 

Let L p ( R) (1 < p < oo) denote the usual Lebesgue spaces on E, C(R) and 
C(M) denote the spaces of continuous functions, respectively, on the two point 
compactification and one point compactification of the real line. Let Co(E) stand 
for the set of all functions / £ C( R) with /(oo) = 0. Put C&(R) := C(R) nL^R). 
Let PC be the set of all functions / : R— > C which possess finite left-hand and 
right-hand limits at every point x £R. The set of discontinuities of each function 
/ £ PC is at most countable. 

Let V\ (R) be the set of functions a : R — > C with the finite total variation 

f n 

Vi (a) = sups ^2 \ a (U) ~ a(U- 1 )| : -oo < to < t\ < • • • < t n < +oo, n £ N 

l 

where the supremum is taken over all finite decompositions of the real line R. 
Clearly, V\ (R) is a Banach algebra with the norm 

IMIvi = IMloo + hi (a). 

For a continuous function / : R — ► C and a set / C R, let 
osc(/, I) = sup | f(t) - f(s) |. 

t,s£l 



(2.1) 
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Following [18] we denote by SO the set of slowly oscillating functions, 

SO := {/ G Cb(M) : lim osc (/, [— 2x, —x] U [x,2x]) = o). (2.2) 

l x — >+oo J 

Clearly, SO is a C * -subalgebra of Loo(R) which contains all functions in C(R). 
Given a continuous function a : R — > C and e > 0, let 

cm x , £ (a) := max |a(x + h) — a(x)| 
he[— £, e] 

be a local oscillation of a at a point xGl. 

According to [8, p. 122], we introduce the class 

CM(R) := { a G C 6 (R) : lim cm x , € {a) = o) (2.3) 

t |:T |— >00 ’ J 

where e is any (equivalently, some) small positive constant. Thus, CM(R) is the 
class of bounded continuous functions over M with local oscillation vanishing at 
infinity. By [8, Chapter 3, Lemma 10.4], CM(R) is a (7*-algebra being the closure 
in L oc (R) of the algebra 

CM TO (R):={oeCr(K): | Jim o [(^)'a](a:)=0, j = 1,2,...}, (2.4) 

where C^°(R) denotes the set of all infinitely differentiable functions / : R — * C 
which are bounded with all their derivatives. For a G CM(R), such approximations 
a £ G CM°°(R) (e — > 0) have the form 

a e = (p e * a, (2.5) 

where ip £ (x) = e~ l (p{x/e) for x G R, e > 0; and 

<p G C°°(R), supp ip C [—1, 1], ip > 0, / (p(x)dx = 1. (2.6) 

Jr 

Clearly, CM°°(R) U C(R) C CM(R), and functions a G CM(R) in general have 
different slowly oscillating behavior at +oo and — oo. 

We point out that the definitions of slow oscillation for a G SO and a G 
CM(R) are different (cf. (2.2) and (2.3)). Let us study the relation between these 
definitions. 

By analogy with (2.4) we introduce the non-closed algebra 

50°° := {/ G CT W : , Um f)(x) =0, j = 1,2,...} (2.7) 

^ \x | — >oo ) 

where 

(Df)(x) = xf'(x), x € E. (2.8) 

- — —-OO 

Clearly, if / G SO , then D 1 f G C'b(K) for all j = 0, 1,2, . . .. Moreover, every 

-oo 

function / G SO slowly oscillates at +oo and — oo. Indeed, if, for example, 
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0 < x < y < z < 2x, then 

\f(z)~f(y)\< [ \tf'{t)\ ~ < log2( max |t/'(f)|) 
and hence lim osc (/, [x,2x]) = 0 because lim xf(x ) = 0. 

x— >oo x—>oo 

^oo 

In general SO is not contained in SO because its elements can have different 
slowly oscillating behavior at Too. To exclude such a situation, we define an infinite 

OO 

differentiable analogue of SO as SO 00 = SO fl SO. In particular, the set of even 

'OO 

functions in SO is contained in SO 00 . 



Lemma 2.1. Every even function a £ SO can be uniformly approximated by even 

" 'OO 

functions a n £ SO . 



Proof. Let a £ SO be even. The function a can be uniformly approximated by 
even functions in SO which are constants in a symmetric neighborhood of zero. 
Without loss of generality we may assume that the initial function a £ SO has 
that property. 

Consider the restriction of a to R + = (0, +oo) and introduce the function 
b(x) = a(e x ). It is easily seen that b £ CM(R). Hence, b is uniformly approximated 
on R by functions b n £ CM°°(R). Then a is uniformly approximated on R + by 
functions a n (x) = 6 n (ln x). 

Since b is a constant at a neighborhood U-oq of — oo, the functions b n also 
are constants in the neighborhoods — {x — 1/n : x £ U-oo} of — oo. Indeed, 
from (2.5)-(2.6) we get 

bn{x) = / <Pi/n(x ~ y)b(y)dy » (2-9) 

JR 

b n( x ) = / <p'i/ n ( x ~ y) b {y) d y = / ¥>1 / n ( x - y)(Ky) - K x ))dy. 

JR JR 

The latter is true because [ y/ 1/n (x - y)dy = 0, due to the fact that <p 1/n vanishes 

JR 

for large |x|. Taking into account that 6 is a constant at U- Q Q and that supp C 
[—1/n, 1/n], we conclude that for every n £ N, 

/ t Pi/ni x - y)( b (y) - H x ))dy = o 

JR 

for all x in the neighborhoods of — oo. Thus b' n — 0 at and hence, 

b n = const there. 

From the relation a n (x) = b n ( In x) it follows that 






(■ x ) = 






l V dx ) 



(In x), j =0,1,2,..., 



( 2 . 10 ) 
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and a n are constants for all sufficiently small x > 0. Consequently, a n E C°°(R+), 
a' n {x) = 0 for all sufficiently small x > 0 and, by (2.10) and (2.4), 

lim ( D 3 a n )(x ) =0, .7 = 1,2,.... 

x-^oo 

Extending the functions a n to the whole line R as even functions and preserving 

— oo - — —-oo 

the notation for these extensions, we get even functions a n E SO , where SO 
is given by (2.7). The functions a n uniformly approximate the function a on R, 
which completes the proof. □ 

Let C£(R) consist of all functions aeCt ) ( R) with a'EC^R). From Lemma 2.1 
we get the following corollary. 

Corollary 2.2. Every even function a E SO can be uniformly approximated by even 
functions in the non- closed algebra 

SO 1 := {/ e Cft(R) •• , lim (Df)(x) = o}. (2.11) 

Lemma 2.3. Every function a E SO can be uniformly approximated by functions 

'OO 

in the non- closed algebra SO 00 = SO (ISO. 



Proof. Following the proof of Lemma 2.1 we assume that the function a E SO 
is constant in a neighborhood of the point x = 0. Uniformly approximating the 
functions a + = a\^ + and a~ = (a|R_)(— x), respectively, by functions a+ and a~ 
as in Lemma 2.1, we conclude that the functions 

/ \ / KDOc) if X > 0, 

“"M = i («;)(-*) if*<o 



are bounded and continuous on R \ {0} with a possible discontinuity of the first 
kind at x = 0, all their derivatives {djdx)^a n are continuous on R, equal zero at 
neighborhoods of x — 0, and satisfy the condition lim (D^a n )(x) = 0. 

| X | — KX) 

Since lim |a n (+0) — a n (— 0)| = 0, there are piecewise continuous functions 

n — >00 

c n with compact supports and discontinuities only at 0, which have continuous 
derivatives ( d/dx)ic n (j = 1,2,...) being equal to zero at neighborhoods of 0 
and 00 , and such that ||c n ||^oo(K) — ► 0 as n — > 00 and the functions a n + c n are 



continuous on R. Obviously, the functions f n = a n + c n belong to SO and have 
the property 



lim max 

x — »+oo z,y€[x,2x] 



fn(z) ~ fn(-y) 



= 0 



( 2 . 12 ) 



only simultaneously with a n . Therefore, without loss of generality we may assume 
that the initial functions a n are continuous at the point x = 0 and thus they belong 

— 00 

to SO . 

Let us show now that the functions a n satisfy (2.12). To this end we compare 
the values b+(z) = a+(e z ) and b~(y) = a~(e y ). From (2.9) it follows that 



:(x) = [ Wi /n {x - t)b ± (t)dt = [ ip l/n {t)b ± {x-t)dt, 

J M J IR 
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where b ± (x) = a ± (e x ). Hence, 

| Vi/n(logOa ± (j) J 
and therefore, for z,i/G [x,2x], we get 

-<•;(») < »>i/»(iogt) « + (|) 

" Hi) -«-(?)! 

)• 



/R+ 

< max max 

z,ye[x,2x] te[e _1 / n ,e 1 / n ] 



< osc^a — 2xe 1 / n , — xe - 1 / 71 



dt 

t 



xe l / n ,2xe l / n 



which implies that a n G 50. Thus, the functions a n belong to 50° 



□ 



Corollary 2.4. Every function a G 50 can be uniformly approximated by functions 
in the non- closed algebra 

SO 1 :='SO l n SO. (2.13) 

Every function a G 50 can be represented in the form 

a = a+u+ + a-U _ + ao (2-14) 

where a± are even functions in 50, ao G Cb(R), and 

a±(x) = (1 ± tanhx)/2, x G R. (2.15) 

Obviously, such representation is not unique. 

We denote by [50, PC] the smallest C* -algebra of L^R) that contains 50 
and PC. Clearly, every function a G [50, C(R)] can be non-uniquely represented 
in the form (2.14) where a± e SO, a^ e Co(R), and u± are given by (2.15). 

Let 1 < p < oo. The Cauchy singular integral operator 5 is defined on the 
Lebesgue space L P (R) by 

(Sf)(t) = - f P^-dx, t€R, (2.16) 

7TI J R X~t 

where the integral is understood in the sense of principal value. As is well known 
(see, e.g., [5], [2]), 5 G B(L P ( R)). Since 5 2 = /, the operator 5 generates the two 
complementary projections 

P± = (/±5)/2gB(L p (R)). 

Given 1 < p < oo, we define the operator W a on L 2 (R) H L P (R) by 

{W a (p)(t) := (F~ l aF(p)(t), (p G L 2 (R) H L p (R), (2.17) 

where J 7 : L 2 (R) — > L 2 (R) denotes the Fourier transform given by (1.2) and P~ l 
is its inverse. A function a G Loo(R) is called a Fourier multiplier on L P (R) if 
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the operator W a given by (2.17) can be extended to a bounded linear operator on 
L P (R), and we denote it again by W a . Since 

S = signa;)^ - = Resign* (2.18) 

(see, e.g., [10, Section 2] or [4, Example 1.17]), it follows that W x± = P^ where 
X± are the characteristic functions of R± = {x G R : > 0}. 

As is known [14], the set M p of Fourier multipliers on L P (R) is a Banach 
algebra with the norm ||a||^ p := || W a \\j3(L p (R))- Moreover, ifl<r<p<2or 
2 < p < r < oo, then 

Mr C M p C M 2 = Loo(R). (2.19) 

According to Stechkin’s theorem [25], M p contains all functions a : R — > C of 
finite total variation and 



IMI Mp < ||£||g(L p (R))N|vi 

where ||a||vi is the norm of a in Vi(R) (see (2.1)) and ||Sj|jB(z, (r)) is the norm of 
the Cauchy singular integral operator S on L P (R). 

Let C p (R) and C p (R) stand for the closures in M p of the sets of all functions 
with finite total variation in C( R) and C(R), respectively. We denote by PC p the 
closure in M p of the set of all piecewise constant functions on R which have at 
most finite sets of jumps. 

By Mikhlin’s theorem [17], if 

/ G Cb(M), Df G C( R), and sup|x/'(x)| < oo, (2.20) 

then / G M p for every p G (1, oo). 

Since every function a G SO 1 satisfies (2.20) due to (2.13) and (2.11), it 
follows from the Mikhlin theorem that a G M p for all p G (l,oo). Therefore, 
taking into account Corollary 2.4, by analogy with the definitions of C P (R) and 
Cp(R), for every p G (l,oo) we define the set SO p of slowly oscillating functions 
in M p as the closure in M p of the set SO 1 . Clearly, SO p is a Banach subalgebra 
of M p . By virtue of Corollary 2.4, the Banach algebra SO p is a Fourier multiplier 
analogue of the C*-algebra SO. 

If l<r<p<2 or 2<p<r<oo , then from (2.19) it follows that 

SO r C SOp C SO. 

If / is a continuously differentiable function in Cb( R), f(x) = /(— x) for all 
xGl, and 

lim xf'{x) = 0, (2.21) 

x—+oo 

then / G SO in view of (2.2). Thus, if / is an even function in C£(R) such 
that (2.21) holds, then / satisfies (2.20) and hence / G SO p C SO fl M p for all 
p G (1, oo). Let a G C£°( R) and 

f e~ x l x a[ log(log(ar + e))], x > 0, 

\ e l / x a[ log(log(— x + e))], x < 0. 



/ 0*0 = 



(2.22) 
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It is easily seen that the even function (2.22) vanishes at x = 0 with all its deriva- 
tives, belongs to C£°(M)nSO, and satisfies (2.21). Therefore, this function belongs 
to all the classes SO p (1 < p < oo) and oscillates at oo if, for example, a(x) = smx 
for x G R. 

Along with [SO, PC], for every p G (l,oo) \ {2} we introduce the Banach 
subalgebra [SO p ,PC p ] of M p generated by SO p and PC p . Clearly, [SO p ,PC p \ is 
a nonclosed subalgebra of Loo(R) if p ^ 2. 

Let A be a subalgebra of Loo(R) and let := {fl n : / £ A} be the 

set of diagonal matrix functions with equal diagonal entries in A. 

Given a Banach space X, we denote by [X] nxm the Banach space of all n x m 
matrices B = ( bij ) with entries in X and the norm 

( n m \ 1/2 

EEhm* • 

i= 1 3 = 1 / 

If m = 1, we will write [X] n instead of [A] nxl . In particular, L™(R) := [L p (R)] n . 
Let 1 < p < oo. In this paper we will study the Banach subalgebra 

A [SO ,pc ] := alg{w a , 6 : a € [SO,PC\ nxn , b G [S0 P , PC p ] nXn } C B(L;(R)) 

which contains all the operators W a ,b of the form (1.1) with a G [SO, PC] nxn and 
be [SO p ,PC p ] nxn . 

Since the Allan-Douglas principle (see, e.g., [5]) plays a fundamental role in 
this paper we finish this section by recalling its statement. Let QA stand for the 
group of invertible elements of a unital Banach algebra A. 



Theorem 2.5 (Allan-Douglas principle). Let A be a Banach algebra with identity I, 
B a closed subalgebra of the center of A which contains I , N C B a maximal ideal 
of B, Jn the smallest closed two-sided ideal of A containing N, An the quotient 
algebra A/ Jn, and M(B) the maximal ideal space of B. 

(i) a G A is left (right, two-sided) invertible in A if and only if for every N G 
M(B) the coset aN = a + Jn is left (right, two-sided) invertible in An- 

(ii) The mapping M(B) — > R+, N i— » ||a/v|| is upper semi- continuous. If a G A 
and aN 0 G Q An 0 , then on G Q An for all N in some neighborhood of No- 

(iii) If A is a C* -algebra, then ||a|| = max ||ujv|| for every a G A. 



3. The maximal ideal spaces of SO and SO p 

Let us first determine the maximal ideal space M(SO) of SO, that is, the space of 
all multiplicative linear functionals of SO. To this end we make use of the space 
M(C( R)) of multiplicative linear functionals of C(R). Identifying the points t GR 
with the evaluation functionals on R, t(f) = f(t), where /(oo) = lim f(x), we 
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get M(C(K)) =R. Let 

Mt(SO) = G M(SO) : C| c( . } = t} 

be the fiber of M(SO ) over t ER. If t E R, the fiber M t {SO) consists of the only 
evaluation functional at t, that is, M t (SO) = {t}. Thus 

M(SO ) = U M t (SO) = R U Moo (SO). (3.1) 

te r 

The fiber M oo (S f 0) is characterized by the following proposition which can be 
proved by analogy with [5, Proposition 3.29] (cf. [3, Proposition 4.1]). 

Proposition 3.1. The fiber M oo (S0) has the form M oo (S0) = (clos so* R) \ R 
where clos so* K is the weak-star closure of R in SO *, the dual space of SO. 

Thus any functional £ E M oo (S0) is the limit of a net eR that tends to 
oo and does not converge to functionals t E R, that is, £(/) = lim/(£ a ) for every 

a 

/ E 50. Now we are able to relate the maximal ideal space of SO to the partial 
limits of the function a E SO at infinity (see [3, Proposition 4.2 and Corollary 4.3]). 

Proposition 3.2. Let {a/ c }^ =1 be a countable subset of SO. If £ E Moq(SO) then 
there exists a sequence g = {g n } C R such that g n — » oo as n — » oo and 

£(&&) ~ lim a k (g n ), k E N. (3*2) 

n— kx) 

Conversely, if g n E R, g n — » oo as n — > oo, and the limits lim ak(g n ) exist for all 

n— >oo 

k, then there is a £ E M 00 (SO) such that (3.2) /m/ds. 

Corollary 3.3. If {a/J^ Z5 a countable subset of SO and £ E M 00 (SO), then 
there exists a sequence {g n } C R szm/z that g n > 1, > oo as n oo, and for 

every t E R \ {0}, 

lim a k (g n t) = £(a*), fc E N. (3.3) 

n-^oo 

Proof. By Proposition 3.2, there is a sequence {g n } C R such that g n oo as 
n —> oo and (3.2) holds. Since in (2.2) we can replace 2 by an arbitrary t > 1, that 
is, equivalently define 50 as 

SO := {/ E Ofr(R) : lim osc(/, [— tx, — x] U [x, tx]) = o}, (3.4) 

we derive from (3.4) and (3.2) that 

lim a k (tg n ) = lim a k (g n ) = £(a k ). (3.5) 

n—* oo n—>oo 

Obviously, (3.5) remains valid if t E (0, 1). Hence, (3.5) holds for all t > 0. Finally, 
since due to (2.2), 

lim a k (tg n ) = lim a k (-tg n ), (3.6) 

n— >oo n— kx> 

we get (3.3) for alH E R \ {0}. Moreover, in view of (3.6) we may replace g n by 
\g n | in (3.3), that is, (3.3) is fulfilled for a sequence {g n } such that g n > 1 and 
g n — » oo as n —> oo. □ 
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Let us study the maximal ideal space M(SO p ) of the Banach algebra SO p c 
M p . To this end we consider the set SO 1 given by (2.13). One can prove that SO 1 
is a commutative Banach algebra with the norm 

||/|| =max{||/||c i) ( K ), HD/Hcwr)} 

where ( Df)(x ) = xf'(x), x E R. 

Consider the following three unital commutative Banach algebras with the 
same unit which are homomorphically inclosed one into another: 

SO 1 c SOp c so. 

To study the relations between their maximal ideal spaces we use the following 
result (see [24, Theorem 3.10]). 

Theorem 3.4. Let Bi (i = 1,2,3) be commutative Banach algebras with the same 
unit which are homomorphically inclosed one into another, B\ C B 2 C B 3 . Suppose 
that B\ is dense in B 2 and every multiplicative linear functional defined on B\ 
extends to a multiplicative linear functional on B% . Then every multiplicative linear 
functional on B 2 also extends to a multiplicative linear functional on B%. 

Lemma 3.5. Every multiplicative linear functional defined on SO 1 extends to a 
multiplicative linear functional on SO. 

Proof. As SO 1 C SO, it follows that M(SO ) C M(50 x ). Indeed, let 77 E M(SO) 
and a E SO 1 . Then a E SO and Halloo < IHI^o 1 - Hence 

l 7 ?( a )l < WvWso* IMloo < H^llso* ||a|| so 1 = IMIsca, 
and thus 77 is a (non- zero) multiplicative linear functional on SO 1 . 

Assume for a moment that £ E M(S0 1 ) is not extendable to a multiplicative 
linear functional on SO, that is, £ E M(S0 1 ) \ M(SO). Clearly, there exists a 
function a E SO 1 such that 77(a) ^ 0 for all 77 E M(SO) and £(a) = 0. Since 
a E SO and SO is a C* -algebra, we infer that the function a is invertible in SO. 

But the inverse function 1/a automatically belongs to SO 1 because it satisfies 
(2.21), that is, SO 1 is inverse closed in SO. Then from the Gelfand theory (see, 
e.g., [21, Chapter 11]) it follows that £(a) ^ 0, and we arrive at a contradiction, 
which completes the proof. □ 

Choosing 

£i = SO\ B 2 = SO p , B 3 = SO 

and taking into that account that SO 1 is dense in SO p in the norm of M p , 
we deduce from Theorem 3.4 and Lemma 3.5 that every multiplicative linear 
functional on SO p extends to a multiplicative linear functional on SO, that is, 
M(SO p ) C M(SO). On the other hand, M(SO ) C M(SO p ) because SO p C SO. 
Thus we have proved the following. 

Lemma 3.6. The maximal ideal spaces of SO p and SO coincide as sets, that is, 
M(SO p ) = M(SO). 

Lemma 3.6 and the Gelfand theory immediately give the following assertion. 
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Corollary 3.7. The Banach algebra SO p is inverse closed in the C* -algebra SO. 

Lemma 3.8. If b E C p ( R), b vanishes at infinity, and a E SO p , then the product 
ba belongs to C P (R) and (ba)( oo) = 0. Hence [SO p , C P (R)] is a Banach subalgebra 
of the Banach algebra SO p , where SO p is the closure of SO in M p . 

Proof Taking into account that every function b E C P (R) with b( oo) = 0 can be 
approximated in M p by functions b n E C{ R) fl Vi(R) with compact support (see 
[10, Remark 2.12]) and that every function a E SO p can be approximated in M p 
by functions a n E SO 1 , we infer that the product ba of the function b E C p ( R) 
vanishing at infinity and of the function a E SO p belongs to C p ( R) because all the 
functions b n a n with compact support belong to C( R) H Vi(R). 

Since every function c E C (R) fl V\ (R) can be approximated in A4 P by con- 
tinuous piecewise linear functions (see again [10, Remark 2.12]), it is clear that the 
function c can be also approximated in M p by continuously differentiable func- 
tions c n E Cb( R) whose derivative c' n have compact supports. Hence, c n belong to 

SO and thus c E SO p , where SO p is the closure of SO in M p and, consequently, 
is a Banach subalgebra of M p . Since C P (R) is the closure of C(R) fl Vi (R) in M p , 
we conclude that C P (R) C SO p . Obviously, SO p C SO p . These last two inclusions 
imply that [SO p ,C p (R)] is a Banach subalgebra of SO p . □ 

Taking into account Lemma 3.8 one can easily prove the following analogue 
of (2.14). 

Lemma 3.9. Let 1 < p < oo. Every function a in the Banach algebra [SO p , C P (R)] 
is of the form 

a = a + u + + a-U- + ao, (3.7) 

with a± E SO p , u± E C P (R), a 0 E C p ( R) satisfying the conditions 

u+ + u- = 1, u + (+oo) = 1, u-(— oo ) = 1, ao(oo) = 0. 

Consider the homomorphic inclusions of the commutative Banach algebras 
[50 1 ,C(R) n Vi(R)] c [50 P ,C P (I)] C [50,C(R)], 

[so 1 , pen Vi(R)] c [so p ,pc p ] c [so, pc], 

where [S , 0 1 ,C(R) fl Vi(R)] and [SO 1 , PC fl Vi(R)] are Banach algebras with the 
norm 

||/|| = max |||/|| Loo ( R ), H^/HlooCM), V \ (/)}. 

Analogously to Lemma 3.6 and Corollary 3.7 one can prove the following result. 

Theorem 3.10. The Banach algebras [SO p , C7 P (R)] and [SO p ,PC p ] are inverse 
closed in the C* -algebras [50, C(R)] and [SO, PC], respectively, and 

M([SO p ,C p ( R)]) = M([50,C(R)]), M([SO p ,PC p ]) = M([SO,PC]). 
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Let A and B be C* -algebras of bounded continuous functions on R that 
contain C(R), and [A, B] the smallest C*-algebra that contains A and B. By [18], 
the algebras A and B are called asymptotically independent if the sets Moo([A, B]) 
and Moo (A) x M 00 (B) are naturally homeomorphic. 

According to [18] we have the following. 

Proposition 3.11. The fiber Moo([50, C(R)]) is homeomorphic to 

M 00 (SO) x {±oo}. 

The maximal ideal spaces M(PC) of PC and M(PC p ) of PC p can be iden- 
tified with R x{0, 1} in the following sense: for a £ PC or a £ PC p , 

a(£, 0) = aft— 0), aft, 1) = a(£+0) ft £ E), a(oo, 0) = a(+oo), a(oc, 1) = a(— oo). 

Since Moo(C(R)) = M 00 (PC) = {±oo}, from the previous proposition it 
follows [18] that for every ( £ M oo (S0 ) there is a homomorphism 

a c : [50, PC] -+ PC| Moo( pc), K^)(r) - (C ,r)p, r £ M^PC). (3.8) 

Consequently there exists a function ^ £ PC such that 

a^tp = (3-9) 

As the values <^(±oo) are defined uniquely, we get an injective homomorphism 

Ac : PC\m^(pc) ->■ PC, <pc\ Moo (pc) ^ ¥>c(-°°)X- + Vc(+°°)x+ 

where x± are the characteristic functions of R±. Thus for every ( £ Moo(50) we 
have the homomorphism 

7C := P c oa ( : [SO, PC] -> PC, 7c V = ^cP^X- + ¥>c(+°°)x+, (3.10) 

where ^(±oo) are defined by (3.8)-(3.9). 

As Moo (PCp) = Moo (PC) = {± 00 } f° r every p £ (1, oo), we infer that the re- 
striction of the homomorphism a ^ to [SO p , PC p \ sends this set to PC^M^pCp) = 
PC| Moo(pc) according to (3.8). Therefore for all ( £ M oo (S0) the homomorphisms 
7C — Pc ° a C given hy (3.10) map [SO p , PC p ] into PC p . 



4. The compactness of commutators 

Let 1 < p < oo and let /C = 1C(L P ( E)) be the closed two-sided ideal of all compact 
operators in the Banach algebra B = B(L P ( R)). 

Lemma 4.1. ([10, Lemmas 7. 1-7.4]). 

(a) If a £ PC, b £ PC p , and a(± oo) = 6(±oo) = 0, then aWb , Wbal £ JC. 

(b) If a £ C(R), b £ PCp or if a £ PC, 6 £ C p ( R), then aWb — Wbal £ /C. 

(c) If a £ C(R) and b £ C P (E), t/ien — W^a/ £ /C. 
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The following is an analogue of Lemma 4.1(b) for slowly oscillating functions. 

Theorem 4.2. If a e [SO, PC], b G SO p or if a G SO, b G [SO p , PC p ], then 
aW b - W b al G 1C. 

Proof. If a G SO, then, by [18, Section 4], 

a G QC := (H°° + C(R)) n (H^ + C(R)) 

where QC is the C*-algebra of quasicontinuous functions (see, e.g., [22]). Hence 
from the Hartman theorem (see, e.g., [4, Theorem 2.18]) it follows that 

aS- Sale K for all a G SO, (4.1) 

where S is the Cauchy singular integral operator on R given by (2.16). Since every 
function b G PC p can be approximated in M p by piecewise constant functions, we 
deduce from (4.1) and (2.18) that 

aW b — W b al G 1C for all a G SO and b G PC p . 

Let a G PC and b G SO p . By the definition of SO p , the function b G SO p can 
be approximated in M. p by functions b n G SO 1 where the algebra SO 1 C SOnM. p 
is given by (2.13). Hence, by the part already proved, the operators 

aW bn - W bn aI=T~ l {Taf~ l b n I - b n TaT~^T =T~\W a{ _ x) b n I - b n W a{ _ x) )T 

are compact on the space L 2 (R) . Since the operators aW bn — W bn al are bounded on 
all the spaces L p { R) (1 < p < 00 ), it follows from the Krasnoselskii interpolation 
theorem (see [16, Theorem 3.10]) that for every n G N, 

aW K - W bn al G JC(L P ( R)) for all p G (l,oo). 

Therefore the operator 

aW b - W b al = lim (aW bn - W bn al ) 

n— >00 

is also compact on the spaces L p ( R), 1 < p < 00 . Thus 

aW h -W h aIelC for all a G PC and b G SO p . 

It only remains to prove that 

aW b -W b aIelC for all a e SO and b G SO p . 

To this end we again approximate b G SO p in M p by functions b n G SO 1 . Taking 
into account that the operators aW bri — W bri al are bounded on all the spaces 
L p ( R), 1 < p < 00 , we conclude on the basis of the Krasnoselskii interpolation 
theorem [16] that it is sufficient to prove the compactness of the commutators 
aW bn — W bn al only on the space ^(R)- Since a,b n G SO, we have reduced the 
problem to proving the compactness of the commutator aW b — W b al (a, b G SO) 
on the space L 2 (R). 

By Lemma 2.3, the functions a,b G SO can be uniformly approximated 

- — 00 - — 00 

in Loo(R) by functions a n ,b n G SO , where the set SO is defined by (2.7). 

— - — 'OO 

Since a n ,b n G SO , the functions a n (x)6 n (^) belong to the Hormander class 
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Sq 0 = C£°( R x R) consisting of all infinitely differentiable functions onlxE 
which are bounded with all their partial derivatives. By the C alder on- Vaillancourt 
theorem (see [26, Chapter 13, Theorem 1.3] or [19, Theorem 5.2.1]), if c G 0 , then 
the pseudodifferential operator OP(c), defined on infinitely differentiable functions 
/ G L 2 (R) with compact support by the iterated integral 

[OP(c)f](x) = 2- [ d£ f c(x,^P {y ~ x)i f{y)dy, ieR, 

^ JR JR 

extends to a bounded linear operator on L 2 (R). 

We write the commutator a n Wb n — Wb n a n I as a pseudodifferential operator 
OP(c n ) G B(L 2 { R)) where 

Cn(x, 0 = a n (x)b n ( f) - cr n (x,€), (x,£) Glxl, (4.2) 

cr n (x,^) is the symbol of the pseudodifferential operator 

OP(a n ) = OP(b n )OP(a n ), 

and the pseudodifferential operators OP(a n ) and OP(b n ) act on functions / G 
C°°(R) with compact support by 

[' OP(a n )f](x ) = 2- [ d£ f a n {x)e l(v ~ x) ^f{y)dy, i€l, 
[OP(b n )f](x) = P- ( d£ [ b n (^)e l{y ~ xK f(y)dy, xel. 

^ JR JR 

From [26, Chapter 2, Theorem 4.4] (see also [19, Theorem 6.2.1]) it follows that 
cr n (x,£) = b n (£)a n (x) - q n (x,€), (z,f) Glxl, (4.3) 

where q n G Sq 0 and 

lim ^ n (x,0=0. (4.4) 

M+|£|->oo 

Indeed, in view of [26, Chapter 2, Theorem 4.4], 

DO 

«(*,£) ~ E l -j^(D k b n m(D k a n )(x), (4.5) 

/c=l 

where the operator D is given by (2.8). Since 

lim (D k b n ){£) = lim ( D k a n ){x ) = 0 for all fc > 1 

|£| — >oo | x | — >oo 

oo 

because a n ,b n e SO , from (4.5) we immediately get (4.4). By [19, Theorem 5.8.3], 
if q n G Sq o satisfies (4.4), then the pseudodifferential operator OP(q n ) is compact 
on the space L 2 (R). Thus, taking into account that c n = q n due to (4.2) and (4.3), 
we deduce that 



a n W bri - W bn a n I = OP(c n ) = OP{q n ) G /C(L 2 (R)). 



(4.6) 
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Hence, for a, b G SO we infer from (4.6) that the operator 
aW b — W b al = lim ( a n W bn — W bn a n I ) 

n— >oo 

also is compact on the space L 2 OR), which completes the proof. □ 

Lemma 4.1(c) and Theorem 4.2 immediately imply the following. 

Corollary 4.3. If a G [SO, C'(R)] and b G [SO p , C P (R)] ? then aWb — Wbal G /C. 

5. Localization and Fredholmness 

Let Cq° (R) stand for the algebra of all infinitely differentiable functions in C (R) 
with compact support. Obviously, Co°(R) C SO 1 C SO p C SO. 

By analogy with [12] (see also the proof of [1, Lemma 3]) one can show that 

JC := IC(L;(R)) C alg {S , al : a G [C(R)] nxn } C A [so ,PC\. 

In what follows let A K denote the coset A + tC. Consider the quotient algebra 
AJ so pc] 'A[so,pc}/K' an d the Banach algebra 

AliagCSO) := alg{aW 6 : a € [SO]"™ b G [SO p ]"™}- 

By Theorem 4.2, the commutative Banach algebra 

-4Sia g (so) := {aW b + K: a G [SO]"™ b G [SO p ]"™} 

is a central subalgebra of the Banach algebra Aj so PC y With every point (£, 77 ) G 
M(SO) x M(SO) we associate the closed two-sided ideal of A^ [ag ^ so ^ generated 

by all the cosets 

(a^ir = a^I + 1C (a ( G [SO]"™, a € (0 = 0), 

(5.1) 

(W b X = W bv +K (b v G [SO p ]”™ b v ( V ) = 0). 

Lemma 5.1. The algebra is a closed subalgebra of the center of Aj so PC j 

and its space M[A^ {a g ( 5 o)) of maximal ideals is homeomorphic to 

n := (R x Afoo (SO)) U (Moo (SO) x R) U (Moo (SO) x Moo (SO)). (5.2) 

Proof First, if (W a ,bY G ^[so.pc] and (Wa ubl Y e ^diag(so)’ then from Theo " 
rem 4.2 and the equality 

(aW^faWb,) - (a\W bl )(aW b ) = a{W b a l I - ai W b )W bl + a x {aW bl - W bl aI)W b 
we get 

{W at bV{W aiM V = (w aiM y(w a , h )\ 

Thus -4diag(50) ls a Banach subalgebra of the center of AJ so PC j . 
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Further we partially follow the proof of [20, Proposition 14.1]. Note that if J 
is a maximal ideal of -4Jiag(so) > f hen 

J n alg [al + K : a € [SOft™ } and J n alg j W b + 1C : be [SO p ]” x ” } 
are maximal ideals of the Banach algebras 

alg [al + 1C : a € [SO]” x ” } and alg { W b + 1C : b e [SO p ]” x ” } , 
respectively (see [5, Lemma 1.33]). Therefore, taking into account that 
M (alg {al + lC: ae [50]^}) = M(SO ), 

M (alg [w b + K : b e [SO p ]” x ag n }) - M(SO p ), 

and that M(SO p ) = M(SO) by Lemma 3.6, we conclude that there exists a point 
(£, 77 ) E M (SO) x M (SO) such that the value of the Gelfand transform of the coset 
(aWbY — a Wb + 1C at the point J equals a(£)b(r]) for each choice of a E [50]^ iag 
and b e [S0 p ] n d ™ where a and b are the diagonal entries of a and 6, respectively. 
Thus we can identify the ideal J with the point (£, 77 ) E M(S0) x M(S0) and 
hence, by virtue of (3.1), the maximal ideal space of can be identified 

with a subset of 

M(S0) x M(S0) = (R U M oo (S0)) x (RU M^SO)). 

Fix (£, x) E R x R. Given a E [50]^ iag and b E [50 p ]^ iag , choose matrix 
functions a\,b\ E [Oo°(R)]^ iag such that a(t) — ai(t), b(x) — b\(x). Then 

aWt = T\ + T 2 + T 3 + T 4 , (5.3) 

where 

Ti = (a — ai)W(b_5 1 ), T ‘2 — (a — T 3 = aiW^-b^, T 4 = a\Wb 1 - 

The operator T 4 is compact by Lemma 4.1(a), and the operators Ti ( i = 1,2,3) 
belong to the ideal J = (t, x). Thus, the smallest closed two-sided ideal of v4J iag ^ 0 ^ 
which corresponds to the point (t,x) E R x R equals the whole algebra. So, the 
maximal ideals of the algebra -4di ag (so) can only correspond to points (£, x) E £1, 
where £2 is given by (5.2). 

On the other hand, each point of £1 gives a maximal ideal of the com- 
mutative Banach algebra ^ia g (50)* I n deed, consider the closed two-sided ideals 
(M) e of A di*g(SO) generated by the cosets (5.1). We claim that these 
ideals are maximal. Since they do not contain the coset 7 7r = I + /C, these ideals 
are proper. Suppose, contrary to our claim, that for a point (£, 77 ) E £1 there is a 
proper closed two-sided ideal of the algebra ^iag(50) which properly contains 
the ideal J^. Then there is a coset A n E ^iag^o) which belongs to I^ v \ J^. 
Since, in view of (5.3), 

(aW b y = (a(0W Hv) r + II, = (amv)iy + II, 
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for all a G [SO]^ iag an< ^ & £ [SO p ]^ iag , there exists a complex number c ^ 0 
such that A 77 = (( cl n )l) n + 1C. But the coset ((cl n )l) n + /C is invertible in the 
algebra AJ iag ( 50 ) , which implies that the ideal coincides with the whole algebra 

^diag(SO)- Thus the ideal is not proper, a contradiction. Hence all the ideals 
I£ ((£, 77 ) 6 0 ) are maximal. □ 

Let A be the set of all operators of B(L™( R)) that commute modulo compact 
operators with all operators A G Adi ag (so)* Clearly, A is a Banach algebra. Due 
to Theorem 4.2, A contains A[so,pc ] and thus the quotient algebra A 77 := A + /C 
contains A^ 0 PC | . The algebra A 71- is just the commutant of *4diag(so) and hence 
A 77 is inverse closed in the Calkin algebra B(Lp(R))/JC(Lp(R)). 

Given (£, rf) G D, let be the smallest closed two-sided ideal of A 77 that 
contains the maximal ideal 1^ and let (j>^ iTJ : A 77 — ► A^ be the canonical homo- 
morphism of A 77 onto the quotient algebra A£ := A n /J^. 

The canonical projection <j)^^ sends AJ so PC j onto 

:= (^[SO,PC])f >77 : = ^,r(^fsO,PC]) C 

By the Allan-Douglas local principle, the coset A 77 G A 77 is invertible in A 77 
if and only if the cosets A£ := A 77 + J ^ 7 are invertible in A^ for all (£, 77 ) G fl. 

Lemma 5.2. Lei a G [ SO,PC] nxn , 6 G [50 p , PC p ] nx fy < G M^SO), and let a c 
6 e i/ie homomorphism defined by (3.8). If £ G M oo (S0) and 

(a^a)(r) = 0 /or all r G M 00 (PC), (5.4) 

i/ien (a /)£ ?r7 = 0^ = for all r) G M U M oo (S0). If r) G M 00 (SO) and 

(a fl b)(r) = 0 for all r G M^PC), (5.5) 

i/ien (WJ,)^ = 0^ = /or all £ G M U M^SO). 

Proof. It is sufficient to prove the lemma only in the scalar case n — 1. 

Let £ G M oo (S0 ) and let (5.4) hold. Then from Lemma 3.9 and Proposi- 
tion 3.11 it follows that the restrictions a±\M 00 (so ) of the functions a± G SO 
in the non-unique representation (3.7) are defined uniquely and a±(£) = 0 due 
to (5.4). Hence (a±I) 7r G for every 77 G M(SO). Finally, (3.7) implies that 
(a /) 77 G Jg v for every rj G M(SO ), which means that 

( a I)lv = °lv = J lv fora11 (trj)eM oo (S0)xM(S0) 
under the condition (5.4). 

Analogously, if 77 G Moo (SO) and (5.5) holds, then, by Lemma 3.9 and Propo- 
sition 3.11, the functions b± G SO p in the representation 

b = b+u+ + b-U- + bo 

of the form (3.7), with u± G C P (M) and bo G C P (M) satisfying the conditions 
+ u- = 1 , u + (+oo) = 1 , u-(-oo) = 1 , 60 ( 00 ) = 0 , 
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have the property b±(rj) — 0. Hence (W b± y G I^ v for every £ G M(SO) and thus, 
by (3.7), (W b y G for every £ G M(50). This means that 

(W b )l v = 0l v = Jl v for all (£, 77 ) G M(50) x M 00 (SO) 
under the condition (5.5). □ 

Given y G R, let and xj denote the characteristic functions of (—00,7/) 
and (y, +00), respectively. Obviously, Xo — X±- For every p G (l,oo), every £ G 
Moo (50), and every a G [50 p , PC p ] nxn , we also introduce the matrix function 
a c G [C p (I)] nxn by 

:= a^(— oo)u- + a^(+oo)ii + , (5.6) 

where the matrices a^(±oo) are uniquely defined by (3.8)-(3.9) with ip replaced 
by a, and the functions u± G C P (R) are given by (2.15). 

Theorem 5.3. For every (£, 77 ) G £/ie mapping 8%^ : A A 1 ^ defined on the 
generators al (a G [SO, PC] nxn ) and W b ( b G [SO p , PC p ] nXn ) of the Banach 

algebra A[so, pc] by 

' [(a(£ - 0)xf + a(£ + 0) X + )/]£„, (£, > 7 ) e R x M 00 (50), 

&$,v(al) ■= < [( a ?(-°°)X- + a<r(+oo) X+ )/]£ JJ , (£, 77 ) e M 00 (50) x R, 

(^,» 7 )eM 0O (50)xM 0O (50) 

(5.7) 

and 

\W'br 1 ( — Oo)X- +^T) ( + °o)X+]^,?7 ’ ^ ^ X Moo {SO), 

^^(Wb) *.= < [^( r? _o) x -+b(r7+0)xj]f,r/’ (£’ ^ M 00 (SO) X R, (5.8) 

w M € Moo ( 50 ) x Moo ( 50 ), 

w/iere £/ie matrix functions a % and b v are of the form (5.6), extends to a surjective 
Banach algebra homomorphism 

'■ -^[so,pc] ->• * 4 £ jJ? = 

and for all A € -4[so,pc]> 

sup ||^ ;r ,(A)mj < ll^ll := inf \\ A + K\\. 

Proof Let (£, 77 ) G fi. Consider the natural Banach algebra homomorphisms 

^ = 0 ^ : ^[SO,PC] so, PC] SO,PC])^rji ^,r/- 

Obviously, for every A G A[so,pc], 

sup ||^(A)|U % < ||M|| < ||A||. 

(^v)en 

It only remains to prove the equalities (5.7) and (5.8) for a G [50,P0] nxn and 
b G [S0 P , PC p ] nxn . 
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1) First, let (£, 77 ) G M x M 00 (SO). Obviously, the matrix function 

a-a(£- 0 )x[T - a(£ + 0 )x^ 

belongs to [50, PC] nXn and, moreover, it is continuous and vanishing at the 
point £. Hence the coset 

[(a - a(£ - 0)xf - a(£ + 0)x^)/] 7r 

belongs to the ideal for each 77 G M 00 (SO ), and therefore 

ML = [(<*(£ - o)xj + <»(£ + o)x+)/]^. 

On the other hand, from the definitions of the homomorphisms 

^ : [SO, PC] - PC\ Mooi p C) and 7 , : [50, PC'] -> PO 

given by (3.8) and (3.10), respectively, it follows that 

otr,(b - 7 tj (&)) = 0, 7 ^( 6 ) = b v (- oo)x- + M + 00 )x+- 

By Lemma 5.2, the coset [W / 6 _ 7i) ((,)] 7r belongs to the ideal Jg for every ^ € 1. 
Hence 

[ML = [M(-°°)X-+M+°°k + ]L- 

2) Secondly, let (£, 77 ) G M 00 (SO ) x M. The matrix function 

b-b(r)~ 0 )x“ - % + 0 )x+ 

belongs to [50 p , P(7 p ] nxn and, moreover, it is continuous and vanishing at the 
point 77 . Hence the coset 

belongs to the ideal for each £ G M 00 (SO), and therefore 

[ML = [^ / i,(r ) -0)x^+6(»I+0)x^C»7‘ 

On the other hand, from (3.9) and (3.10) it follows that 

a d a ~ 7(( a )) = °> 7t( a ) = a ( (-oo)x- + M+°°)x+- 

By Lemma 5.2, the coset [(a - y^a))/] 71 " belongs to the ideal for every 77 G R. 
Consequently, 

ML = [(o 4 (-oo)x- +a ? (+oo)x+)/]^. 

3) Finally, let (£, 77 ) G Moo(SO) x M oo (S0). Since by (3.9) and (5.6), 

a^(a - as) = 0, a v {b - b v ) = 0, 

from Lemma 5.2 it follows immediately that 

ML = M1L> [M L = MJL- 

Thus, the formulas (5.7) and (5.8) are proved. □ 
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Theorem 5.3 and Theorem 2.5 immediately imply the following. 

Corollary 5.4. An operator A E A[so,pc } i s Fredholm on the space L™(R) if and 
only if the cosets A 1 /^ = 5^ :T] (A) E {A^ so PC ^)^^ are invertible in the quotient 
algebras for all (£,77) E fi. 

Let v(n) be the branch of the function y/ fi(l — p) in C\ ^(— oo, 0)U(1, -f-oo)^ 
which satisfies the condition z/(l/ 2 ) = — 1/2 and let 

C p := j/i = (l + coth[ 7 r(x + i/p)])/ 2 : x E M j. 

Theorem 5.3, Corollary 5.4, and [12] or [24] yield the following explicit result. 

Theorem 5.5. Let a^ E [50, PC] nxn , E [SO p , PC p ] nXn , i = 1,2 ,...,m, 
1 < p < oo, n > 1. Then the operator 



A := J2 a(i):F ~ lb{l):F 
2=1 

is Fredholm on the space L”(R) if: 

(i) for (£, 77 , /it) elx M^SO) x £ p , 

, / c"(^ + 0)/x + c+(C + 0)(l-/u) (c~(£ + 0) - c+(^ + 0))i/(/Li) 



det ' x ' ' ^0; 

V ( c v ~ °)Mm) S (£ - 0)(1 -(i) + c+(£- 0)p J 

(ii) for G M^SO) xlx£ p , 

/ d^{r) + 0)p + d^(r)-0){l - p) (df (rj + 0 ) - dj(r) - 0))u(p) \ 

V («£(»7 + 0) -d+(r]-0))ix(p) d +(?7 + 0)(l - p) +d+(rj-0)p ) 

(iii) for (Z,n) G Moo(SO) x M x {SO), 

det ( X] 4* ) ( ±00 )^ ) ( +00 )) ^ 0> ^(i^^E 00 )^- 00 )) + 0; 

M =1 ' ' 2=1 ' 



w = 5Z a ?i ±o °) 6W ^)- 



Proof. Since W x± = = (/ =F 5)/2, we get 



Vf'xtV^xf, Vf'P^V^W^, e- v P T e,I = W x ±, 



( v tf)( x ) = f( x + 0. e v (x)=e tr,x (£,ri,xe 
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Taking into account (5.10), in view of Theorem 5.3 we get 
' (£,r)) etx Moo(50), 

(£,??) e Moo (50) x R, (5.11) 

k [£*,„]£„, (^r?) 6 Moo (50) x Moo (50), 

where 

= (c v (£ - 0)x_ + c v (£ + 0)x_|_)P-f + « (£ - 0)x- + c+(£ + 0)x+)^- 
if (^,77)GRX Afoo (50), 

(»? - 0)x- + rf+(r? - 0)x+)P+ + (dj (r? + 0)x- + d+(r] + 0 )x+)P- 
if (£,rj) 6 Moo(50) x R, 

= c£ + U + W u+ + <£+U_W u+ + C^~U + W u _ + c^~U-W u _ 

if (£,r?) € Moo (50) x Moo (50), and 

m m 

c tv = Y a ?l ±oo )^l +o °)’ 

2=1 2=1 

If (£, 77 ) G Moo(SO) x Moo(50), then from (2.15) and Lemma 4.1(c) it follows that 
the operator is Fredholm on L™(M) if and only if 

det cf + ± 0 , det cf ~ 0 . 

Consequently, (iii) implies the invertibility of the coset AJ ^ in for every 
(£,r?) e Moo(50) x Moo(50). 

On the other hand, if (£, 77 ) G fi \ (Moo(*SO) x M oo (S0 )), then according to 
[5], [12], [24, Theorem 1.4] the operator is invertible on Lp(R) if and only 
if condition (i) or (ii) is fulfilled. Therefore, conditions (i) and (ii) also imply the 
invertibility of v in A^ in view of (5.11). 

Thus, the cosets AJ are invertible in A£ for all (£, 77 ) G fi, which implies 
the Fredholmness of the operator (5.9) on the space L™(M) by Corollary 5.4. □ 

Note that actually Theorem 5.5 is a Fredholm criterion. Moreover, taking 
into account that the local algebras are generated by two idempotents and making 
use of the two projections theorem (see, e.g., [11], [13], [ 2 , Section 8.3]) one can 
construct a symbol calculus for the Banach algebra A[so,pc] and establish a Fred- 
holm criterion for any operator A G A[so,pc]- The authors worked out all these 
extensions already (after submission of this article) and will publish the results in 
a forthcoming paper. 
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Asymptotically Good Pseudomodes for 
Toeplitz Matrices and Wiener-Hopf Operators 

Albrecht Bottcher and Sergei Grudsky 



To the memory of Erhard Meister 



Abstract. We describe the structure of asymptotically good pseudomodes for 
Toeplitz matrices and their circulant analogues as well as for Wiener-Hopf 
integral operators and a continuous analogue of banded circulant matrices. 
The pseudomodes of circulant matrices and their continuous analogues are 
extended, while those of Toeplitz matrices or Wiener-Hopf operators are typ- 
ically strongly localized in the endpoints. 



1. Introduction 

Let A be a bounded linear operator on a complex Hilbert space H. A point A 
in C is said to be an e- pseudoeigenvalue of A if || (A — A/) _1 || > 1/e (with the 
convention that ||(A — A/) _1 || := oo in case A — XI is not invertible). If A is an e- 
pseudoeigenvalue, then there exists a nonzero x E H such that \\(A—XI)x\\ <e||x||. 
Each such x is called an e-pseudomode (or e-pseudoeigenvector) for A at A. Papers 
[10], [12], [13], the web site [5], and the book [4] contain detailed information about 
these concepts. 

Now suppose we are given a sequence {4 n }^° =1 of matrices A n E C nxn . We 
think of A n as an operator on C n with the i 2 norm. We call a point A E C an 
asymptotically good pseudoeigenvalue for {A n } if ||(A n — A/) _1 || — > oo as n — > oo. 
In that case we can find nonzero vectors x n E C n satisfying 

|| (A n - A/)x n ||/||x n || — > 0 as n — > oo, 

and each sequence {x n } with this property will be called an asymptotically good 
pseudomode for {A n } at A. Our terminology is motivated by the papers [10] and 
[14]: there it is shown that ||(A n — A/) -1 || increases exponentially for certain classes 
of matrices, and the corresponding pseudomodes are called exponentially good. 



S. Grudsky acknowledges financial support by CONACYT grant, Catedra Patrimonal, Nivel II, 
No. 010286 (Mexico). 
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This paper is devoted to the structure of asymptotically good pseudomodes 
for sequences of Toeplitz matrices. We also embark on Wiener-Hopf integral oper- 
ators and on the circulant cousins of Toeplitz band matrices (called a-matrices in 
theoretical chemistry [16]) and their continual analogues. 



2. Banded circulant matrices 



Given a subset J n of {1, 2, . . . , n}, we denote by Pj n the projection on C n defined 
by 




Vj for j E J n , 
0 for j J n . 



The number of elements in J n will be denoted by | J n |. Let {y n }™ =1 be a sequence 
of nonzero vectors y n E C n . We say that {y n } is asymptotically localized if there 
exists a sequence { Jn}^^ of sets J n C {1, . . . , n} such that 



lim = 0 and 

n— >oo Tl 




= 1 . 



We denote by F n E C nxn the Fourier matrix, 



F n 



1 

\Jn 



(<*> 



n — 1 
j,k = 0 5 



^ n 



e 2ni/n 



A sequence {?/ n }^L 1 of nonzero vectors y n E C n will be called asymptotically 
extended if {F n y n } is asymptotically localized. Problems concerning the question 
whether eigenvectors or pseudoeigenvectors are localized or extended have been 
extensively studied for many decades, especially for randomly perturbed Toeplitz 
matrices and their differential operators analogues, and the literature on this topic 
is vast. A few exemplary works are [1], [7], [8], [9], [11], [14]. 

Let a be a complex-valued L°° function on the complex unit circle T. The 
n x n Toeplitz matrix T n (a) and the infinite Toeplitz matrix T(a) are defined by 
T n (a) = (aj- k )l k=1 and T(a ) = (aj_ fc )°° fe=1 , where 

27 r 

a{e ie )e~ ie9 dd, £ e Z. 

As a € L°°(T), the matrix T(a) generates a bounded linear operator on £ 2 (N). 
Now suppose that a is actually a trigonometric polynomial, 




s 

u(t) = ^ ^ t E T. 

£= — r 



Then T n (a ) is a banded matrix. For n large enough, we can add entries in the lower- 
left and upper-right corners of T n (a) in order to get a circulant matrix C n (a). For 
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example, if a(t) — a-\t 1 + ao + a\t + a 2 1 2 , then 



( 


a 0 


a_i 


0 


0 




a! \ 




a\ 


ao 


a - 1 


0 


0 


&2 






ai 


a 0 


a_i 


0 


0 




0 


«2 


ai 


a 0 


a_i 


0 




0 


0 


a 2 


ai 


a 0 


a_i 




a - 1 


0 


0 


«2 


ai 


^0 / 



Theorem 2.1. Let a be a trigonometric polynomial. A point A E C is an asymp- 
totically good pseudoeigenvalue for {C n (a)} if and only if A £ a(T), in which case 
every asymptotically good pseudomode for {C n (a)} is asymptotically extended. 



Proof. Clearly, C n (a) — XI = C n (a — X). It is well known that 

C n (a - A) = F* diag (a(uF n ) - F n =: F* D n F n . 
Since F n is unitary, it follows that 



l|C- 1 («-A)|| 



1 

min \a((joi,) — A| ’ 

0<j<n-l 



which shows that \\C n 1 (a — A) || — * 00 if and only if A £ a( T). 

Now pick A £ a(T) and suppose {x n } is an asymptotically good pseudomode 
for (C'n(a)} at A. We may without loss of generality assume that ||x n || = 1. Put 

Vn = (j/j n) )”=i = F n x n . We have 



II C n (a - A)s n || = \\F*D n F n x n \\ = \\D n y n \\. (2.1) 



Fix an £ > 0. For S > 0, we put 

G n(S) = {j € { 1 , . . . , n} : |o(w^ _1 ) — A| < 5}, 

E(6) = {6 e [0, 2 t r) : |a(e ie ) - A| < 8}. 

Since a is analytic in C \ {0}, the set E(5) is a finite union of intervals. Hence 
\G n (5)\/n — > \E(5)\/(2tt) as n — » oo, where \E(5)\ denotes the (length) measure 
of E(5). Because \E(5)\ — ► 0 as S — * 0, there exist 5(e) > 0 and Ni(e) > 1 such 
that \G n (5(e))\/n < e for all n > N\(e). From (2.1) we infer that ||i) n y n || 2 — ► 0 as 
n — * oo. Consequently, ||D n 2 / n || 2 < e5(e) 2 for all n > N 2 (e). Since 

\\D n y n \\ 2 = £ laK- 1 ) - Al 2 !^! 2 > 8{ef £ l^l 2 , 

J = 1 3tG n (8(e)) 

it follows that ^ | y^\ 2 < e for n > N 2 (e). Thus, || P G ( s(e))yn \\ 2 > 1 — s 

jtG n We)) 

for all n > N 2 (e). Put n(e) = max(iVi(e), N 2 (e)). 

Now let Sk = 1/fc (fc > 2). With 5k := 5(ek) and nk := n(ek) we then have 

< t and ||P G „( 5 fc )yn|| 2 > 1 - T for n > n k . (2.2) 

n rC fc 




178 



A. Bottcher and S. Grudsky 



We may without loss of generality assume that 1 < 722 < 723 < For 1 < n < 722 , 

we let J n denote an arbitrary subset of {1, . . . , n). For n > 722, we define the sets 
J n C {1,... ,n} by 

J 712 ~ G n2 (J2), J n2 - 1-1 — G n2 _|-i ($ 2 ) 5 • • • 7 Jn 3 — 1 “ G n3 — 1 (^ 2 ), 

*Ai3 = G ng (^3)5 «Ai 3 -fl = G n3 + i ($3), • • • 1 Jn^ — l ~ G nA ~\ ($3), .... 

From (2.2) we see that 

|^n 2 | ^ 1 l^n 3 -l| ^ 1 

77-2 2 77-3 — 1 2 

\Jn 3 \ ^ 1 | Jn4 — 1 1 ^ 1 

^ o 5 ’ ' * ’ 1 ^ o ’ •••5 

723 3 714 — 1 3 

which shows that | J n |/72 — > 0 as n — > oo. Also by (2.2), 

||-^J n2 Vn2 II ^ 1 _ 2 ’ * ’ ’ ’ 1 1 J n 3 — 1 y n 3 1 II > 1 — 2 5 

ll^/n 3 2/n 3 || ^ 1 ~ * • • ? ll^n 4 -l 2/n 4 — 1 II > 1 — ^7 •••7 

and hence \\Pj n y n \\ — > 1 as n — » cx>. Since ||7/ n || = 1 for all n, it results that {7/ n } 
is asymptotically localized. Consequently, {x n } is asymptotically extended. □ 

3. Toeplitz matrices 

Let a G L°°(T) be a piecewise continuous function, that is, suppose the one-sided 
limits a(t — 0) and a(t + 0) exist for each t on the counter-clockwise oriented unit 
circle. We denote by a#(T) the closed and continuous curve that results from the 
(essential) range of a by filling in the line segments [a(t — 0),a(t + 0)] at each 
jump of a. The counter-clockwise orientation of T induces an orientation of a#(T) 
in the natural manner. For A G C \ a#( T), we let wind (a, A) denote the winding 
number of the curve a#(T) about A. It is well known that the spectrum of T(a ) on 
^ 2 (N) is the union of a#( T) and all points A G C \ a#( T) with wind (a, A) ^ 0. If 
A ^ a#(T) and wind (a, A) = -m < 0, then the kernel (= null space) Ker T{a - A) 
has the dimension 772, while if A ^ a#(T) and wind (a, A) = m > 0, then the kernel 
of the adjoint of T(a — A) is 772-dimensional. All these facts can be found in [4] or 
[6], for example. 

Suppose that A ^ a#( T) and wind (a, A) = — m < 0. We then can write 
a — A = bx-m 7 where b is piecewise continuous, 0 ^ &#( T), wind (6,0) = 0, and 
Xk is defined by Xk{t) = t k (t G T). The operator T(b) is invertible on ^ 2 (N) and, 
moreover, the matrices T n (b) are invertible for all sufficiently large n, 

lim ||T- 1 (6)|| = ||T 1 - 1 (6)|| and T~ 1 (b)P n -* T~ 1 (b) strongly (3.1) 

n—+oo 

(see, e.g., [2], [4], [6]). Here P n is the projection on £ 2 (N) given by ( P n y)j = Vj for 
1 < j < n and ( P n y)j = 0 for j > n + 1. We will frequently identify the image of 
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P n with C n . It is also well known (and easily verified) that the m elements 

Uj := T~ 1 (b)ej (j = (3.2) 

form a basis in KerT(a — A), where ej E £ 2 (N) is the sequence whose jth term is 
1 and the remaining terms of which are zero. We finally remark that, obviously, 
T{a ) - A I = T(a - A) and T n {a ) - A I = T n (a - A). 

Each point A E C \ a#(T) with wind (a, A) ^ 0 is an asymptotically good 
pseudoeigenvalue for (T n (a)} (see [4], [6], [10]). The following theorem provides us 
with a complete description of the structure of asymptotically good pseudomodes. 

Theorem 3.1. Suppose A ^ a#(T) and wind (a, A) = —m < 0. Let x n E C n be unit 
vectors. The sequence {x n } is an asymptotically good pseudomode for {T n (a)} at 
A if and only if there exist c ^ , . . . , £ C and z n E C n such that 

x n — ^ PnU 1 + * * * + c m ^ PnUm + Z n , (3.3) 

sup |4 n) | < oo, lim ||z n || = 0, (3.4) 

n>l,l<j<m n^oo 

where . . . , Um are given by (3.2). 

Proof Assume that (3.3) and (3.4) hold. Since || T n (a — A)P n || < || a — A||oo, we 
see that T n (a — A )z n — > 0. As the numbers |c^| are bounded by a constant 
independent of n and as P n — » / strongly (= pointwise) and T(a — A )uj = 0, we 
obtain that 

m 

lim T n (a — A)x n = lim c^T n (a — A )uj = 0. 

n — >oo Z. — J n — >oo 

3 = 1 

Thus, { x n } is an asymptotically good pseudomode. 

Conversely, suppose || T n (a - A)x n || -* 0. Put y n = T n (a - \)x n . With Q n = 
I — P n , we have 

T n {a - A) = T n ( X -mb ) = P n T( X -mb)P n = P n T( X -m)T(b)P n 
= P n T( X -m)PnT{b)P n + P n T( X . m )Q n T(b)P n =: A n + B n . 

Since T(x-m) is nothing but the shift operator (£i,f 2 , • . •) •-+ (fm+i,£m+2, • • .)> it 
follows that 

Im A n C I in P n—m , Im B n C I^lP[n— m+l,...,n}? (3.5) 

where ImC refers to the image (= range) of the operator C. This implies that 

WlJnW ||A n X n H - Pn^n|| ~ ||A n X n || T ||P n X n || , 

and hence ||A n x n || — > 0 because \\y n \\ -> 0. The equality T n ( X - m )T n (b)x n = A n x n 
gives 

Tn(b)x n = c^ei + • • • + c^e m + T n (y m )A n x n 
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with certain complex numbers , 

1/2 



E 

V =1 



l n )\2 



< || TnifyXv 



. . , • Since 

+ ||T(Xm)|| ||A n x n ||< 



oo T || A n x n || , 



we conclude that there is an M < oo such that |c^| < M for all n and j. Finally, 
from (3.1), (3.2) and the equality 

x n = Cj n) T“ 1 (6)ei + • • • + ^>T~\b)e m + T^(b)T n ( Xm )A n x n 
we get (3.3) and (3.4) with 



= T- 1 (b)T n ( Xm )A n x n + ^2c < f ) (T- 1 (b)e j 

3 = 1 



This completes the proof. 



PnT~ l {b)ej). 



□ 



Let a be as in Theorem 3.1, but in addition suppose now that a belongs to 
the Wiener algebra W( T), i.e., that the Fourier series of a converges absolutely. 
We write a — A = bx~m as above. Clearly, b is also in W( T). Since 0 ^ 6(T) and 
wind (6,0) = 0, the function b has a Wiener-Hopf factorization b = 6_6 + . The 
factors b± can be given by 



b-(t) = exp [ ]T(log b)-et M , b+(t) = exp [ ^(lo gb) e t £ 



£=0 



where log b is any logarithm of b in W (T). The Wiener-Hopf factorization b = b-b + 
yields the representation T~ 1 (b) = T (b+ l )T (bZ 1 ) (see, e.g., [4] or [6]), or written 
down in detail, T~ 1 (b) equals 



(O o 




\ 




1 1 
o 


(0-1 


(0-2 . 




(Oi 


(Oo 








'S- 

1 1 

o 


o- 

1 1 


(O* 


(Oi (Oo 










< o- 

1 1 

o 




... 




•• ) 










• • / 



If a is even rational, then the sequences {(6^ 1 ) n }^Lo an d {(&I 1 )-n}^= o decay 
exponentially, and from (3.2) we deduce that are also exponentially 

decaying. Thus, Theorem 3.1 implies that, up to the o(l) term z n , all asymptot- 
ically good pseudomodes are exponentially decaying. We remark that in the case 
where a is a trigonometric polynomial (which is equivalent to the requirement that 
T{a) be a banded matrix) the existence of exponentially decaying pseudomodes 
was already proved in [10] and [14]. 



We now sharpen the definition of an asymptotically localized sequence. We 
say that a sequence {y n } of vectors y n E C n is asymptotically strongly localized in 
the beginning part if 



lim 

n— kx) 



P{i,...,j n }yn\\ 

WVn !! 



= l 



(3.6) 
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for every sequence {j n }^= 1 such that j n oo and 1 < j n < n. Asymptotic strong 
localization in the beginning part implies, for example, that (3.6) is true with 
jn = log log n (n > 3). 

Theorem 3.2. Suppose A ^ a#( T) and wind (a, A) = — m < 0. Then every asymp- 
totically good pseudomode for (T n (a)} at A is asymptotically strongly localized in 
the beginning part. 

Proof. Let {x n } be an asymptotically good pseudomode for (T n (a)} at A. We may 
without loss of generality assume that ||x n || = 1 for all n. By Theorem 3.1, 

%n — Pn'U'l T ' * ' T P nU m T Z n = ■ T 

where iq,...,?x m are given by (3.2) and cff \ . . . , Cm \ z n satisfy (3.4). Choose 
M < oo so that |c- n) | < M for all i and n. Let {j n } be any sequence such that 
j n -> oo and 1 < j n < n. Put J n = {1, . . . , j n } and = {j n + 1, . . . ,n}. From 
(3.2) we infer that ui,...,u m G £ 2 (N). We have ||PjcW n || < ||Pj£Wi||. 

Since Ui = (u^)^ =1 is in £ 2 (N) and hence 

n oo 

\\ P JZ U i\\ 2 = < Y l U k ) | 2= °( 1 ) 35 OO, 

k=j Tl + l k=j n + 1 

it follows that ||Pjcu> n || — > 0 as n — > oo. Finally, 

1 > \\Pj n X n \\ 2 = 1 - ||C/c2 n || 2 = 1 - ||Pjc(w„ + Z n )\\ 2 
> 1 - (\\ P JcWn\\ + \\Pjc n Z n \\} , 

and because ||Pjcic n || —> 0 and ||Pjcz n || ^ 0 as n — > oo, we arrive at the conclusion 
that \\Pj n x n \\ — > 1. □ 

To conclude this section, suppose that A G C \ a#( T) and that wind (a, A) = 
m > 0. Following [15], we define a by a(t) := a(l/t) (t G T) and we let W n be the 
operator that is P n followed by reversal of the coordinates. We have A ^ a#(T) 
and wind (a, A) = —m < 0. Moreover, W n T n (a - A )W n = T n {a - A) and hence 
||T n (a — A)x n || = || T n (a — A)W n x n ||. Consequently, by Theorem 3.1, a sequence 
{x n } of unit vectors is an asymptotically good pseudomode of (T n (a)} at A if and 
only if 

W n X n — ^ PnU 1 + • ' * + C^PnUrn + Z n , (3-7) 

where |c^| < M < oo for all j and n, ||z n || — > 0 as n — > oo, and Si, ... , S m are 
given by Uj = T _1 (fr)ej. Clearly, (3.7) can be rewritten in the form 

X n = cf’WJli H b C$W n U m + Z n 

with z n = W n z n • The analogue of Theorem 3.2 says that every asymptotically 
good pseudomode {x n } for (T n (a)} at A is asymptotically strongly localized in 
the terminating part, that is, the sequence {W n x n } is asymptotically strongly 
localized in the beginning part. 




182 



A. Bottcher and S. Grudsky 



4. A continuous analogue of banded circulant matrices 

Let k be a function in ZA(R) and suppose k(x) = 0 for |x| > r. For r > 2 r, there 
is a unique continuation of A; to a r-periodic function k T on all of R. A continuous 
analogue of the operator C n (a) considered in Section 2 is the operator on L 2 ( 0, r) 
that is defined by 

(Cr(k)f)(x) = jf(x) + [ k T (x-t)f(t)dt, x G (0,t), 

Jo 

where 7 is a fixed number in C. We put 

k(£) = 7 + J k(x)e~ l ^ x dx, £ G R. 

We call a point A G C an asymptotically good pseudoeigenvalue for {C T (k)} 
if || (CV(fc) — A/) -1 1 | — > cx) as r — > 00, and a family {/ r } T>0 of nonzero functions 
f T G L 2 ( 0 ,r) is said to be an asymptotically good pseudomode for {C T (k)} at A if 
|| (C T (k) - A/)/ r ||/||/ r || > 0 as T > 00. 

Let {g T }r> o be a family of elements g T = (g^)j e z G ^ 2 (Z). We say that 
{g T } is asymptotically localized if there exists a family {J r } T>ro of finite subsets 
J T G Z such that 



lim = 0 



and 



lim 

T— >-00 



llgrll 



= 1 . 



Put = (1 /y/r)e 27 Tl i x / T . The system {<Pj}je z is an orthonormal basis in 

L 2 (0,t). Thus, the map 

$ T : £ 2 (0,t) -> £ 2 (Z), f T ^ ({fr,<Pj)) jeZ 

is a unitary operator. A family {/ r } r>0 of functions f T G L 2 ( 0 ,r) will be called 
asymptotically extended if the family {<i> r / r } r > 0 is asymptotically localized. 



Theorem 4 . 1 . A number X G C is an asymptotically good pseudoeigenvalue for 
{C r (k)} if and only if A G 7 + k( R), w/iere R := R U {00}. If A + 7 G fc(R) and, 
in addition, A ^ 7, even/ asymptotically good pseudomode for {C T (k)} at A 
is asymptotically extended. 



Proof. For f T G L 2 ( 0 ,r) and x G ( 0 ,r), 

(' C T (k)fr)(x ) = 7 /(^) + ^(/r,^j) [ k T (x - t)<Pj(t)dt 

i€Z ^ 

= 7 f(x) + '£(f T ,<p j )^ r e 2 * i i x / T f X k r (s)e- 2 ^ds 
frl V r A-r 



jez 
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= 7/0*0 + £(/r, e2WijX/T f' 2 k T (s)e- 2 ^ds 

£z v T J ~ T / 2 

= 7 fix) + X)(/r, Vi)4- e 2,rijx/r f k T (s)e- 2 ^ T ds 

je z vr J ~ r 

jez ' ' ' ' 

Thus, C T (k) is unitarily equivalent to the diagonal operator 



diag (7 +*(^r)). z :^ 2 (Z) ^ £ 2 (Z). 

This shows that A is an asymptotically good pseudoeigenvalue for {C T (k)} if and 
only if A G 7 + fc(R). 

Now suppose A = 7 + fc(£o) with £0 £ R and let {/ T } be an asymptotically 
good pseudomode for {C T (k)} at A. Without loss of generality we may assume 
that \\f T \\ = 1 for all r. Thus, 

ncv(fc - a )/ t || 2 = 

jez 

Fix £ > 0. For 6 > 0, consider the sets 

G r {6) = {jeZ:\k(2nj/r)-k(^)\<5}, 

E(5) = {£eR: |fc(0-fc(£ 0 )| <$}• 

Since fc(£o) 7^ 0 and since k is an entire function, the set E(S) is a finite union of 
intervals and \E(5)\ — > 0 as S — > 0. As \G t (S)\/t — > \E(5)\/(2tt), there are 5(e) > 0 
and ti(e) > 0 such that |G r (5(e))|/r < e whenever r > We have 




7 



fc(6) 



l(/r,rf-0. 



(4.1) 



which in conjunction with (4.1) gives \\PG T (S(s))^rfr || 2 > 1 — e for all r > 72(e). 
Let r(e) = max(£i(e), t 2 (s)). 

Choose ££ = l/£ (£ > 2) and put 5 a := 5(e^) and := r(e^). We have proved 

that 

\G T (8f)\ < 1 and ||p Gt((5<!) $ t / t ||2 > x _ 1 for t > Te, (4.2) 

and we may assume that 0 < 72 < r 3 < • • • . Let J r be an arbitrary subset of Z 
for 0 < r < T2 and define J r = G T (5e) for 77 < r < 17+1. Then, by (4.2), 

^7 < - and \\Pj T <b T f r \\ 2 >l-j for 77 < r < 77+1, 

which shows that |J r |/r — > 0 and ||Pj T $ r / r || — > 1 as r — > 00. Thus, {4> r / r } is 
asymptotically localized. This means that {/ r } is asymptotically extended. □ 
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Things are different for A = 7 . In the following, P(_ MT}/!XT ) denotes the canon- 
ical projection of ^ 2 (Z) onto the subspace of all sequences whose support is con- 
tained in the interval (— /ir, yur). 

Theorem 4.2. Let {/ r } r>0 be an asymptotically good pseudomode for {C T (k)} at 
7 and assume without loss of generality that ||/ T || = 1 for all r. If k( 0) ^ 7 , then 
there exists a fx> 0 such that 

||-P(- M T, M r)^r/r|| 0 CLS T > 00 . (4.3) 

If k( 0) = 7 , then there are yu and v such that 0 < v < yu and 

II I*{ — Air, — f t || ^ 0 T * (^*4) 

Proof. Suppose first that fc(0) ^ 7 . Then |fc(£) — 7 I > 5 > 0 for all |£| < 2i ryu with 
some /i > 0. Thus, \k{2'Kj/r) — 7 I > S > 0 whenever \j\ < pr. Since 

l|Cr(A;-7)/r|| 2 = 53 \(fr,<Pj)\ 2 

j€ Z ' ' 

53 K/r,^)| 2 =«5 2 ||P(-^r)^M| 2 , 

!il<^ 

we obtain (4.3) from (4.1). Now suppose /c(0) = 7. Then the entire k — 7 has no 
other zeros than 0 in some open neighborhood of 0 , and hence we can find numbers 
/i and v such that 0 < v < fi and |fc(£) — 7 I > <5 > 0 for 27rz/ < |£| < 2tt //. It follows 
that |A:(27rj/r) — 7 I > S > 0 for vr < |j| < fir and hence 

\\Cr{k~l)fr\\ 2 >5 2 5] 

VT<\j\</J,T 

It is again (4.1) that implies (4.4). □ 

Remark 4.3. Theorem 4.2 can be improved by taking into account the orders of 
the zeros of k — 7 at the origin and at infinity. We will not embark on this question 
here. We rather wish to point out that Theorem 4.2 is best possible in general. 

Let k(x) = 0 for |x| > 1 and k(x) = 1/2 for |x| < 1. Then fc(£) = an d, 

for f T e L 2 ( 0 ,r), 

\\Cr(k)f T \\ 2 = 53 ^2 Sin 2 ^ |(/x,^i)| 2 . 

j€ z J 

We have k(0) = 1^0. Let {/ r } by any asymptotically good pseudomode for 
{C T (k)} at 0. Thus, ||/ T || = 1 for all r > 0 and \\C T (k)f T \\ — > 0 as r — > oo. Change 
f T to <p T for t G N. Since 

II^W^II 2 = sin2 = °> 
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it follows that the family {h r }r>o defined by h T = f r for r ^ N and h T = ip T for 
re N is also an asymptotically good pseudomode for {C T (k)} at the origin. If 
(3 : (0, oo) — > (0, oo ) is any super linear function, that is, any function that increases 
faster than every linear function, then 

||^(— /3(t),/3(t))^t^t|| — || P{— (3{t) ,/3(r)) e r || — 1 

whenever r G N and /3(r) > r. This shows that (4.3) is not in general true with 
(xr replaced by f3(r). 

Now let k(x) = 0 for \x\ > 1, k(x) = —if 2 for — 1 < x < 0, and k(x) = i/2 
for 0 < x < 1. Then fc(£) = (1 — cos£)/£. This time fc(0) = 0. Since C T (k)(p r = 0 
for re N, we can argue as above to see that (4.4) is not in general valid with /xr 
and vt replaced by a superlinear and sublinear function, respectively. □ 



5. Wiener-Hopf integral operators 



The Wiener-Hopf integral operator W (a) generated by a function a e L°°( R) is the 
bounded linear operator on L 2 (0,oo) that is defined by W(a)f = PF~ 1 M(a)Ff , 
where F is the Fourier transform, 

/ oo 

f{x)e* x dx, £ G R, 

-oo 



M(a) stands for the operator of multiplication by a, and P is the orthogonal 
projection of L 2 ( R) onto T 2 (0, oo). If a is of the form a = 7 + Fk with 7 G C and 
k G L X (R), then W(a) can be written as 

poo 

(W(a)f)(x) = 7/(x) + / k(x — t)f(t)dt, x > 0. 

Jo 

The Cauchy singular integral operator on the half-line, 

(S/)(x) = - V.p. r /Fidt, x > 0, 

7TI J q t X 

is W (<j) with the piecewise continuous function cr(£) := — sign£. The subject of this 
section is truncated Wiener-Hopf operators: for r > 0, the truncated Wiener-Hopf 
operator W T (a) is the compression of W(a) to L 2 (0,r). 

If a G L°°(R) is piecewise continuous, we define a#(R) as the closed, contin- 
uous, and naturally oriented curve that results from the (essential) range of a by 
filling in the line segments [a{x — 0), a(x + 0)] for the jumps at x G R and the line 
segment [a(+oo),a(— oo)] if a has a jump at infinity. We let wind (a, A) denote the 
winding number of a# (R) about A G C \aft (R) . 

Let Lj be the normalized Laguerre polynomial of degree j — 1 , 



Lj(x) 



& 



-1 



(j - 1)! dxi 



— (e X x j 1 ), j = 1,2,. 
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The system {e^}^ given by ej(x) = y/2Lj(2x)e x is an orthonormal basis in 
L 2 ( 0, oo). Notice that 

{ £ r. 

For k £ Z, we put 

Suppose a E L°°( R) is piecewise continuous, A ^ a#(R), and wind (a, A) = 
—m < 0. Then a — A = bx~m , where b is piecewise continuous, 0 ^ 6#(R), and 
wind (6, A) = 0. It follows that W(b) is invertible, that W r (b) is invertible for all 
sufficiently large r, that 

lim || W~ x (b) || = || W" 1 (b) || and 1 /F 7 T 1 (6)P r — > W' 1 (b) strongly, 

r— xx> 

where P T is the natural projection of L 2 ( 0, oo) onto L 2 (0, r), and that the functions 
Uj = W~ 1 (b)ej (j = 1, . . . , m) form a basis in Ker W(a — A) (see [2], [3], [6]). 

Theorem 5.1. Let A ^ a#(R) and wind (a, A) = — m < 0. Let further {/ r } r>0 be 
a family of functions f r E L 2 (0,r) of norm 1. Then the point A is an asymptoti- 
cally good pseudoeigenvalue of {W T (a)} T> q. The family {f T } is an asymptotically 
good pseudomode for {W T (a)} T> o at A if and only if there exist complex numbers 
c^f \ . . . , cff) and functions z T E L 2 (0, r) such that 

f T = C[^P T Ui H h C^PrUm + Z T , 

limsup max |c*V| < oo, lim ||,z r ||=0, 

T — >-00 T >00 

Proof. That A is an asymptotically good pseudoeigenvalue was established in [6] 
(also see [2]). The rest of the proof is analogous to the proof of Theorem 3.1, except 
for a modification of (3.5). Thus, suppose W T (a — A )/ T — > 0. Let Q T = I — P T . 
Then 

W r (a - A )f T = P T W(X-m)PrW(b)P T f T + P T W( X -m)QrW(b)P T f T . 

Put A r = P T W( X -m)PrW(b)P T , B T = P T W( X -m)QrW(b)P T , h r = W{b)P T f T . 
We denote by V m the orthogonal projection of L 2 ( 0, oo) onto the linear hull of 
ei, . . . ,e m and we set Q m = I - V m . We have P T W(x-m)Pr = W( X - m )P T and 
hence, (•, •) denoting the inner product in L 2 (0, oo), 

(A T fr,B T f T ) = ( P T W(X-m)Prh T ,PrW(X-m)Qrhr ) 

= (W( X - m )Prhr,PrW(X-m)Qrhr) 

= ( P T W(X- m )Prhr,W( X -m)Qrh T ) 

= (W( X -m)Prh T ,W(X- m )Qrh T ) 

= (P T h T ,W*(X- m )W(X-m)Qrh T ). 
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Since W*(x~m) = W(x m ) and W(x m )W(x- m ) = 2m, it follows that 
(A T f T ,B T f T ) = ( P T h T , Q m Q T h T ) 

= ( P T h T ,Q r h T ) - (P T h T ,'P m Q T h r ) = -(P r h T ,'P m <3 r h r ). 

Thus, 

\(A T f T ,B T f T )\ < \\P T h T \\ \\VmQr\\ \\h r \\ < C\\V m Qr\\ 

with some constant C < oo independent of r. As Vm is compact and Q* = Q r 
converges strongly to zero, we may conclude that ||P m Qr|| — > 0. Consequently, 
(A T f T , B T f T ) — > 0 as t — > oo. Finally, because || A r f r + B r f r \\ — > 0 and 

\\A T fr + B T f T II 2 = ||A t / t || 2 + ||P T / T || 2 + 2R e(A T f T ,B T f T ), 

we obtain that ||A r / r || — > 0. The rest is as in the proof of Theorem 3.1. □ 



We call a family {/ r } r>0 of nonzero functions f T G L 2 (0,r) asymptotically 
strongly localized in the beginning part if 



lim 

T — »00 



P(0,s T )fr\\ 

\\fr\\ 



= 1 



whenever s T — » oo as r — > oo and 0 < s r < r for all r. Again notice that s T 
is allowed to increase as slowly as desired (or required). For example, the choice 
s T = log log log r (r large enough) is admitted. 



Theorem 5.2. If A ^ a^(R) and wind (a, A) = —m < 0, then every asymptoti- 
cally good pseudomode for {W T (a)} at X is asymptotically strongly localized in the 
beginning part. 



This can be proved by the same arguments as in the proof of Theorem 3.2. 
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Crack-Type Boundary Value Problems 
of Electro- Elasticity 

Tengiz Buchukuri, Otar Chkadua, and Roland Duduchava 



Dedicated to the memory of Erhard Meister 



Abstract. Dirichlet, Neumann and mixed crack- type boundary value problems 
of statics are considered in three-dimensional bounded domains filled with a 
homogeneous anisotropic electro-elastic medium. Applying the method of the 
potential theory and the theory of pseudodifferential equations, we prove the 
existence and uniqueness theorems in Besov and Bessel potential spaces, and 
derive full asymptotic expansion of solutions near the crack edge. 



Introduction 

The recent years have shown an ever-growing interest in the investigation of models 
of an anisotropic elastic medium which take into account the influence of various 
physical fields such as thermal, electric, magnetic etc. A rather strong motiva- 
tion for such studies is the creation of new artificial materials which possess non- 
standard properties. Among them are piezoelectric materials that form the core 
of modern structures and instruments. 

Mathematical models of piezoelectric (electro-elastic) bodies and relevant bo- 
undary value problems have been studied with sufficient completeness (see, e.g., 
[BG2, Nol, Pal, Tol] and the references therein). Of special interest is the case 
where the considered body contains cracks or cuts with an edge having a bihedral 
angle 2tt (cuspidal edge) (see [Ch2, CD3]). In that case the presence of an electric 
field essentially changes the pattern of stress distribution near the cut or crack 
edge (see [DNS1, Pal]). 

In this work, Dirichlet, Neumann and mixed boundary value problems of 
statics are considered for a homogeneous anisotropic piezoelectric body with a 
crack. The existence and uniqueness of solutions of the considered problems are 
proved in Bessel potential (and Besov ) spaces. Complete asymptotic 
expansion of a solution near the crack edge is obtained. These results are important 
in the analysis of a stress field in electro-elastic bodies with cracks. 
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1. Formulation of boundary value problems 

Let — £to and ( Cli C ft ) be bounded domains in the three-dimensional 
Euclidean space M 3 with infinitely smooth boundaries dft = dQ,o and d£l i re- 
spectively (we use the alternative notation Qo = for conciseness of forthcoming 
formulae). The boundary dfl\ of the domain fii (called interface) is divided in 
two parts: dfli = So U Si with a smooth common boundary £ := dSo = dS i . 
Let — £l\£li . 

We assume, that the domain Q\S\ is filled with homogeneous anisotropic 
electro-elastic material, having a crack at S i . 

We use the following notation for function spaces: W p (£l) , W p{d£li) for the 
Sobolev- Slobodetskij spaces; Hp(fi) , B p (dQ,i) for the Bessel potential spaces; 

, Mp q (d£li) for the Besov spaces (i = 1,2, sgR, 1 < p < oo , 1 < q < 
oo ), (see [Trl, Tr2] for the definitions and properties of these spaces). We use the 
common simplified notation H s (dLh) = . Let further, 

ueB^dth)}, 

® p(Sj ) = {u e M s p (d£li) : supp u e Sj} , j = 0, 1 , 



where rsjip := <p 



Sj 



denotes the restriction operator onto the subset Sj . Similarly 



the Sobolev-Slobodetskii spaces W p (Sj) , W p (So) , M p q (Sj) and M p q (So) are 
defined. 

We consider the system of static equations of electro-elasticity for a homoge- 
neous anisotropic medium [Nol] 



A (D)u(x) + F(x) = 0 , x G f2\5i , (1.1) 



where u = (ui, 1 / 2 , ^ 3 , ^ 4 ) ; are displacement vector components, is 

an electric potential, F is a mass force. A (D) is a differential operator of the 
form 



A(D) = \\A jk (D)\\ 4x4 , (1.2) 

Ajfe(-D) = Cijlk&i&l 5 ji k = 1? 2 , 3, 

A i4 (£>) = e kj id k di , j = 1,2,3, 

Mk(D) = -e ik ididi, k = 1,2, 3, 

A44CD) = eudidi , 

where dji k , e^/ , £i k are the elastic, piezoelectric and dielectric constants, re- 
spectively. 

Here and in what follows we use the standard convention: the summation is 
carried out over the repeated indices. 

The constants in (1.2) satisfy the symmetry conditions 



Cijlk — Cjilk — Clkij j &kjl — &klj 5 &ik £kii 

i,j,k,l = 1,2,3 



(1.3) 
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and the condition which provides positiveness of the internal energy: 

^^>ij , 5 £>ij = £ \jii ^Co > 0 Cijkl^ij^kl ^ Co£,ij £,ij , — ^OViVi' (L4) 

The operator A (D) has a strongly elliptic symbol: 

A(£) II Aj/e(0l|4x4, 

— 1,2,3, 

A j4 (£) = -e k jiikiu j = 1,2,3, 

A 4 fc(0 = Zikiiiiu j = 1,2,3, 

A 4 4 (£) = -Euiiiu 

i.e. , it satisfies the inequality 

4 

-Re Y1 A ik(0VkVi > co\Z\ 2 \r]\ 2 

i,k=l 

for some constant Co > 0 and arbitrary £ G IR 3 and 77 G C 4 . Here the overbar 
rj i denotes the complex conjugate to rji . 

Inequality (1.6) follows from (1.3) and (1.4). Note that, in contrast to an 
analogous operator of classical elasticity [Fil], the operator A (D) is neither a 
formally self-adjoint nor a positive definite operator. 

Let fi be a bounded domain with a piecewise-smooth boundary, u,v G 
C 2 (fl) . Then the following Green formulae are valid: 

[ [v(x)A(D)u(x) + E(u,v)]dx = j v{y)T(d y ,n(y))u(y)dS, (1.7) 
n an 

J \v(x)A(D)u(x)—u(x)A T (D)v(x)]dx 

= j [ v(y)T{d y ,n(y))u(y ) - u(y)T(d y ,n{y))v{y)\dS, ( 1 . 8 ) 

an 

where A T is the transposed matrix to A, n(y) = (711(2/), n 2(y), ns(y)) is the 
outward unit normal vector to at the point y G dfl U dQ\ , 

T(d y ,n) = \\T jk (d y ,n)\\ 4x4 , 

Tjk(dy'i 'ft) = CijlkUldi, j, /c = 1, 2, 3, 

Tj 4 (9 y ,n) — EkjiTiiOk , j = 1,2,3, 

TAk(d y ,n) = -eikiriidi, k = 1,2,3, 

T^^dy : ti) — SijfijOi , 

the operator T(d y ,n(y)) is obtained from T(d y ,n(y)) by substituting with 
— eijk , and E{u,v) denotes the sesquilinear form 

E(u, v ) = CijkidiVjdiUk + e k jidiVjd k u± - e ik idiV4diUk +^/^F 4 ^t / 4 . (1.9) 



(1.5) 



( 1 . 6 ) 
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Note, that the Green formulae (1.7) and (1.8) are also valid for unbounded 
domains with a compact boundary provided u and v meet the following con- 
straints at infinity: 

Vi(y)d k Uj(y) = o(\y\~ 2 ) and Ui(y)d k Vj{y) = o(\y\~ 2 ), (1.10) 

*,j = l,2,3,4, k = 1,2,3. 

Let r k u := r^u denote the restriction operator to the domain Q,k , k = 
1 , 2 , and Y -the trace operator from the domain f ^ to the boundary dQi , i = 
0 , 1 , 2 . We remind that if u £ Wj(fii) then the trace Y u £ W^/ p (<9fli) = 

Bpfp (dfii) ( Y u £ H 1 / 2 (9fli) whenp = 2 ), i — 1 , 2 , p'=p/(p- 1) (see [TV 1 ]). 
Moreover, if A (D)u £ L p (fi) the trace 7 l T(d y ,n)(r l u) exists and is defined 
through the Green formula (1.7) (see [DNS1, NCS1]). In particular, if u £ W^(fl) 
is a solution of equation ( 1 . 1 ) with F £ L g (fi) , q > np/(n + p) , then A (D)u £ 
L 9 (fi) and the traces 

Yu = r Sl {Y( ri u)}, 

YT(d y ,n)u = r Sl {Y T {d y ,n)(r l u )}, i = 1,2, 

are defined correctly. The trace 7 dnT(d y ,n)u on dfl is defined similarly. 

Based on the above arguments, we will consider the following boundary value 
problems (BVPs) in the domain f2\Si : we look for a function u £ W x (fl) 1 which 
solves the following BVPs: : 
the Dirichlet BVP: 

A(D)u = 0 in fI\Si, 

7 °T(< 9 y,n)u = 'ip on dtl, 

Yu = (fi, i — 1 , 2 , on Si, 

where pi £ H 1 // 2 (Si) , z = 1 , 2 , ip £ H _ 1 / 2 (<9fl) ; 
the Neumann BVP: 

( A(D)u = 0 in fi\Si, 

< 7 °T( 9 y , n)u = ip on dtl , 

[ YT(d y ,n)u = ipi, z = 1,2, on Si, 

where ipi £ H - 1 / 2 (Si) , z = 1,2, ip £ M~ 1 ^ 2 (dQ l ) . 
the mixed BVP: 

A(D)u = 0 in fi\Si, 

YT(d y ,n)u = ip on dQ, 

Yu = p u on Si, 

YT(d y ,n)u = ip 2 , on Si, 

where p, £ HV 2 (Si) , ^2 e H" 1 / 2 ^) , ^ £ M" 1 / 2 ^) . 

Note, that in the above BVPs (1.11)— (1.13) boundary conditions on the sur- 
face Si differ, while they are the same on the boundary dQ . 

1 For simplicity we drop the case p / 2 , i.e., when u £ W*(f2) ); these cases can be considered 

as in [DNS1, NCS1, Ch2]. 



( 1 . 11 ) 



( 1 . 12 ) 



(1.13) 
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Theorem 1.1. The Dirichlet and the mixed BVPs have a unique solution u G 
W 1 (fi\5i) , and the solution of the Neumann boundary value problem is defined 
up to a summand u = (u\, ^ 3 , u 4 ) : 

Ui = CijkCLjXk + bi, i = 1,2,3, v 4 = b 4 . (1.14) 

Here aj , j = 1,2,3, bi , i = 1,2, 3, 4, are arbitrary constants, are the 

e -tensor components ( the Levi-Civita symbol ) . 

Proof. The proof is based on the Green formula (1.6) and is standard (see similar 
proofs in [BG1, DNS1, NCS1, Fil] etc.). □ 



2. Properties of potentials 

Denote by H a fundamental solution of the operator A (D) and consider the 
simple layer potentials 

V ( - k \g)(x)= J H(x-y)g{y)d y S, k = 0 , 1 . 

dn k 

Theorem 2.1. Let dCl,dCli be C & -smooth, (3 > \s\ + 1 + 1/p, 1 < p < oo , 
1 < q < oo . Then the operators extend to the continuous operators 

v w : -*• B;+ 1+1/P (fi i )n e p +1+1/P ( fi *)> i = 1 ’ 2 ’ 

v (0) : B‘ ig (dsi) -^i;+ 1+1/p (n)p|ey 1+1 / p (fi). 

We consider the following integral operators on the surfaces 

V1V ($)(*)= J H(z-y)g(y)d y S, 

dQi 

V 0 (1 \g)(z) = j T(d z ,n(z))H(z-y)g(y)d y S, z £ dCh = m, 
V^(h)(z)= f H(z-y)h(y)d y S, 

dQ 

V 0 i0) (h)(z) = j T(d z ,n(z))H(z - y)h{y)d v S , z e dQ, 

90 

which are the direct values of the corresponding layer potentials. Then for the 
traces of the layer potentials we have the following Plemelj formulae. 
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Theorem 2.2. Let be -smooth, (3 > 3 , g G C 3 (<9fli) , h G C 3 (<9Qi) . 

Then 

7 i V [1) {g){z) = V^{g)(z), z e dfii; 



j°V^ (h)(z) = Vli (h)(z), z G <9fl. 

y(T(5 2 X^ (1) (<?))(*) = + ^o (1) (<?)(■*), 



£ G <9£li 



7 0 (m,n(z))F(°)(/i))(z) = --A(*) + k 0 (0) W(4 z G on, 

Theorem 2.3. Let dfl^dCti be -smooth, (3 > \s\ + 3 , 1 < p < oo , 1 < q < 
oo . Let X s = Hp or X s = M^ q . Then the operators V^l , extend to the 

following continuous operators: 

V^ ] : X s (5fii) -> X s - k (dQi), 

v£ 0) : X s (50) -» X s_fc (50) for k = 0, -1 . 

Theorem 2.4. The operators in (2.1) are strongly elliptic 

Re(V^g,g) <0 Wg e HJ 1/2 (3fli) , 

do) h r\ << n v/r a tut - 1/2 



Re(V_j h, h) <0 VhE 



(dfl) 



( 2 . 1 ) 



( 2 . 2 ) 



and the equalities in (2.3) are achieved only for g = 0, h = 0 . 

Moreover, the operators and in (2.1) are invertible. 

Although the operators , i — 0, 1 are not self-adjoint as in the theory 
of elasticity, the proofs of Theorems 2. 1-2.4 does not differ from those proved in 
[DNS1, Sh2] for the classical elasticity case. 

The operator rs 0 A = rs 0 (vl^) 1 is strongly elliptic and the following is 
true (cf. [DNS1, CD1]). 

Theorem 2.5. Let 1 < p < oo , l<g<oo. Then the operator 

r s 0 A : i^So)-^- 1 ^) 

: B^(S 0 )^B*- q 1 (S 0 ) 

has the Fredholm property if and only if the conditions 

11 11 
p~2 <S< p + 2 

hold. Moreover, if (2.4) holds, the operator (2.3) is invertible. 



(2.3) 



(2.4) 
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Theorem 2.6. (see [BG2, NCS1]). Let 1 < p < oo , 1 < q < oo , s e R . The 
singular integral operator 

-i/ + V 0 (0) : - B$(dSl) 

: W ptq (dQ) - M^dSl) ( 2 . 5 ) 

is Fredholm with index 0 . 



Theorem 2.7. Let 1 < p < oo , 1 < g < oo , s E R . Then the pseudodifferential 
operator 



b$ := {-v$) N + (-!/ + (-1)V 0 (1) ) (EVr 1 

B$ : 

: (dill) ->]]*£- Hani) (2.6) 



25 invertible for N = 0, 1, . . . and i = 1, 2 . Moreover under the conditions 



1 

P 



1 1 1 
2 <S< p + 2 



the following operator is invertible: 




-l 



+ (Bj v 2) r 1 



h;- 1 (5 0 )^h;(5 0 ) 

B;- 1 (5 0 )-B^(5o). 



(2.7) 



(2.8) 



Proof. The proof of the first part is similar to Lemmata 5.2 and 6.2, in [Ch2]. 

The second part follows because the pseudodifferential operator rs 0 (B^ ) 1 , 
i = 1, 2 , is strongly elliptic. □ 

Let us consider a N x N system of pseudodifferential equations on Wf 

R (x,D)x = i & (2.9) 

with a matrix symbol cr R (x,€) , x G R™ , £ E R n from the Hormander class 
S^ 0 (M n x M n ) . Let Xj(x') , j — 1 , . . . , N be the eigenvalues of the matrix 

(ct^i', 0,0, +l))~ 1 <7/j(:r , ,0, 0, — 1), x' € M ra_1 = SIR" . 



Lemma 2.8. Let the symbol <tr(x,£) be strongly elliptic and 

1 



1 < p < oo , 

Then the operator 
R(x, D) 



5(x')= sup r— | arg Aj(a;')| 

l<j<N 27T 

l<q<oo, - - 1 + ^ + S(x') < s < - + ~ 

p 2 p 2 



<*(*')• 






"p,q\ 



iy r ( 






r~ r ( 



»p,q\^+) 



*r/( R +: 






is invertible. 
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Proof. The result follows from the general theory of pseudodifferential equations 
on manifolds with boundary in [CD1, Dul, Shi, Sh2] . □ 



3. The Dirichlet problem 

Let G H 1 / 2 (3fli) be some extension of the function cpi G H 1//2 (Si) on dQ\ , 
i = l,2. Then any extension of the function pi on dQi has the form 



We will seek a solution of all considered problems in the following form: 

r 1 u = V < ' 1 ' ) gi in fii , g\ G H 1 / 2 (5f2i) 
r 2 u = V^g 2 + V^h in fi 2 , g 2 eM 1 / 2 (dn 1 ) , h £ E 1/2 (50) . 1 j 



Since the operator A (D) is elliptic, any generalized solution of the homogeneous 
equation (1.1) is an analytic function in the domain f2\Si . Then 

f 7 1 {r 1 i/} — y 2 {r 2 u} = 0 on So, 

\ (3.2) 

[ 7 1 {T(r 1 2/)} — 7 2 {T(r 2 ix)} = 0 on So,. 



Due to the boundary conditions of the Dirichlet problem we have 

(-i/ + F 0 (0) )/ l + 7ao(rV 1 ))^2 = ^ on on, 

' TSiV^gi = ipi on Si, 

k r Sl Vl\ ) g 2 + 7Sl (V (0) )/i = ^ on S lt 

Taking into account (3.2) we get the system of pseudodifferential equations with 
respect to (h, gi,g 2 , PP , ) : 



' (-±I + v£ 0) ')h + ' m (TVW)g 2 = 1> 

V^gi ~ <p ( o ] = ^ 

< & - ^ 2) + 7^1 (V^)h = $^ 2) 

^ 1) -^ 2) = -^o^ 1 ) +r So ^ 2) 

k (p + V 0 W ) 9l - r So ( - \I + y 0 (1) ) 5 2 - 7s 0 (TVm)h = 0 



on dfi, 
on dQi, 
on dfti, 
on S 0 , 
on S 0 , 



(3.3) 



where the integral operators / ydn(TV^^j , 70^ and 7 s 0 (TV^^j have 

infinitely smooth kernels (the integration and the outer variable vary on disjoint 
sets) and are therefore compact. Now we formulate the basic theorems about the 
existence and uniqueness of a solution to the Dirichlet problem. 
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Theorem 3.1. The Dirichlet problem has a unique solution in the class W 1 (Q\Si) , 
written as follows 

r 1 u = V W(( V [\Y\4 1) +V i o ) )), 

r 2 u = V (1) ((vl 1 1 ) ) _1 (^ 2) +^ 2) - roQ.V^h) + V^h. 

Here G M 1 / 2 ^) is a fixed extension of the function <fi on dCl\ , 
h e H -1 / 2 (dfi) and € H 1 / 2 (5o) can be found from the system (3.3) , 

which is uniquely solvable. 

Moreover, let 1 < r < oo , l < q < oo , ^ + | and u G 

W 1 (fi\5i) be the solution of the Dirichlet problem. Then 

«eC +1/r (fl\Si) if ^ e B£ ir (Si), * = 1,2, 

WGl^ 1/r (fi\5l) if t/jeM’-qm), <fii G ®r,q(‘5l)> * = 1,2. 

Proof. The system (3.3) can be rewritten in the matrix form 





h 








9i 






M 


92 


= 


- r So $ 0 1} + r So$0 2) 
0 




i 

°s°s 

1 





where 



M - 



-i/+v 0 (0) 

0 

7on, (v (0) ) 
0 






Gi } 

o 

o 



(tv* 1 *) 



0 0 

-I 0 



V 



( 1 ) 



-1 

0 



|_-7So(?V< 0 >) r So (|/ + V 0 (1) ) 
Obviously, 



M = Q + T_ C 



Q 



-r So (-^I + V^) 
-P + F 0 (0) 



0 

I 

0 



-I 

-I 

0 



0 



0 

p 



(3.6) 



where T-oo , comprised by the operators 7an fv (l> 'j , 7a<ii (V ,0) j and 
7s 0 , is an infinitely smoothing compact operator, while 

0 



P = 






-I 0 

o GV o -i 

0 0 7-7 

L^o(|7 + P 0 (1) ) -r So (-ll + V 0 W ) 0 0 
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The entry — \l + Vq 0 ^ of the operator Q is a Fredholm singular operator 
with index 0 (see Theorem 2.6). 

Consider the system corresponding to the operator P 

' = F «, * = 1,2, on dSh, 

< ~ = 9 on S 0 , 

k r s 0 (\I + V 0 W )gi - r So ( - \I + V 0 (1) )g 2 = f on S 0 

with respect to the unknowns gi, Zpp, i = 1,2. Note that they differ from g,; . ip^ 
by infinitely differentiable functions. 

Since the operator is invertible, 



9i = {V%) '(FW+^o 0 ), * = 1,2. 



On substituting these equalities in the last two equations in the foregoing system, 
we obtain a system of pseudodifferential equations on So with respect to 
and 




-Mi) 

7>o 






( 



¥ + Vo 



(i) 



)<y$) 



- 1 ~( 2 ) 

<Po 



G, 



(3.7) 



where 

G = f + r So ( - \l + ^ 0 (1) ) (V-i ) )“ 1 ^ (2) - r So + ^o (1) ) (vWy'FW. 



The system (3.7) is thus reduced to a pseudodifferential equation on the open 
manifold 

rsoA^ = $> on S 0 , 

where ¥ e B^OSo), (tf G B^So),) and 

A = (i/ + d ,, )(d 1 >)- 1 - (- \i+v»>)(vP>y l = 

The operator rs 0 A = rs^vl^) 1 is strongly elliptic and, due to Theorem 2.5, 
the first part of the theorem is proved. 

The second part, the solvability properties (3.5), is a consequence of the first 
part and mapping properties of the potential operators (see [DNS1, NCS1, Ch2] 
for similar considerations in elasticity). □ 

Let us look at the asymptotics of the solution to the Dirichlet problem near 
the boundary £ = dSi . We assume that the boundary conditions of the Dirichlet 
problem are sufficiently smooth, namely: (pi E mI° 0,s + 2N+1 ^ 00 (Si) , i = 1,2 (see 
[CD1] for the definition and details). 

The principal symbol <ta(£ / ,£ / ) of the pseudodifferential operator A in 
(2.3) is written as (see [CD1]) 

a A (x',^) = x' G So- 
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Moreover, the principal symbol cr_ v (i) (x', £') of the operator — is even with 
respect to the variable £' and, therefore, all eigenvalues of the matrix 

(<7 A (x', 0, 0, +1))~Va(x', 0, 0, 1) = / 



are trivial: 

= j = 1 , 2 , 3 , 4 , x’e£. 

In the normal plane Ti x r to £ , containing x' E £ , we consider the polar 
coordinates (r, 0) , where r > 0 denotes the distance from x = (x',r, 0) to 
the boundary £ and —tt<9<7t is the angular parameter. Then the points 
(x', r, ±7r) 6 S± belong to the different faces of the surface S\ and x f = (x', 0, 0) 
belongs to the boundary x' E £ for all 9 E [— 7r,7r] . 

Applying Theorem 2.1 from [CD1] and taking into account the first equality 
in (3.7), we obtain the asymptotic expansion of the function , i — 1,2, 

N 

<Po ) {x',r) =c 0 {x')ri + ^c fc (x>5+ fc + </^ ) +1 (x',r), (3.8) 

k=l 



where c/ ; e C°°(£), fc = 0, 1, . . . , N, and the remainder term <p$ +1 belongs to 
the space E^°’ a+N+1) ’ 00 {£+) C (^([O^C 00 ^)) , £ + = £ x [0,e] . 

As we can see from (3.8) logarithms are absent in the entire asymptotic due 
to the properties of the symbol o'a(^ / ,^ / ) (see [CDD1]). 

From Theorem 3.1 it follows that the solution of a Dirichlet problem can be 
written as a simple-layer potential. 

For any x' E £ , let n(x'), . . . , r^(x') be all different roots of the polynomial 
equation 



det A((jJ(x / )) _1 (0,l,r) T ) =0, x' £ £ , Imr < 0. (3.9) 

We recall that (0,1, r) represents the value of the dual variable £ and that X*(x') 
is the Jacobian of the local coordinate diffeomorphisms x (see [CD1]). 

We assume that it is possible to enumerate ti(x'), . . . , r^(x') so that the 
multiplicities ni,...,n^ of ri(x'), . . . , n(x') are constant on £. Therefore the 
functions n, . . . , ri can be chosen smoothly r m E C°°(£) . 

Since A is a 4x4 elliptic system of order two, ni + ••• + nt = A and 
r m (x') are the roots of (3.9) with Imr > 0 . Let us define the following functions 

^ m ,-i(x',0) := cos0 + r m (x / )sin0, 

“0m, +i (x / , 9) := cos0 + r m (x') sin0 , x' E £ , m = 1,...,^. (3.10) 

Under the assumption E M^ 00,s+2iV+1 ^ 00 (9fli) the solutions of the 

Dirichlet problem has the following asymptotic form in the vicinity of the crack 
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front S (see [CD2, Theorems 2.2 and 2.3] and [CDD1, Theorem B.8.1]): 



U = x(r) 



m = 1 o;=±l 
N-lp(m,k) 



Tim 1 ^ 

^2 sin 3 6^^{x' ,e)d 3 mbJ {x') 

3=0 

„k n \.\-3 + k ( 



(3.U) 



+ £ £ £ (s', 9) sin“ 1 0 cos “ 2 9 ( x ') 

k= 1 j=0 \a\<N(m,k) 



T 'U'rem.N 



where u rem ,iv € M 1 2 o ^ iV (R 3 ) and the coefficients d 3 mu; and d 3 ^^ are C°°(£) . 
p(ra, fc) and N(m, fc) are some positive integers. 

Moreover, the explicit formulae expressing the coefficients d 3 mLJ (x') by the 
first coefficients co(x') , m = 1, . . .1 , j = 0, . . . , n m — 1 , of the surface expansion 
(3.8) are available as well (see [CD2]). 



4. The Neumann problem 

Let vf^ € H _1 / 2 (<9Qi) be some fixed extension of the function ^ G H _1//2 (5i) 
on dQi = Si U So • Then any extension ^ £ M~ 1//2 (S'i) of the function ^ on 
has the form 

®(0=$W + ^(0 > 

where € H _1 / 2 (iSo) , i = 1,2. Solutions of the Neumann boundary value 
problem will be sought in the form (3.1). Due to the boundary conditions (1.12) 
we have 

' (-\l + V 0 {0) )h + r dQ (TV^)g 2 = TP on 30, 

< ^(p + Vo^ffi = <pi on Si, (4.1) 

k r Sl ( - \l + V^ l) )g 2 + r Sl (rV^/i = on 
Taking into account (3.2) we obtain the following system of equations 
' ( - \l + v^ ] )h + r an (TV^) 9 2 =!p on dCl, 

{\ I + v o 1) )gi-4 1) = *o ) on on u 

(- t/ + F 0 (1) ) 52 -4 2) +r ani (TV (0 ))fc = ^ 2) on cKli, (42) 

rsoG^i - r So V^g 2 - r So V^h = 0 on S 0 , 

1 4 2) = -rso^ + rs 0 ^o ) on S o 

with respect to the known and unknown vector-function 

€ H _1 / 2 (5fl) x H _1 / 2 (5Q 1 ) x HT 1 / 2 ^^) 
(h,gi,g2,4 1} ^0 ] ) e H 1/2 (<9fi) X H 1 / 2 ^) x HI 1/2 (<9fii) (4.3) 

xi- 1 /2(5 0 ) xi- 1 /2(5 0 ). 
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Now we can formulate the basic theorem about the existence and uniqueness 
of a solution of the Neumann problem. 

Theorem 4.1. The Neumann problem has a solution of the class W 1 (Q\Si) in the 
bounded domain £7 if and only if the equality 



r r 4 1 

I %k T ^ ^ d z S = 0 



is fulfilled for any constant vectors a = (ai, a 2 , ^ 3 ) and b = ( 61 , 62 , 63 , 64 ) 
Solutions of the Neumann problem are represented as 

f r 1 u = V^(V^) 1 gi in £7i, 

1 r 2 u = V^(v!:\ ) )~ 1 gi+V^h in fi 2 , 



where h,g\,g 2 are found from system (4.1). 
Moreover , let 

l<r<oo, 1 < (7 <oc, 



11 11 
r ~2 <S< r + 2 



If u G W 1 (f7\S'i) zs a solution of the Neumann problem then 

ue H* + ho\5i) if ip g W*- 1 ^), ^ewr^^i), i = 1,2, 
uen;J'(fi\Si) if i = i,2. 

Proof. The system (4.2) can be rewritten in the matrix form 



9 1 4 

M 92 = <1 

ib {1) 

U 2) J 

where 



- 2 / + ^ 



rmdTVW) 

-r So V<-V 

0 



i(TVW) 0 0 



2 / + F ° 



rsoVlV 



-2 I + V ° 

-r.^vlV 



—I 0 

0 -I 

0 0 

1 -I 
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The operator M has the same representation (3.6) with a compact and smoothing 
T_oo , but yet different P : 

i/ + F 0 (1) 0 -7 0 

P= 0 -i/ + K 0 (1) 0 -7 

r So V^ -r So V^ 0 0 

0 0 7-7 

Let us introduce the operators 

(-V r ii ) ) JV + Ad + (V / i 1 1 ) )“ 1 0 -7 0' 

0 (~V^) N +M-{V^)~ l 0 -7 

- r So I ~ r sJ 0 0 

0 0 7 -7 . 

M + :=(\l + K) (1> ) , M-:=(-\l + F 0 (1) ) , A7 = 1,2, , 

and 

-(FiiV 1 0 0 0' 

0 (ViV) -1 0 0 

0 0 7 0 

0 0 0 7 . 

Then PoD differs from Pjv only modulo a compact operator T_jy : 

PoD - P n — T_jv- 

Consider the following system 

B^i - = F«, * = 1,2, on dCh, 

-rs 0 9 \- r s 0 92 j= Gi on S 0 , (4.9) 

il>o ) ~ 4 2) = g 2 on s o, 

where 

= (~v^) n + ( - \i+ {-lyv^yv^r 1 , i = i,2. 
ft = (Bjj ) )- 1 ^ i) + (B«)- 1 F (i) , t = l,2, IV = 1,2,.... 

The systems (4.1) (i.e., the system (4.2)) and (4.9) are Fredholm-equivalent: are 
Fredholm or are not Fredholm only simultaneously and have equal indices. Due to 
Theorem 2.7 the pseudodifferential operator 

B# : W p (S 0 )-+U;- l (S 0 ) 

: Bp, 9 (5 0 ) — >■ (5 0 ) 






is invertible. 
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Let us define g\ and g 2 from the first two equations of system (4.9) and 
insert them into the third equation. We obtain the system of differential equations 
on the open manifold Sq 



f rsofB^-^W+rsofB^)- 1 ^ = F, 

1 - 4 2) = g 2 , 



or 



r s 0 BV’o 1) = 

„/,( 2 ) -/,(!) fy 

% r 0 ~C 2 , 



(4.10) 



where 

The pseudodifferential operator r\s 0 B is strongly elliptic and, due to Theorem 2.7 
the operator 



r So B : e;-\So) - h;(s 0 ) (%^(s 0 ) - m;js 0 )) 

is invertible provided the conditions (4.6) hold. 

Summarizing we find that if the conditions (4.6) hold, the operator 



-'(dn) 








© 


© 


© 


© 


W) - 


- h rHSi) 


®r/(^i) - 


- 


© 


© 


© 


© 




1 (-Si) 




ktSw / 



defined by the left-hand side of (4.1) is Fredholm and Ind N = 0 . It is well 
known that the kernel, the cokernel and, therefore, the index of the operator 
N are independent of the parameters of the spaces where it is Fredholm (see 
[Agl, DNS1, Kal]). Therefore it suffices to find Coker N for s = 1/2 and p = 2 . 
Thus, we consider the dual (adjoint) operator in the spaces: 

H2 /2 (dft) H2 /2 (dft) 



N* : H2 /2 (5i) -► H2 /2 (<9Qi) . 



H2 /2 (Si) H2 /2 (<9fti) 

If ( h , Xf/' 1 : Xo' 2 ' 1 ) is the solution of homogeneous equation 

N *(h, Xo^ Xo 2) ) = 0 - suppXo 1} C Si, suppxo 2) c • 

Then we have 

(~\ I + K> (0) )^ + r dn(U (1) )x o 2) =0 on dfi, 

< (^ + V 0 (1) )x[, 1) =0 on dSiu (4.11) 

^ ran 1 (^ 0) )h+(-^I + V 0 (1) )x^ ) = 0 



on dfli. 
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Here U {i) are the double- layer potentials: 

U (i) (g)(x)= j f(d y ,n(y))H T (x-y) g(y)d y S , 

d&i 

Let 

v< 2 ) =U^h + UWxo\ 

v (l) =£/(l) x ( 1 ). 

Due to ( 4 . 11 ) , i = 1 , 2 , satisfy the boundary conditions: 

= 0 on 

yfyC 1 ) = 0 on < 9 £fy, 
y 2 t?( 2 ) = 0 on dfl \ . 



i = 0,1. 



Here 7 denotes the trace on dQ from the outer domain M 3 \Q . Therefore v ^ 
is the solution of the following BVP: 

( A t (D)v^ = 0 in M 3 \H 2 , 

< 7 ~v^ =0 on < 9 D, 

[ 7M 2 ) =0 on cftfy, 



which have only the trivial solution in IR 3 \f£ 2 • Consequently, = 0 in R 3 \D 2 
and from boundary condition 

7 °(Tv {2 ^ -7 ~tV 2) =0 on dQ; 

7 2 (fn( 2 )) - 7 1 (fn( 2 )) =0 on 0 fi i; 

it follows that 

= 0 on d£l, 7 2 ^zV 2 ^ =0 on dQ\. 

Thus, v ^ is the solution of the next BVP in D 2 : 

A T (D)fy 2 ) = 0 in fl 2 , 

< j°ffv( 2 A =0 on an, 

7 2 lfv( 2 n =0 on dSh, 

which have only solution of the form = a • x-hb, where a is an antisymmetric 
matrix and b is an arbitrary constant vector. Due to the boundary conditions: 

7°t/ 2 ) — 7 ~v^ = h on 5 D, 

y 2 fy 2 ) _ 7 l v ( 2 ) — on QQ 1 



it follows that 



~ (2) 

h = a • x + 6, Xo — a • x + b, 



Since suppXo 2) C Si , we get Xq 2) 



0 . Analogously we obtain Xo^ = 0 • 
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The second part, the solvability properties (4.6), are consequences of the first 
part and the mapping properties of the potential operators (see [DNS1, NCS1, Ch2] 
for similar considerations in elasticity). □ 

Let us investigate the asymptotic behavior of the solution to the Neumann 
problem in the vicinity of the edge £ . Assume that the corresponding boundary 
data are sufficiently smooth. Namely, ipi £ Mr° 0,s+2iV ^ 00 (S'i) . 

We can rewrite the symbol cr#^',^) as 

The principal symbol a (i)(x',£') is odd with respect to the variable £' , while 

v o 

the symbol cF y {i) (x', £') is even; therefore, <tb(£ / ,£ / ) is even with respect to : 
a B {x f ,-£) = x' £ So 

and all eigenvalues of the matrix (<j j b(^ / , 0, 0, -bl)) -1 ^^', 0, 0, —1) = / are triv- 
ial: Xj = 1 , j — 1, 2, 3, 4 , x' £ £ . 

Consider the above-described local coordinate system x = (x',r) £ So . Using 
the theory of strongly elliptic pseudodifferential equations (see [CD1, Theorem 
2.1]) we get the following asymptotic expansion of solutions of equation (4.8): 

N 

ip { Q l) (x',r) = co(x')r~^ +^2c k {x')r~^ +k + '4> ( ^ +1 (x , ,r) , i = 1,2, (4.12) 

k=l 

X 'e£, 0 < r < s , V-N +1 eif 00 ’ 5 ^)’ 00 ^) cC ,+ "([0 ) 6],C*(£), 

where Ck £ C°°(£), k = 0, 1, . . . , N . 

And again, logarithms are absent in the entire asymptotic representation 
(4.12). 

Let (h,gi,g 2 ,ipo'\ilJ^) be a solution of the system (4.2): 
M(/i,3i,32,'0o 1) >V’o 2) ) = ^ 

then {gi,g 2 ,' t Po 1 \' l Pi?' > ) satisfies the equation 

Pn( - V[\ ) g 1 ,v[\ ) g2,^ 1) ,ip { 0 ) ) =*, (4-13) 



where 



|= + (V™)™ gi , < 2) + (V^) 2N g 2 - r mi (TV^)h, 

rs 0 Vh,-r So *P +r So *P). 
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Equation 



< 



(4.8) (i.e., equation (4.2)) can be written in the form 

- 4 1} = *o } + (vli*) 2 ^!, 

B&CK^sa - 4 2) = *o 2) + (V-i) 2N gi - rmATV^h, 

- r So gi - r So g 2 = r So VMh, 

4 1} - = - r s 0 $ o 1) + r s 0 ^o 2) - 



where 



B^=(^r-(i/ + ^)(^)-\ 
B& = {V^) 2N + ( - \I + V™) {V^y 1 - 



(4.14) 



As we have seen before, equation (4.14) can be reduced to a pseudodifferential 
equation with a strongly elliptic operator. 

Using the first two equations of system (4.14), we find 



91 = (-vyy l (B { vyyw +Fl , 
g 2 = (vyy\B < ^y l yy+F 2 . 



Note that 

Fi € H(°°’ s+2JV+1) ’ 00 (afi i ), i = 1,2. 

Hence we obtain a representation of the solutions of the Neumann BVP by poten- 
tial-type functions: 



r 1 « = 7( 1 )(-V r i 1 1 ) ) Wn) 1 4 1) +Gi, 

r 2 u = V (D (VV)” 1 (®2 2 i) _1 4 2) + G 2 , 



where Gi G C fiv+1 (flx) i — 1,2. 

Thus, using the asymptotic expansion (4.12) of the function ^ , i — 1,2 
and the asymptotic expansion of functions that can be represented by potential 
operators (see [CD2, Theorems 2.2 and 2.3]) we obtain the asymptotics of solu- 
tions to the Neumann problem in terms of the local coordinates (see § 3) in a 
neighborhood of the crack boundary: 



u 



tl £ X(r) 



m—1 u;=±l 



E 

3=0 



r 2 sin J 0'ip% l J(x',9)d J rnuj (x f ) 



N-l p(m,k) 

+ E E E '**‘*& M (a:', 0) sin ai 0 cos a2 0d!$£{x') 

k= 1 j — 0 \a\<N(m,k) 



(4.15) 



T '^rem,W ? 



where n rem , n £ H^^R 3 ) an d the coefficients d J m u; and are C°°(£) 

(see (3.11) for a similar notation). 

As in §3, the coefficients d^ ^ e C°°(£ ) of the asymptotic formula (4.15) 
can be expressed by the first coefficients Co of the surface expansion (4.12) (see 
[CD2]). 
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5. The mixed problem 

Any extension of the function g>\ to the whole boundary 

= Si U So has the form 



= $ 



(1) +^ 



where is a fixed extension of the function <pi , and ip^ G H 1//2 (So) . 



(i) 



1//2 (<9fb) of the function 02 to the whole boundary 



*W=*W+tl>Q\ 



Any extension G ’ 

80i = S\ U So has the form 

where is a fixed extension of the function 02 , and 0 q 2 ^ G M“ 1 / 2 (S'o) . 

Solutions of the mixed boundary value problem will be sought in the form 

(3.1) . Bearing in mind boundary conditions of the mixed problem and equalities 

(3.2) for the function u , we get a system of equations with respect to h , g\ , g 2 , 

( 1 ) ( 2 ) 

To , : 



r (-p + V 0 (0) )h + r 9 a(TV( 1 )) 5 2 = V' 



!/(!)„ ,.(1) 

P-1 91-^0 - 



( - \ I + V 0 (1) )g 2 - ^ + r 9fil (TV^)h 
-r So V^h - r So V^g 2 + p 0 1] = -rso^ 
{ r So (p + V 0 (1) ) 5l -4 2) =r So ^ 



= 



(2) 



on 80, 
on 

on dO,i ^ 
on S 0 , 
on S 0 , 



(5.1) 



Now we can formulate the basic theorem of the existence and uniqueness of 
a solution of the mixed problem. 

Theorem 5.1. The mixed boundary value problem has a unique solution in the space 
W 1 (fl\Si) , which is given by the potential-type functions 

u (i) = V< 1 >(vli ) ) _1 V»o 1) + i? 1 - 
u (2) = V( 1 )(B« +1 )- 1 Vy ) ^ 2) + J? 2 , 

where 

R t £C N +\ni), f = l,2, 

b & +1 = -( G 1 1 ) ) 2iV+1 + V ™ ( - \ / + v 0 (1) ) 

and (— L0 1 0q 2 \ (^q 1 ^) is the solution of the strongly elliptic pseudodifferential 
equation (5.3) . 

Moreover , let 



&:= 



sup 

1<?<8 

x' 



— |arg Aj(x')| , 



(5.2) 



11 11 

1 < r < oo , - — - +5<s<- + -— 5. 



1 < t < oo , 
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and u G W 1 (Q\Si) be the solution of the mixed BVP. Then: 

If (P! G B* t (5i) , ^2 € Wr^Si) , il>e wr 1 ^) , we have u G H* +1/t (fi\5i) . 

// ^1 G B| r (5i) , ^2 € I?,; 1 (Si) , ip G l?" 1 (3ft) , we /lave « G B|+ 1/t (f2\S 1 ) . 

Proof The operator corresponding to the system (5.1) will be denoted by M . It 
has the form 



-l/+K 0 (0) ) 


0 


ran(TVW) 


0 


0 


0 




0 


-I 


0 


ravATV^) 


0 


-U + V^ 


0 


-I 


-rs o V (0) 


0 


1 

-i 

Co 

o 


I 


0 


0 


rsoUl + V^) 


0 


0 


-I 



And again, operator M is decomposed in the form (3.6) with a compact and 
smoothing T_oo , but yet different P : 



V™ 


0 


-I 


0 


0 


-P + K 0 (1) 


0 


-I 


0 




I 


0 


rsoUl + vP) 


0 


0 


-I 



We consider the composition DoP of P with the invertible operator 



( I 


0 


0 


0 ^ 


0 


yW 


0 


o ! 


0 


0 


I 


0 i 


0 


0 


0 


i) 



For the invertibility of the pseudodifferential operator see Theorem 2.4. 
Note that, as in previous cases, the difference 

Tjv = DoP - Pjv? N = 2,3,...,, 



where 



N ~ 



v™ 

0 

0 



V r So (-i/+V 0 (1) ) 



0 

(-V^Y + + V" 0 (1) ) 

-rs 0 V^ 

0 



-I 

0 

I 

0 



0 ^ 
/ 



-v<$ 

0 

I 



0 
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is a compact operator. So it is sufficient for us to investigate the operator Pjv 
which acts in the following spaces: 









B-, r (ani) \ 


® 


© 


© 


© 






w~ r \m) 


B-, r (ani) 


© 


-> © 


© 


— > © 


®£(So) 


h;(s 0 ) 


B£,r(So) 


B£, r (So) 


© 


© 


© 


© 


rarHSo) 


Mp _1 (5o) 


B^So) 


%: r \So) / 



(/? > [\s\] +3, 1 < p < oo, 1 < t < oo). 

Now let us consider a system of equations that corresponds to the operator Pyv 
with respect to hi , h 2 , ip ^ > ip^ 

' 

+ V${- \I + V^)]g 2 - V^4 2) = *< 2) , 

-rsoVVjk + W-Fu (5 ' 3) 

l r So (-\l + V^ ) )g 1 +^ ) =F 2 . 

Similarly as it has been done in [Ch2] system (5.3) is reduced equivalently to a 
strongly elliptic pseudodifferential equation on So 

R (x',D')x = *, (5-4) 



where 



R(a :',£>') 



A 2 = 



L- or So A 2 (x',D') oL + L- 

-L+ r So Ai(x', D') 

Ai = {~\ I + v ^ 1) ){V^r\ 

_ {y W ) 2N + i _ (l/ + K 0 (1) ) ( V r i 1 1 ) r 1 ] _1 , 
L_ = r + diagA_-£, L + = diagA + . 



Here A± are the pseudodifferential operators with symbol A±(£') = £2 ±i±i|£i| , 
r + denotes the operator of restriction on and i is an extension operator. 

Since the operator has the same kernel and cokernel in all spaces where it is 
Fredholm and thus it has the same index (see [Agl, Kal, DNS2]), from Lemma 2.8 
and Theorem 1 . 1 it follows that the operator N is invertible in the corresponding 
Besov and Bessel potential spaces (cf. similar proofs in [DNS1, DNS2]). 

The second part, the solvability properties, are consequences of the first part 
and the mapping properties of the potential operators (see [DNS1, NCS1, Ch2] for 
similar considerations in elasticity). □ 

We drop the detailed asymptotic expansion of a solution to mixed BVP, 
because we cannot suggest any simplification in contrast to the Dirichlet and 
Neumann BVPs considered above. Asymptotic formulae for general PsDOs on a 
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smooth surface with a smooth boundary are exposed in detail in [CD1, CDD1]. 
Spatial asymptotic representations of the solution to a BVP, based on surface 
asymptotics of a solution to the corresponding boundary pseudodifferential equa- 
tion is exposed in [CD2, CDD1]. 



6. An example: media with cubic symmetry 

Consider an electro-elastic medium with cubic symmetry [Nol, Tol]. In this case 
the entries of the corresponding operator (1.2) are of the form: 



An(D) 


= cndf + c 44 d\ + c 44 d%, 


A 22 (D) 


= c 44 d 1 + c xl d\ + c 44 d\, 


A 33 (D) 


— c 44 d\ + c 44 < 9| + cudg, 


A ik(D) 


= (C 12 + c 44 )did k , i,k = 


A 14 (D) 


— — A41 (D) — 2e X4 d2d 3 , 


A 24 (Z?) 


= -A 42 (D) = 2e 14 d x d 3 , 


A 34 (D) 


= — A43 (D) = 2ei 4 did 2 , 


A 44 (D) 


= £hA. 



Condition (1.4) of internal energy positiveness imposes the following restrictions 
on the coefficients ca : 



c n > 0? C44 > 0, 611 > 0, 



2 cu 



We can calculate the eigenvalues Ai , A 2 , . . . , Ag with the help of the following 
theorem (see [Ch2, Theorem 6.6]): 



Theorem 6.1. Let \ k (x') , k 
Then 



A k(z') 



1, . . . , 8, be the eigenvalues of the matrix bn . 
if k = 1,...,4, 
if k = 5, ... ,8, x f G £, 



l l-2p k (x / ) 

1 + 2 p k {x’Y 
1 1 - 2 (3 k - 4 (x') 



where (3 k G 



1^ 1 
2 ’ 2 



1 + 2 p k - 4 (x'y 

are the eigenvalues of the matrix a 



Vo 



After calculating the matrix a v (i) we obtain 






0 

0 

0 —i 
0 



0 

0 

(cn - C12) 



0 



(cn - C12) 



2cn^/2(c + 1) 

0 



2cn \/2{c + 1) 
0 
0 
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where 



So 




2ChC44 



c 12 

C44 



> 



- 1 . 



01 = 02 = 0 , 03,4 = ± 



Cll ~ C 12 

2cn^/2 (c + 1) 



and the eigenvalues Aj are purely imaginary. 

Moreover, in this special case the exponents of the leading term of the asymp- 
totics are \ and | + iS ; exponents of further terms increase by order \ and not 
by 1 as it was in (3.8), (3.11), (4.12) and (4.15). A similar asymptotic behavior 
can be found in mixed problems (see [CD3] and also [Ch2, DN1]). In case of gen- 
eral anisotropy however, these exponents depend on the elastic constants as well 
as on the geometry of the crack edge. 



References 

[Agl] M. Agranovich, Elliptic singular integrodifferential operators. Uspekhi Mat . Nauk 
20 (1965), No. 5, 3-120 (in Russian). 

[BG1] T. Buchukuri and T. Gegelia, On the uniqueness of solutions of the basic problems 
of elasticity for infinite domains. (Russian) DifferentsiaVnye Uravneniya 25 (1989), 
No. 9, 1556-1565. 

[BG2] T. Buchukuri, and T. Gegelia, Some dynamic problems of the theory of electroe- 
lasticity. Mem. Differential Equations Math. Phys. 10 (1997), 1-53. 

[Chi] O. Chkadua, Singular integro-differential operators on a manifold and the basic 
boundary contact problems of the theory of elasticity. (Russian) PhD Dissertation , 
A. Razmadze Mathematical Institute, Tbilisi, 1984. 

[Ch2] O. Chkadua, The Dirichlet, Neumann and mixed boundary value problems of the 
theory of elasticity in n -dimensional domains with boundaries containing closed 
cuspidal edges. Math. Nachr. 189 (1998), 61-105. 

[CD1] O. Chkadua, and R. Duduchava, Pseudodifferential equations on manifolds with 
boundary: Fredholm property and asymptotic. Math. Nachr. 222 (2001), 79-139. 

[CD2] O. Chkadua and R. Duduchava, Asymptotic of functions represented by potentials. 
Russian J. Math. Phys. 7 (2000), No. 1, 15-47. 

[CD3] O. Chkadua and R. Duduchava, Asymptotic of solutions to some boundary value 
problems of elasticity for bodies with cuspidal edges. Mem. Differential Equations 
Math. Phys. 15 (1998), 29-58. 

[CDD1] M. Costabel, M. Dauge and R. Duduchava, Asymptotics without logarithmic 
terms for crack problems. Preprint 01-50, 2001, University of Rennes 1, France. 

[Dul] R. Duduchava, On multidimensional singular integral operators I— II. Journal of 
Operator Theory 11 (1984), 41-76, 199-214. 

[DN1] R. Duduchava and D. Natroshvili, Mixed crack type problem in anisotropic elas- 
ticity, Math. Nachr. 191 (1998), 83-107. 




212 



T. Buchukuri, O. Chkadua, and R. Duduchava 



[DNS1] R. Duduchava, D. Natroshvili and E. Shargorodsky, Boundary value problems of 
the mathematical theory of cracks. (Russian) Tbiliss. Gos. Univ. Inst. Prikl. Mat. 
Trudy 39 (1990), 63-84. 

[DNS2] R. Duduchava, D. Natroshvili and E. Shargorodsky, Some basic boundary value 
problems of thermoelasticity for anisotripic bodies with cuts I, II. Georgian Math. 
J. 2 (1995), No. 2, 123-140; No. 3, 259-276. 

[Fil] G. Fichera, Existence theorems in elasticity. Boundary value problems of elastic- 
ity with unilateral constraints. Handbuch der Physik, Band 6 a/2. Spring er-Verlag, 
Berlin , 1972. 

[Kal] R. Kapanadze, Factorization of matrix-functions and regularization of singular 
integral operators on manifolds with boundary. Mem. Differential Equations Math. 
Phys. 2 (1994), No. 1, 3-70. 

[KP1] R.J. Knops and L.E. Payne, Uniqueness theorems in linear elasticity. Springer 
Tracts Nat. Philos. 19, Spring er-Verlag, Berlin- Heidelberg -New York , 1971. 

[Nal] D. Natroshvili, Investigation of boundary value and initial boundary value prob- 
lems of the mathematical theory of elasticity and thermoelasticity for homogeneous 
anisotropic media using the potential methods. (Russian) Dissertation for Doctor of 
Sciences Degree, A. Razmadze Mathematical Institute, Tbilisi , 1984. 

[NCS1] D. Natroshvili, O. Chkadua, and E. Shargorodsky, Mixed problems for homoge- 
neous anisotropic elastic media. (Russian) Tbilisi. Gos. Univ. Inst. Prikl. Mat. Trudy 
39 (1990), 133-181. 

[Nol] W. Nowacki, Electromagnetic effects in solids. (Russian, translated from Polish) 
Mir, Moscow , 1986; Polish original: Efekty elektromagnetyczne w stalych cialach 
odksztalcalnych. Panstwowe Wydawnictwo Naukowe, Warszawa , 1983. 

[Pal] Y. E. Pak, Linear electro-elastic fracture mechanics of piezoelectric materials. In- 
ternat. J. Fracture 54 (1992), 79-100. 

[Shi] E. Shargorodsky, Boundary value problems for elliptic pseudodifferential operators 
on a manifold. Proc. A. Razmadze Math. Inst. 104 (1993), 108-132. 

[Sh2] E. Shargorodsky, An L p -analogue of the Vishik-Eskin theory. Mem. Diff. Equa- 
tions Math. Phys. 2 (1994), 41-146. 

[Tol] R. A. Toupin, The electric dielectrics. J. Rat. Mech. Analysis 5 (1956), 849-915. 

[Trl] H. Triebel, Interpolation Theory. Function spaces. Differential Operators. North 
Holland, Amsterdam , 1978. 

[Tr2] H. Triebel, Theory of Function Spaces , Birkhauser-Verlag, Basel 1983. 



Tengiz Buchukuri, Otar Chkadua, and Roland Duduchava 

A. Razmadze Mathematical Institute 

Academy of Sciences of Georgia 

M. Alexidze 1 

Tbilisi 93 

Georgia 

e-mail: buchuk@rmi . acnet . ge 
e-mail: chkadua@rmi . acnet . ge 
e-mail: duduchOrmi . acnet . ge 




Operator Theory 

Advances and Applications, Vol. 147, 213-240 
© 2004 Birkhauser Verlag Basel/Switzerland 



On a Class of Wedge Diffraction Problems 
posted by Erhard Meister 
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Dedicated to the memory of Erhard Meister with gratitude and admiration 



Abstract. A class of canonical wedge diffraction problems for Helmholtz equa- 
tions was formulated by E. Meister in 1986 and subsequently treated by an 
operator theoretical approach in various publications of his research group in- 
cluding two of the authors. Certain subclasses of those problems, recognized 
of being unsolved, are subject of the present paper. Some of them are now 
solved explicitly by refined operator theoretical and analytical methods, oth- 
ers are reduced to systems of equations which contain so-called convolution 
type operators with symmetry. By a new factorization approach those are 
proved to be Fredholm in certain (fractional) Sobolev spaces, sometimes with 
necessary compatibility conditions. Several of the associated operators are 
therefore explicitly inverted and a number of new problems can be recognized 
reflecting the challenges of the present state-of-the-art. 



1. Introduction 

Erhard Meister formulated in his survey papers [10, 11, 12], several classes of 
boundary value and transmission problems which were of outstanding interest in 
mathematical physics, particularly for the wave propagation phenomena in acous- 
tics, electrodynamics, elasticity and thermoelasticity theory, so-called canonical 
wedge diffraction problems. The word “canonical” stands (i) for the particular ge- 
ometrical situations like axi-parallel, rectangular or circular configurations, (ii) for 
constant coefficients in the corresponding partial differential equations and in the 
boundary conditions, and (iii) for the importance of the problem to describe ba- 
sic phenomena in wave propagation. See the conference proceedings [24] of the 
Workshop on Direct and Inverse Electromagnetic Scattering at Gebze/ Istanbul in 
September 1995, where this question was discussed in a round table, and [13] of the 
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Sommerfeld’96 Workshop in Freudenstadt/Black Forest organized by E. Meister 
to honor Arnold Sommer feld for his famous work [25]. 

In the center of Meister ’s considerations we meet the following class of prob- 
lems. 



U 2 


r y ' 

1 2 


L 2 u = 0 


LjW= (A+^j 2 )m = 0 


r 3 


B n u =9w B n u =9i2 on r i 


L 3 M = 0 


L 3 u = 0 


e 3 


r 4 e 4 



Figure 1. Canonical wedge diffraction problem. 

Let the real plane R 2 be divided into the four open quadrants Qj bordered 
by the (closed) coordinate half-axes Tj, j = 1,2, 3, 4, as figured out in Figure 1. 
Let kj E C, $sm(kj) > 0, j = 1,2, 3, 4, stand for given complex wave numbers 
due to different media filling the quadrants Qj . Then we look for a solution of the 
Helmholtz equations (HEs) 

LjU = (A + kj) u = 0 in Qj (1.1) 

that satisfies two boundary /transmission conditions (BTCs) 

B jl u = g jl , Bj 2 u = gj 2 on Tj (1.2) 

for each j = 1, 2, 3, 4 where the boundary operators consist of linear combinations 
of the Cauchy data and of oblique derivatives as well. They all have the form 

Bu = a + UQ + (3 + u+ + 7 + a~u / + f3~u j" + 7 ~u/ (1.3) 

with given constant coefficients a + , . . . , 7“ E C which may be different on each Tj . 
Herein v,Q,uf,u± denote the traces of the function u , the normal and tangential 
first derivatives of u , respectively, on the two banks of Tj (due to x 2 = ±0 on 
T 1 and T3 or x\ = ±0 on T 2 and T 4 ). The derivatives are always taken in the 
(positive) direction of the axis x\ or x 2 , respectively. 

In the basic setting, we look for the weak solutions u of the HEs (1.1) 

u [Qj eH'iQj), j = 1, 2,3,4. (1.4) 

Therefore we have to take boundary data 

M o|r! =t o^i u \Qi e 



(1.5) 
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etc. due to the trace theorem (we use both notations for convenience) and, via 
representation formulas [12], 

«i'|r 1 =ri,r 1 «|Q 1 GH- 1 / 2 (r 1 ) 

Solutions (1.4) of the HEs (1.1) are denoted by u E H 1 — for short, where 

Q = U j =1 Qj = M 2 \ U j = iFj (and analogously for parts of fi). 

Sometimes it is convenient to consider different spaces like H 1+e (Qj) or 
H s ’ p (Qj,w) with p e]1,oo[ and a weight function w according to regularity re- 
sults, edge and radiation conditions, which may be different in each quadrant [10]. 

It is well known [20] that, if u E H l and k\ = k 2 (e.g.), then the jumps of 
the Cauchy data across T 2 vanish (a.e.): 

^o" |r 2 — |r 2 = ® 

u t \r 2 u i |r 2 = ® 

if and only if the HE holds throughout the upper half-plane 

(A - k\) u = 0 in Q i2 = int clos (Qi U Q 2 ) 

(which can be proved with the help of the representation formula for solutions of 
the HE in the upper half-plane). 

Another observation is that the problem (1.1) — (1.2) decomposes eventually, if 
some of the BTCs (1.2) are pure boundary conditions. For instance, if 

Bnu = auQ + f3u+ + yiqf = g\ on T i 

B 2 \u = a'u J + fiul + 7 f u+ = g 2 on T 2 ^ ^ 



(1.7) 

( 1 . 8 ) 



we can obviously “split” a boundary value problem for the first quadrant looking 
for u E 7Y 1 (Qi) that satisfies (1.9). In terms of operator relations, this can be 
interpreted in the following way: Let L be the operator associated with the full 
problem (1.1)— (1.2) that maps u E H 1 into g E Xj = 1 H s ^(Tj) x H Sj 2 (Tj) which 
is the corresponding data space due to (1.2)— (1.6), and let L\ be the operator 
associated with the separated problem due to (1.9) that maps u E into 

g E H Sl1 (lb) x H S21 ( r 2 ), then L can be represented (identifying spaces with their 
decompositions) as 



l ={ L o l) ( L1 °) 

with obvious consequences for well-posedness, explicit solution, etc. This kind of 
organization becomes efficient for the extended systems of boundary pseudodiffer- 
ential equations (B\kDEs) to be treated later. 

E. Meister pointed out three subclasses of canonical diffraction problems that 
are most important from the physical point of view [12, p. 230-232]. These are the 
following, sketched in Figure 2: 
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Generalized Sommer feld half-plane problems: The class of problems with homo- 
geneous transmission conditions of the form (1.7) on T2,r3 and Fi in the case 
fci = &2 = &3 = &4 or, if different, with certain weighted transmission conditions 
for the normal derivatives like 

Piut - P2U1 = 522 on r 2 (1.11) 

etc. with pj > 0. See also [20]. 

Generalized (rectangular, exterior) wedge problems: These are characterized by 
transmission conditions on T3 and T4 and pure boundary conditions on T 1 and 
on T2, i.e., particularly boundary value problems (BVPs) for the exterior wedge 
Q234 = int clos (Q 2 UQ3UQ4). 

Mixed two-media half-space BVPs: Here we have transmission conditions on F2 
and boundary conditions on and on F^ looking for u G U Q 2) only. 

It turned out [15] that another class is very important and useful for the 
study of the Meister problems, namely: 

Interior (rectangular) wedge problems: They are given by (1.9) looking for u G 
H l (Q 1) and, in a sense, complementary to the exterior wedge problems [6]. 



Class 4 Class 3 




Figure 2. Configuration for the three classes of canonical problems 
posted by E. Meister and for the basic class 1 of interior wedge problems. 
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We shall number all these classes of problems according to the number of 
quadrants involved and the type of the two boundary conditions as, for example, 
lDD-the Dirichlet problem for the first quadrant etc., as shown in Table 1. Histor- 
ically, it might be more reasonable to number them the other way around starting 
with the Sommerfeld problem as done by E. Meister. 

However, the interior wedge problems are of basic interest because they serve 
to solve the others. Each problem of class 1, which is explicitly solved, gives a 
new ansatz (or representation formula) to reduce other problems. Thus particular 
attention is devoted to these problems here and we plan to study further Meister 
problems that are of particular physical interest in forthcoming publications (it 
turned out that too many questions have to be answered for class 1 problems). 

The following table presents an overview of solved problems in the sense of 
explicit analytical solution (underlined references) and, respectively, partial results 
like Fredholm criteria , index formulas , solvability by fixed point arguments (not un- 
derlined items). In general we refer to one-medium problems in weak formulation. 
Various classical solutions and other previous results are referred to in the cited 
literature of Table 1. Others do not fall directly into the scheme, e.g., transmission 
between the first quadrant and its complement [16]. It is evident that studies are 
much simpler whenever the PDEs hold throughout half-planes (wedges play no 
role) as possible in class 2, class 4 and partly in class 3. 



Class 


DD 


NN 


DN 


IX 


00 


Gl 


HL 


1 


M 

1 


M 

1 


[151 

0 


[23] 

1 








2 


[14] 

1,2 


[14] 

1,2 


M 

0,3 


[3] 

6 


[3] 

6 


[3] 

6 




3 


[15] 

1 


[IS} 

1 


M 

0 










4 


[26} 

1,3 


M 

1,3 


M 

0 


M 

4 


[21, 9] 


[20, 27, 28] 

5 


[17] 



Legend 

DD Dirichlet conditions on both 0 

parts of the boundary 
NN Neumann conditions 
DN mixed type (Dirichlet /Neumann) 

XT impedance conditions 
00 oblique derivatives 
Gl general third kind (1st order) 

HL higher order Leontovich type 



Footnotes 

a compatibility condition is not needed 
compatibility conditions are necessary 
also solved explicitly for two media 
partial results for two media 
partial results for two different 
impedance numbers 

no oblique derivative problems included 
strong solution of so-called piecewise 
elliptic BVPs for PDEs of higher order 



1 
2 

3 

4 

5 

6 

Table 1 . Solved and unsolved problems of class 1-4. 
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This article presents 

• an operator theoretical approach which relates the diffraction problems by op- 
erator matrix identities to classes of convolution type operators with symme- 
try (CTOS), replacing the classical ideas to work with potentials and B'FDEs, 

• the identification of further problems (mainly of class 1) which are well posed, 
Fredholm, or normally solvable, 

• the image normalization of corresponding operators with non-closed images, 
discovery and description of the adequate function(al) spaces by compatibility 
conditions, and 

• the explicit analytical solution of various problems by new factorizations 
methods for CTOS. 



2. Basic representation formulas and operator equivalence 
with BiLDOs 

Let us first introduce some notation to formulate the basic problems of class 1 
that we like to reduce to systems of B^DEs by the help of representation formulas 
derived in [15] where more details are described. We make use of the Fourier 
transformation in <S,L 2 ,5' denoted by 

Tu(i) = u(£) = f Rn u(x) exp [if -^dx i • • • dx n , £ G R” ^ 

J r Xl ^u(xi,x 2 ) = f M u(x\,x 2 ) exp[i£a;i] dxi, 
and the usual Sobolev spaces H s = H s (R n ) C <S'(M n ) normed by 

Mis = f |«(D| 2 (1 + III) 2 dfr ■ • • de„ < 00. (2.2) 

JR n 

For open sets ft C M n , let u £ H s (ft) if u is the restriction to ft of a distri- 
bution in iP(M n ), and let 

u \\h s (Q) = ^\\^ U \\H 3 (R n ) ( 2 - 3 ) 



taking the infimum with respect to all extensions in H s ; we write u £ H s (ft) if 
the extension by zero, Iqu £ <S'(R n ), belongs to H s . As pointed out earlier, cf. [15] 
e.g., for the half- axes ft = R± = {x £ R : ±x > 0}, this space can be identified 
with the subspace H ^ of H s distributions supported on ft if and only if s > —1/2, 
and it coincides with H s (ft) exactly for s £] — 1/2, l/2[, i.e., in brief 

H°(n)=r + Hi l , i^=4# s (ft) for s > -1/2 

H s (Q) = H s (n), H^=e 0 H s (Q) for |s| < 1/2 

and the same holds for (special) Lipschitz domains c R n [29]. 

The spaces of particular interest in (1.6) admit proper, dense embeddings 

H 1/2 (R ± ) C H 1/2 (R±), H- 1/2 (R±) C H~ 1/2 (R±) (2.5) 
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and the even and odd extension operators from R + (e.g.) 
t e : H 1 / 2 (R+) -> 

1° : E+) -> H-^ 2 (R) ^ 

are bounded. Conversely, an element u E H 1 / 2 ( R + ) admits an odd extension if 
and only if u E ij 1 / 2 (R+), i.e., it is extendable by zero, and u E H~ 1 / 2 ( R+) has 
an even extension if and only if u E i7~ 1/,2 (R+) [19]. 

As pointed out in Figure 1, Qj denote the four open quadrants in R 2 and 
Tj the closed half- axes for j = 1,2, 3, 4. For convenience we write further dQj = 
r jk(— Tkj) where k = j + 1 for j — 1, 2, 3 and jk = 41 for j = 4; the open half- 
planes are denoted by Qjk = int clos (Qj U Qk) with analogous numeration, the 
full axes by Tjk where j + k is even and exterior wedges by Q 124 = int (R 2 \ Q 3 ) 
etc. 

Weak solutions of the HEs (1.2) are briefly denoted by 

uen\n) (2.7) 

which means that u is a weak solution, i.e., u E i7 1 (fi), of the Helmholtz equation 
in ft provided ft is a domain (open and connected) such that int clos ft = ft or it 
is a weak solution in each component of a finite union of such domains. 

We shall frequently use the trace operators T L pj and T Lj r jk introduced in 
(1.5)— (1.6) , convolution operators on the lines Ti 3 and T 2 4 (identified with R) 
given by 

A^{x) = F^ x 4>{0 ■ <p(0, xgR (2.8) 

in Sobolev spaces for certain </> E L^ C (R) and surface (or layer) potential operators 
which appear in the following representation formulas. 

Proposition 2.1. There is a toplinear isomorphism 

>Cdn, Qi ■ X 1 = H 1 / 2 ^^ x H ~^ 2 {T 2 ) - H'iQi) (2.9) 

given by the following formulas: If (/, g) € X\ then 

U = K.DN,Qi(f,g)* = Xo,Q 12 i e f + ICN,Q 14 t°g (2-10) 



= {e-xjp[-t(£)x 2 ]£ e f{0} ~r^ X2 {exp[-i(£)a:i] -t 

1 /O 

where £(£) — (£ 2 — A: 2 ) ; ( E R (with the usual vertical branch cut from k\ to 

—k\ over infinity). Moreover we have 

(T 0 , ri ,Ti 5 r 2 )* ICdn,q 1 = Ix 1 ^ 

£dn,q i (T 0 , ri ,Ti ? r 2 ) =Ih 1 (Qi) 

where * denotes transposition writing vectors in column form. 



Proof. This is another interpretation of the fact that the weak mixed (Dirich- 
let/Neumann) boundary value problem for the HE in the first quadrant is well 
posed and explicitly solved by (2.10), see [15, Section 4]. □ 
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For any other half-planes Qjk let K,D,Q jk and /C N,Q jk be defined by analogy 
(reflection), further JCnd,Q! by symmetry (exchanging the roles of x\ and # 2 ) and 
I^ND,Qj as well by analogy. 

Thus we obtain a collection of representation formulas for any u G TL l (Cl) 
which can be enlarged by various other formulas according to explicit solutions 
mentioned in Table 1. However, taking the complementary Cauchy data in (2.10) 
we arrive at the most important around the corner operators (ACOs) in the fol- 
lowing: 



Proposition 2.2. The composed operators 

C 0 i e = T 0 ,r 2 /C D ,Q 12 r : H 1 ^) - H l / 2 {T 2 ) 

C x l° = -T lX2 lC N , Ql J° : ^ H~ l / 2 {T 2 ) 

are bounded linear operators where the ACOs are given by 
C 0 f(x) = f R exp[-f(£):r]/(0 d£, x >0 

Cig(x) = i(27r) _1 / R exp[-t(Oa;]^j?(O d C, x > 0. 
Moreover, Cj : H s — > H S (W+) are continuous transformations for any s G 



( 2 . 12 ) 



(2.13) 



Proof (2.12) is a consequence of Proposition 2.1 and the symmetry of the HE 
with respect to the two variables x\ and £ 2 , cf. [15, Section 6]. The exponential 
decrease of the kernels in (2.4) gives us the last conclusion. □ 



Now we are in the position to derive a system of 4/DEs for the BVP in 
weak formulation governed by the HE and the general boundary conditions of first 
kind (1.9). We formulate this equivalence in its strongest form as follows. 

Theorem 2.3. Let a, ( 3 , 7, a', ( 3 ' , 7' G C. Then the operator 

£1 : WiQi) tf~ 1/2 ( ri) X H- 1 ' 2 ^) = u (2.14) 

that maps the weak solutions of the HE in Q\ into the data (1.9), is toplinear 
equivalent to the operator 

_ f r+(al- (3 A t + 7 A*) P 0 CJ 0 \ 

\ C 0 {a' I - YA t )£ e r + (-a'A t -i + /3'I + YA s )e° ) (2.15) 

: Xi = ff 1/2 ( ri) x H~ l / 2 {T 2 ) -> Yi 

where t(£) = (£ 2 - k 2 ) 1/2 , t?(£) = -i£, 0(0 = -#(0A(0 = *0£ 2 - k 2 )~ 1/2 , 
£ G R. I.e.j the two operators coincide up to homeomorphisms being simply related 
by: 



L\=T (To^^Tpra) 
T = L\ JCdn,Q!- 



(2.16) 
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Proof. Classically speaking: If we put the representation (2.10) of an arbitrary 
PPiQi) element in terms of the layer potentials /, g on Ti and 1^, respectively, 
into the BCs (1.9), we obtain directly 

T(f,g)* = {gi,g 2 )* (2.17) 

because the D/N/T data in terms of (/, g) read on IV. 

Uofal) = f( x i) - (27r) _1 / R exp[-*£x 2 - i(C)^i]i _1 (^ o 9(C)^| X2=0 
= f(xi)-C 0 A t -ie°g(x 1 ) = f(xi) 

ut(xi) = (27r) _1 /R e xp[-^i -t(0x2\{-t(0)t e f(0<% 

+ ( 27r ) _1 /R^exp[-^x 2 -i(0®i]* _1 (£K°s(0<£ |a:2=0 
= -r + A t tf(xi) + Ci£°g(xi) 

w+(xi) = (27r) _1 / R (-*eexp[-^xi - t(t)x 2 \£ e f(Z) d£ 

+( 27r )” 1 /R ex P[-^ a; 2 - *(0*l]^(0<^| l3=0 
= f(x i) + C 0 £°g(xi) = /'(xi) 

where we used that C^ip = 0 for odd functions p £ H ±1//2 and that /' = r + A#£ e f £ 
J^ _1 / 2 (R + ). Further we have on F 2 : 

Uq(x 2 ) = (27r) _1 / R exp[-^xi -t(C)x 2 ]f e /(0^ 

-( 27r ) _1 / R exp[-^x 2 ~ tiOxi^iO^g^) d^ xi=Q 
= C 0 £ e f(x 2 ) - r + A t -i£°g{x 2 ) 

u7(x 2 ) = (27r) _1 / R (-iOexp[-i^xi -t(0x 2 ]^ e /(0^ 

+( 27r ) _1 / R exp[-i£x 2 - t^x^Cg^) d£| Xl=0 ( 2 - 19 ) 

= C 0 A^£ e f(x 2 ) + g(x 2 ) = g(x 2 ) 

u~{x 2 ) = (27r) _1 / R exp[-^xi -t(0x 2 ](-t(O^ e /(0^ 

+( 27r ) _1 /R ^ exp[-i^x 2 - t(0xi]f _1 (0^(0 ^| Xi=0 
= ~C 0 A t £ e f(x 2 )+r + Ag£°g(x 2 ). 

Note that A$£ e f is odd and Co : H ~ 1 ,/2 — > // _1/,2 (M + ) is here continuously ex- 
tended from H 1,/2 . Together with Proposition 2.1 we obtain the formulas (2.15)- 
(2.16). □ 

Remark 2.4. In other words: L\ can be factorized into a bounded pseudodifferen- 
tial operator T and the mixed trace operator (To,ri , Ti ? r 2 )* which is (boundedly) 
invertible by /Cdv,Qi • The variety of all representations of H 1 (Q i) solutions of the 
HE in terms of such layer potentials corresponds with such operator factorizations 
and with the class of all well-posed BVPs for the HE in Qi in weak formulation. 




222 



L.P. Castro, F.-O. Speck, and F.S. Teixeira 



Corollary 2.5. Let o, /?, 7, o', /?', 7' E C and (<71,02) G if _1 / 2 (R+) 2 given and 
consider the BVP 1G1 to look for the solutions u E Ti}{Qi) that satisfy (1.9). This 
BVP is well posed if and only if the operator T given by (2.15) is invertible. In 
this case , the unique solution is given by 

u = Lp( gi ,g2)* = ICdn,q 1 T- 1 ( 9 i ,92)*. ( 2 . 20 ) 

Analogously we have results for the Fredholm property, representation of 
generalized inverses, etc., which are not formulated explicitly here. 



3. Interior wedge problems (part 1) 

Now we study systematically the BVPs for the first quadrant, particularly the 
questions: Is the operator T in (2.15) bounded invertible (thus problem 1 Xy is 
well posed)? Can we construct an explicit analytical representation of T -1 (and 
consequently of the solution of an interior wedge problem)? In the boundary con- 
dition on Ti 

<*«o + /3u+ + 7 ul = gi (3.1) 

we distinguish between the following cases: 



D 


0 = 1, 


O 

II 

II 


(Dirichlet) 


N 


0 = 1, 


o = 7 = 0 


(Neumann) 


1 


a = ip , 


0 = 1,7 = 0 


(impedance) 


T 


0 = 0 




(tangential) 


0 


a = 0 




(oblique derivative) 


G 






(general) 



and so we do in the condition on T2 with coefficients o', /?', 7'. Consequently 
there are 6 x 6 = 36 cases to be classified, which reduce to 21 cases by symmetry 
exchanging Ti and T2- The first question is if a problem reduces directly to a 
scalar equation (the system of B'FDEs “decomposes”), i.e., if T is triangular or 
not, respectively. In many cases we obtain a positive answer just looking at the 
operator matrix (2.15), see the result in Table 2. 



Ti \r 2 


D 


N 


j 


T 


0 


G 


D 


A 


A 


A 


A 


A 


A 


N 


* 


A 


* 


* 


* 


* 


1 


* 


A 


nt 


* 


nt 


nt 


T 


A 


A 


A 


A 


A 


A 


0 


* 


A 


nt 


* 


nt 


nt 


G 


* 


A 


nt 


* 


nt 


nt 



Table 2. Cases of problems 1 Xy where T is triangular (a), eventually 
after exchanging X and y (*) or where T is not triangular (nt), respec- 
tively. 
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Note that only the solution of the problems 1 DD, INN, 1 DN (see Propo- 
sition 2.1) and 1 ND (by symmetry) are known from [15]. We shall treat various 
other cases and see that the following properties of T are most important: 

• T is triangular (or not, respectively), 

• T is normal type , i.e., the operators 

A „ 1 = T-'ox-T = otl-pAt+iA* : H 1 / 2 — > H Sl 

A,, = T~ x a 2 -T = -a'At-i+p'I + ^'Ag : H ~ 1 ' 2 -► H s * 

are bijective (sj = 1/2 for the D case, Sj — —1/2 else), 

• the pre-symbols aj are even functions or minus type i.e., a^ 1 have holomorphic 
extensions from R into the lower half-plane, 

• the images of the main diagonal elements T\ and T2 of T are closed, 

• ind Tj = dimkerTj — codim im Tj = 0. 

In the subsequent studies we shall include moreover: 

• <jj admits a certain factorization, see Section 4, 

• Co and C\ satisfy certain composition formulas, see [15] and forthcoming 
research. 



Proposition 3.1. 

(a) T is normal type if and only if 

<7i(£) = a - /3t(£) + 71?(£) ^ 0 , 

<r 2 (0 = -a't- 1 (£) + ft + 7'0(£) 

^ _1 (o = o(ier -1/2 ) , <» 

<^(0 = o(|^| S2+1/2 ) , 

(b) Oj is an even function if and only if the corresponding boundary condition 
has no tangential derivative term, i.e., is of D,N orX type. 

(c) a i is minus type if and only if (i) the corresponding boundary condition is 
tangential (/3 = 0) and (ii) 7 = 0 or $te(a/ (3) < 0. 

Proof. It is obvious. □ 



7^ 0 , £ e 

l£l ->• 00 

l£l ->• °°- 



(3.3) 



Theorem 3.2. Let T be triangular and normal type, let g\ be even or minus type 
and (72 be even. Then exactly one of the following statements is fulfilled: 

I. T is invertible in the given space setting. 

II. T is injective, imT is not closed but dense. 

In both cases, the inverse is obtained in closed analytic form by elementary inver- 
sion of the main diagonal and usual modification to a triangular operator matrix. 

Proof. The various cases are treated (up to analogy) in the following sequence of 
three reference problems. 
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Example 3.3. Problem IDT leads to 

/ r+l e 0 

V -C 0 A t £ e r + (-ipA t -i + I) 1° 

where cr 2 = 1 — ipt~ l is even. Obviously 

T~ l T 2 = r + i4 -i^°r + i4 ff2 r = / : /T 1/2 (R+) -> H~ 1/2 (R + ) (3.5) 

and £°r+A a2 £° = A a2 £° since A a2 — T~ x o 2 • T transforms odd functionals into 
odd functionals. The same holds for X^X^ -1 . 

Now the inverse of X results from its triangular form: 

?-'=( 1 °Y l -( 7 0 

V -CoAt? T 2 ) \ T^CoAt? T 2 - x 

as a bounded linear operator in H ] / 2 (¥L + ) x H~ ] '' 2 (R + ). 





Example 3.4. Problem 1 DD explains most clearly what happens in case II, based 
on the analytical solution in [15]. Due to the fact that the trace of a solution 
u E H 1 (Qi) belongs to H l / 2 (J?i 2 ), i.e., the two functions cpi = Xo,ri^> X 2 = Xo,r 2 ^ 
are extensions of each other within the space H 1 / 2 , we may think of the data space 

U = {(¥> 1 ,^ 2 ) e tf 1/2 ( M+) 2 : ipx - G £ 1/2 (M+)} (3.7) 



identifying Tj with M + . 

Formally we have from (2.15) 



T 



I 0 

c 0 e e -r+A t -,e° 



T~ 1 = 



I 0 

r+A t e°C 0 l e -r+A t £° 



(3.8) 



It is obvious that X is bounded as an operator 

X : 1/2 (IR + ) x H~ 1/2 ( IR+) -> H 1/2 ( IR+) x H 1/2 ( ]R+) (3.9) 

but the two operators in the last line of (3.8) are not bounded on H 1 ^ 2 (R + ) 
if considered separately since £° is not defined from H 1 ^ 2 (R^-) into i/ 1 / 2 (M + ), 
cf. (2.6). This difficulty disappears by incorporating the compatibility condition in 
the image space of X and considering 

r + A t ~i£° : H~ 1/2 { R+) -> H 1/2 {JR+) (3.10) 

since A t -i maps H~ 1 / 2, ° onto H 1 ^ 2, ° and r + : H 1 / 2, ° — » H 1 / 2 (1R+) is bounded 
invertible by £°. Thus X in (3.9) is normalized if we replace the last component 
space by the dense subspace H 1 / 2 ( IR + ) and it becomes bijective. 
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Note that is invariant for Cot e [15] and the operator T is (image) 

normalized [22] if the adapted data space is re-normed by 

11(^1? l P‘2)\\y 1 = 11^1 IIh 1 / 2 (R + ) + 11^1 ~ ^ 2 llfp/2(iR + )- (3-11) 

Example 3.5. Problem ITT leads directly from (2.15) to 

/ r+(al + 'yA#)£ e 0 

y a'Co£ e r + (~a'A t -i + f3 f I ) £° 

Now let the pre- symbols 

<7i(0 = a- = -n(^+^*) 

<t 2 (£) = & = /?' (l -ipt~ l ) 

satisfy (3.3) and o\ be minus type, which is the case if 5te(a/7) < 0 and, e.g., 
the physically relevant case ^sm(p ) > 0, see [18] (for simplicity we may choose 
—ij = f3 r = 1). Then T x _1 = r+A a -i£ since 

Tf x Ti = r+A a -i£r+A ai i e = 1 on tf 1/2 (IR + ) (3.14) 

which does not depend on the extension tip of (p in PT -1 / 2 , see [7, Lemma 4.4], 
and TiT-f 1 — I on i7 _1 / 2 ( IR+) by analogy. Also T 2 is invertible in the given space 
setting, see Example 3.3, and ocC§t e : H 1 / 2 ( IR + ) — > # _1 / 2 (IR + ) is bounded. 
Thus T is invertible as in (3.6). No compatibility conditions appear although both 
boundary operators have order one. 

To complete the proof of Theorem 3.2 we observe that all the other cases 
mentioned in Theorem 3.2 can be treated by analogy to the three given examples 
as follows: 

1DD - see Example 3.4; belongs to case II. 

1 DN - see Theorem 2.3; case I. 

IDT - see Example 3.3; case I. 

IDT - a 2 is not even, nor minus type, see ITT; case I. 

1 ND - not triangular, but see 1 DN] case I. 

INN - analogous to IDD, see [15]; case II. 

liVT - not triangular, but see 1T/V, like INN; case II. 

liVT - not triangular, cr 2 not even, but see ITiV; case I. 

IT D - not triangular, but see IDT, case I. 

1TN - like INN] case II. 

ITT - not triangular - still open. 

ITT - not triangular, <j 2 not even, but see TT; case I. 

1 TD - combination of Example 3.5 for T\ and Example 3.4 for T 2 ; case II. 
1T7V - like ITT, Example 3.5; case I. 

ITT - see Example 3.5; case I. 

ITT - triangular, but cr 2 not even, see Section 5. 

This completes the proof of Theorem 3.2 (an overview is given later in Table 3) . □ 
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Remark 3.6. 1. Of all the decomposing (triangular) cases of normal type in the 
first 4x4 block of Table 2 we did not (yet) solve the problems 1 TX when <ti is 
plus type which turns out to be quite subtle (see Section 5). 

2. The compatibility condition in INN , 1 NX, YIN reads, compare (3.7) and (3.11), 
as found in [15]: 

Si + <? 2 etf- 1/2 (IR + ). (3.15) 

If we want to invert further operators Tj where the pre-symbol (jj is not even 
nor minus type, we need more knowledge about the factorization of dj into such 
functions, provided in the next section. 



4. A direct approach to convolution type operators with symmetry 

We have seen that various wedge problems can be reduced (in the sense of toplinear 
equivalence) to the study of convolution type operators with symmetry , which have 
the form 

T = r + M c : tf r (R+) -> if s (M + ). (4.1) 

In the scalar case we had |r| = |s| = 1/2, £ c was a special continuous extension 
operator: even or odd for r = ±1/2, respectively. A — A^— T~ x (\) • T : H r — » H s 
is translation invariant (a distributional convolution) and supposed to be bounded 
invertible (normal type). 

Let us outline briefly a most direct constructive factorization method for the 
(generalized) inversion of (4.1) which will be published in detail elsewhere [5]. Thus 
we present here only the main features without proofs. An alternative approach 
via Wiener-Hopf plus Hankel operators can be found in [2] . 

Lemma 4.1. Let H re , H ro denote the sub spaces of H r elements which are even 
or odd, respectively. The operator of even or odd extension, respectively, 

£ c : tf r (R + ) -> H r (4.2) 

is left invertible (by r+ / with image H r e or H r, ° if and only if 

( ] - 1/2, 3/2[ for F = t 

r G < (4.3) 

1 ] — 3/2, l/2[ for l c = l° . 

Proposition 4.2. In case of { 4.3), the operator (4.1) can he lifted into L 2 (R + ), i.e., 
there are toplinear isomorphisms E, F such that 

T = ET 0 F 

To = r + A 0 £ c : L 2 (R+) - L 2 (M+) 

A 0 = E~ l 4>o ■ E 



(4.4) 
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where 0o G 0L°°(R) provided A is bijective (normal type). More precisely 
Ao = A\s_AA\- r 

0o = AL0A r (4.5) 

E — r+A x - s £ y F = r+A\r£ c 

where A(£) = (£ 2 + l) 1 ^ 2 , A_(£) = £ — i for £ G M. 

Remark 4.3. So we reduced, by toplinear equivalence , the operators (4.1) to the 
case r = s = 0. 

It may be useful to replace A(£) by £(£) = (£ 2 — k 2 ) 1 ^ 2 or tkj (0 = (£ 2 — k 2 ) 1 ^ 2 
and A_(£) by £_(£) = £ — fc, in order to obtain simpler pre-symbols 0o in certain 
applications provided ^sm(k) > 0, ^sm(kj ) > 0. We shall see that further symbols 
are helpful (rational with the same zero/pole characteristics and their square roots) 
due to certain BTCs. 



Definition 4.4. Let A : H r — > H s be bounded invertible and one of the cases of (4.3) 
be satisfied. Then A admits an asymmetric factorization through an intermediate 
space Z = H f (AFIS), if 



A = A-CA e : H r — > H r — > H r — > H s 



(4.6) 



holds as a composition of bounded invertible linear operators and 
r+At 1 tr+ = r+At 1 
i c r + Apl c = Ap£ c 
C = A c « =F~ 1 C K -F 

c(o = (A_(o/A + (or = (|Gi) K > 



(4.7) 



where £ denotes any extension in the corresponding space to the full line and £ c 
stands for the bounded extension operator £ e or £°, respectively, i.e., r satisfies the 
same condition as r does, see (4.3), and kgZ. 



As before, a useful modification is to choose, instead of any other rational 
function with the same number of zeros and poles in the upper/lower complex 
half-plane and no zeros and poles on M (cf. Proposition 5.3). 



Theorem 4.5. Let A = A-CA e be an AFIS. Then the operator T in (4.1) is 
Fredholm and one-sided invertible. A left or right inverse is given by 

T~ = r + A-H c r + C~H c r + AZ l e. 

and 

a(T) = dimkerT = max{0, — 

(3(T) = codim imT = max{0,ft} 

i.e., indT = —k. 



(4.8) 

(4.9) 




228 



L.P. Castro, F.-O. Speck, and F.S. Teixeira 



Theorem 4.6. Let A — T 1 <fi • T : L 2 — >• L 2 where <fi E GC U { R) and j/ e]0, 1[, 
further let 



u> = (2wi) ^dlog^ 
sfte(w) ± 1/4 £ Z 



(4.10) 



where the sign depends on the case £ c = or respectively. Then A admits an 
A FIS given by the following formulas: 



k = Tnt (9?e(a;) ± 1/4) = max{z GZ:z< 5fte(cj) ± 1/4} 
ip = 0 _1 (+oo) <p 

</>_ = exp |p_ log ^V’ -1 ) ) 

<£e = C _K CV 

■ T 



A e = T 1 4> e ■ T 



(4.11) 



where P- = (/ — Sr)/2 (with Sj& denoting the Hilbert transformation) and ip = Jip 
for the reflection operator J . 

Corollary 4.7. T be given by (4.1), r satisfying (4.3), s E R, A = P~ l (j> • T , 
(j ) o = Ai</>A _r E £/C^(M) and u) be given by (4.10). Then the following conditions 
are equivalent: 

(j) 3?e(co) ± 1/4 ^ Z in case of £ e or £° , respectively, 

(jj) A admits an A FIS, 

(jjj) T is Fredholm. 

In this case Z = H 2r} where r\ — 3?e(co) — k e] — 1/4, 3/4[ for £ c = £ e or rj E 
] — 3/4, l/4[ for £ c = £°, respectively. The kernels of T and T~ can be computed 
easily, see [5]. 

Corollary 4.8. If A and Ao are related as in Proposition 4.2 and if po is factored 
as in Theorem 4.6 (there denoted by p), then 

A = A x -sAoA X r = (A xy A-) C(A e A X r) (4.12) 

represents an AFIS of A according to (4.5) and (4.11). 



5. Interior wedge problems solved by factorization 

Now we are able to complete the discussion of class 1 problems with triangular T 
in (2.15). Let us first study the scalar operators that appear in this context (lifted 
main diagonal elements of T). There are two types. 

Proposition 5.1. Let 



S» = r+A^t : L 2 (K + ) — > L 2 (R + ) 



(5.1) 
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<t>v= {at 1 - (3 - 7 0) C M 



4>o(0 = — rp? — (3 - 7 ^ — TT? ^ 0, for £ £ 

( ?-k 2 f 2 \e-k 2 )' 



and a, (3, 7 G C. Then S M is Fredholm if and only if 



exp [2tt i (fi — 1/4)] 



(3 + 27 

(3 — 'll 



In this case , an AFIS of A and a one-sided inverse S of S M are given by 
(4.8) -(4. 11) (substitute A = A ^ and T = S^/. Furthermore 

| ind 5o | = | Ini (»e(a; 0 ) + 3/4) | <3 

ind = —Int (5Re(o; M ) + 3/4) = — Tnt (5Re(cJo) + F + 3/4) ^ ^ 

for any choice of admissible parameters. In particular S M is invertible if and only if 

»e(uv) = 5ie ((2^)'7 r d log ^) G ]-3/4, l/4[. (5.5) 



Proof Firstly we consider the case /i = 0. Obviously <^>o G t/C^R) because of (5.2), 
so that Theorem 4.5, Theorem 4.6 and Corollary 4.7 apply. Thus the Fredholm 
property of Sq is equivalent to each of the following conditions: 



3?e(u;o) - 1/4 £ Z 

(27r) -1 arg<£ 0 (+oo) - (27r) _1 arg<(>o(-oo) ^ 1/4 
<j>o{+oo) ± iy<f> 0 (-oo) for y £ E + 



mod Z 



(5.6) 



that is (5.3) where </>o(=boo) = —(3 =F 72 ^ 0 follows from (5.2). 

Therefore all statements result from Section 4 up to the index estimate, 

| ind £ 0 1 < 3, which is a consequence of the discussion of the graphs of t~ l and 
a = (3 + £ t~ l (putting 27 = 1 for simplicity), combining considerations from [18] 
and [ 21 ]. 

Now consider the case pi G R. (5.2) remains unchanged since G (R). 
The Fredholm property is equivalent to 5?e(u/ M ) — 1/4 ^ Z which results in (5.3) 
due to the modification of (5.6). In this case, we have an AFIS, the invertibility 
criterion (5.5), and an index formula (5.4) by the fact that — ljq + fi. □ 



Remark 5.2. Condition (5.2) can be checked easily by computing the roots of 
0o (0 = 0, which is a quadratic equation in C. We obtain immediately the essential 
spectrum of S ^ from (5.3) and the spectrum from (5.5), since n = 0 corresponds 
with the invertibility of S^. 
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Proposition 5.3. Let 

S = r+A+F : -► i^- 1 / 2 (]R + ) (5.7) 

where 

0(0 = a + 7^(0 =a-i^ (5.8) 

and a ,7 G C \ {0}, $le(a/ 7 ) > 0 (i.e., 0 is plus type). Then S is Fredholm with 
a(S) = 1 , /3(S) = 0 and right invertible by 

S~ = r+C-^r+Al^ (5.9) 

w/iere 5 = A-C stands for a (modified) AFIS with Fourier symbols 

<t> = ( 5 - 10 ) 

Proof. Obviously, A- = J-~ l (a — 7 $) ■ T and C = J-~ l ^ 7 are minus type 
and C~ l is plus type. Therefore 

SS - = r+A-CFr+C-'Fr+Al'l 

= r+A-tr+Ctr+C-'tr+AZ^t ( 5 . 11 ) 

= r+A-tr+AZ}£ = I 

because 

r + A_ = r + A^£r+ : H 1 ! 2 i?" 1 / 2 ^) 

r+C = r+C£r+ : H 1 ' 2 -v i7 1 / 2 (IR + ). ^ 5 ' 12 ^ 

For obtaining a(5) = 1, we lift the operators by applying Proposition 4.2 and take 
profit of the properties of the present AFIS in order to work with the kernel of 
S~ . Note that the even extension operator £ e acts here always into H 1 / 2 . □ 



Theorem 5.4. Let T be the operator (2.15) due to Problem IDG and let T be of 
normal type. Then (dropping the dashes of the coefficients) T has the form 

= ( I o \ = ( I 0 

T ~ \ K 0 T 2 ) ( Ko r+A x i_/2 eS^r+Ax-1/2 1 ° 

where satisfies (5.1)-(5.2), p = —1/4, and Ko = Co{(^I—^A t )£ e : i3 rl / 2 (]R+) — > 
H~~ 1 ^ 2 ( IR+) is bounded. The pre-symbol 0 M of can be factored as 

0 /u = 0 -C^ 0 e 

= K + p + ir (5.14) 

kGZ, rj e [—3/4, l/4[, rGl 




and we have the following alternative: Either 
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Ilia. Case 77 ^ — 3/4, i.e., 5Je(o; M — 1/4) ^ Z : T is Fredholm with the same char- 



acteristics as S indT — —n, and one-sided invertible by 

I 0 \ 



T~ = 



T^K 0 



(5.15) 



T 2 =r + A x i/ 2 £°S ll r + A x:1/ 2£ 

where S~ is given by Proposition 5.1 and (4.8) -(4. 11) - or 
Illb. Case rj — —3/4; The images ofT and S M are not closed but 



dim ker S u 



dim L 2 (R + ) / im 



if k, < 0 
if k>0. 



(5.16) 



In this case T 2 ( and thus T) is image normalized if we replace the original image 
space I2 = # _1//2 (R+) 0/T2 by a dense subspace, namely by 



Y2 = H~ 1 ! 2 ~ ir ( 



= r + A xi .H~ 1/2 



(5.17) 



— 1/2 

with the induced norm of H + ' . I.e., the operators with smaller image spaces 



written as 



T 2 = Rst T 2 : H - 1/2 (IR + ) -► Y 2 
T = Rst T : iC/^ELf) x tf- 1 / 2 ^) 



H 1/2 ( IR+) x Y 2 



(5.18) 



are Fredholm with the characteristics of (5.16). They have one-sided (bounded) 
inverses of the same form as before in the case Ilia in the sense of continuous 

_ -< 

extension ofT 2 \h- 1 / 2 +*(r+) ^ 0 ^ 2 > w here e E]0, 1[. 

Proof. Formula (5.13) is evident as well as the boundedness of S M in L 2 (R + ) (by 
lifting) and of Ko in the trace spaces. Further (5.13) implies that T and S are 
(toplinear) equivalent after extension and thus have isomorphic kernels and co- 
kernels [1, 4], which yields that the Fredholm characteristics coincide. 

In the first case Ilia, the existence and representation of a one-sided inverse 
S~ follows from Proposition 5.1 and formula (5.15) is easily verified. In the sec- 
ond case, when S is not Fredholm, the conclusions for image normalization are 
completely analogous to the corresponding results for Wiener-Hopf operators with 
£/C^(R) symbols and known from [22]. □ 

Theorem 5.5. Let T be the operator (2.15) due to Problem 1GN and let T be of 
normal type. Then 

/ T l K x \ ( r+A \/2lS e r + A t i/2l e kA 



T = 



0 



0 



(5.19) 



: F 1/2 (l R+) x H~ 1/2 (1R + ) -► #“ 1/2 (IR + ) x H~ 1/2 ( IR+) 
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where K\ — f3C\I 0 is bounded in H 1//2 (IR + ), 

S; = r + A^t : L 2 (R + ) - L 2 (E + ) 
and (pfj. as given in (5.2), g, = —1/4. Writing now 



(5.20) 



uv = (27ri) 1 J R d log^ = K + ri + ir 
kGZ, ge [-1/4, 3/4[ , rel 
we have the following alternative: Either 

Ilia'. Case r\ / —1/4, i.e. 3Je(o; + l/4) ^ Z: T is Fredholm and one-sided invertible 
by 

t _ = (T 1 ~ -Tf/fA 

\ 0 7 / (5.22) 

T{~ = r+A t -i/2l e S ( f-r+A t ~i/2l 

where Sf,~ is constructed as in Theorem 4.5 and Theorem 4.6 - or: 

lilt/. Case rj = —1/4. The images ofT, T\ and are not closed, image normal- 
ization is possible by putting 

Yi = iW 2 - <T (R+) = r + A X irH\ /2 

y +) + x + (5.23) 

Ti = RstTi : H^ 2 (JR+) C 

A one-sided inverse ofT is obtained as before in Illb. 

In all cases, —n represents the index of T orT, respectively, and |«| < 4. 

Proof By analogy to the previous proof, noting that the pre-symbol <fi of T\ is 
lifted by 

<f>o = tz^fat- 1 ' 2 (5.24) 

= il 3//4 t+ 1/,4 (a — fdt + 7$) 



■ 0 - 70 ) 



and the first factor can be changed into £ -1 / 4 (see Proposition 4.2). Modifying 
Proposition 5.1 for with even extension in (5.1), we need to replace the repre- 
sentation (5.14) for by (5.21) because of (4.10). □ 

Corollary 5.6. Consider the operator T of (2.15) due to Problem 1 TG 

T=( Tl 0\ = ( r +(<* I + 'V A *) te 0 \ 

I K T 2 ) \Co(a'I - iA t )P r+(-a'A t -i + ffl + i A B )l°) 



(5.25) 
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and assume that T is of normal type, i.e., 

4> i(£) = « + 7^(£) 7 ^ 0 > £ e M 

MO = -<y't- 1 (O + 0' + i'm^ o, (ei 

as well as 7 / 0. T/ien u>e have the following different cases of solvability: 

IVa,r. T 2 is Fredholm and right invertible (see Proposition 5.1 and Theorem 5.4/ 
Then T is also Fredholm and right invertible by 



T~ = 



Tf 0 
-T~KT- T~ 



(5.27) 



where T, is given by Example 3.5 or Proposition 5.3 and T 2 by Theorem 5.4, 

IYa,l. T\ is right invertible, not invertible (i.e., </>i is plus type) and T 2 is Fredholm 
and not right invertible (i.e., only left invertible, not invertible, k > 0/ then T is 
Fredholm (in general not one-sided invertible) and (5.27) is a two-sided regularizer 
up to operators of finite characteristics. 

IVb,r and IVb,l. T 2 is not Fredholm. Then we have the two cases as before replacing 
T 2 by T 2 (see Theorem 5.4/ 



Theorem 5.7. The following classes of interior wedge problems can be explicitly 
solved by generalized inversion of T provided T is of normal type: 
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- reference problems discussed in detail. 

- belongs to the corresponding class where the two variables are 
exchanged, see (2.10). 

- invertible by representation formulas (2.10). 

- direct inversion by Theorem 3.2 (even pre-symbol), Example 3.3. 

- dito (minus type), Example 3.5. 

- right inversion via AFIS, see Proposition 5.3, cf. Corollary 5.6. 

- like I, I-i- after image normalization, Example 3.4. 

- Fredholm and one-sided invertible via AFIS, eventually after 
normalization, see Theorem 5.4, Theorem 5.5, only one scalar 
factorization needed. 

- similar with two scalar operators, see Corollary 5.6 

- correspond with open problems, not decomposing (triangular) 
in the preceding sense. 



Table 3. Solvability classes of normal type operators T in (2.15) due 
to interior wedge problems 1 Xy . 
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Remark 5.8. In order to treat the remainder open problems (with non-triangular 
T), it seems to be necessary to know more about matrix factorization [8] and about 
composition formulas for the involved ACOs, extending the ideas of [15]. 



6. A particular example from class 2: 
The two-media impedance problem 



Coming back to the classes of Meister diffraction problems we like to give an 
example of how the present approach can be employed to solve more complicated 
boundary /transmission problems. As pointed out by E. Meister [12, 18], the case 
211 is of particular physical interest (cf. Figure 2): 



ueH 1 (Q 12 ) = {ueL 2 (Q 1 UQ 2 ): 

u\ Qj e&iQj), (A + k 2 )u = 0 in QjJ = 1,2} 
B\u = omq + (3u\ — gi on r i 



Uo -u 0 = / 2 

pmt - p2ih = g 2 



on r 2 



( 6 . 1 ) 



B 3 u = a'u J + ffuX = g 3 on T 3 . 



Herein the coefficients a, (3, a',l3 f ,pi,p 2 are given and physically reasonable, e.g., 
(3 = f3' = 1, a = ipi, a f = ip 3 , where the impedance numbers are such that 
$le(pj) > 0, ^sm(pj ) > 0, the densities pj > 0 [12], pi ^ p 2 and ^sm(kj) > 0, 
k\ ^ & 2 , be., the two quadrants are filled with different lossy media. As before we 
assume the data to be given as 



h e F 1 / 2 (M+) 

9i>92,Jg3 € 



( 6 . 2 ) 



with the common identification of Tj with R±, and we denote the associated 
operator by L : u (gi, f 2 , g 2 , g 3 ). 

The spontaneous idea to represent u in Q\ and Q 2 by DN- or ND-d&t& 
as done in Proposition 2.1 yields rather complicated systems of B4>DEs. Thus 
we modify the classical trick from potential theory to present u by a combined 
single/double layer potential ansatz admitting also tangential data. The operator 
calculus for class 1 problems leads to a rapid optimal choice of representation 
formulas (see Table 3) in brief, by the idea to solve 1J2* where the “partner 
boundary operator” T* yields a simple structure of the corresponding B4>DE. 



Proposition 6.1. Let a, (3 E C \ {0}, 3ffe(a//3) < 0, 



MO = ol-%(3 £ 

MO = a- ptx( 0 M 






(6.3) 
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where £i(£) = (£ 2 - k\) 1 ^ 2 , with 9m(fci) > 0, is chosen as before. Then we have a 
toplinear isomorphism 



JCn„ Ql 

u = = tCupi + JC 2 (f 2 

u(x) = F~^ X1 exp[— x 2 i(£)]o'f 1 (£) • ^<Vi(0 
+^ I2 expI-xit^JA^ 1 ^) ■ l°ip 2 (0 

such that 

B\u = (aTo : r 1 + pT 1:Fl )u = <pi 

B 2 u = (aTo, r 2 + /3T r? r 2 ) u — T 2 



(6.4) 



(6.5) 



2.e., 



(B\,B 2 ) (/Cl, /C 2 ) — ^tf-l/2(]R + ) 2 

(/C!,/C 2 ) (Bi,B 2 r =/ w i ( g 1 ) 



( 6 . 6 ) 



Proof The formulas can be either verified directly as in the proof of Theorem 2.3 
or considered as a consequence of the solution of Problem ITT (see ITT in Ex- 
ample 3.5 and exchange the variables) together with the representation formulas 
of Proposition 2.1. For the bijectivity of the operators in (6.6) we need that Xf 1 
is minus type. Otherwise, if Xf 1 is plus type, the operator (Bi,B 2 )* has a kernel 
of dimension 1, see Proposition 5.3 and Corollary 5.6. Note that no compatibility 
condition is needed. □ 



Theorem 6.2. Under the same assumptions (6.3) and analogous assumptions for 
the Q 2 parameters (with index 2), the operator L associated to Problem 2TT given 
by (6.1) -(6.2) can be factored as follows 







1 


0 0 


0 


Lu = TK u = 


0 

T 31 
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734 
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0 0 
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(Bi 

B 2 

0 

\o 



0 



( u \Qi\ 



B' 2 \ 

bJ 



\ U \Ql/ 



where 



/ r+A x -il° -r+A x -i£° \ 
\-r +Pl A tiX -,£° -r + p 2 A t2X -i£°J 



: -► # 1 / 2 (IR + ) x F- J / 2 (1R + ) 



T 3 i = 2p 1 C 0 A^- 1 £° 

T34 = ~ 2 p 2 CoA^ a -i£° 

B' 2 = Q'T 0 ,r 2 +/3T r ,r 2 : H l {Q 2 ) - H~V 2 {T 2 ). 
Therefore , L and T are toplinear equivalent after extension. 



( 9l \ 

</*2 

92 

\93/ 



(6.7) 



( 6 . 8 ) 
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Proof. Let u £ H l {Q 12 ) and let u\q 1 be represented by formula (6.4). Take the 
corresponding representation of u in the second quadrant 

U \ q 2 — /C3993 + /C2^2 ( 6 - 9 ) 

= +^fJ,^exp[a;i<2(0] A J 1 (^ o ^2(0 

with <j 2 (£) = a' - /J'f 2 (£), A 2 (£) = ct - i{3'£ and 

B3U\r 3 = {ot'T 0 ^ 3 + 0 'T U r 3 )u = <p 3 
B' W |p 2 = (aT 0 ,r 2 + /3'T T ,r 2 ) u = v ’ 2 . 

Substituted into the transmission conditions on T 2 (see (6.1)), the following jump 
relations hold there: 

Uo - Uq = r+A x -i£°ip 2 - r + A x -i£°(p' 2 = f 2 

Piut - P 2 U 1 = pi (c 0 A^ a -.i£ o ip 1 - r + A tiX -i£°<f^j ( 6 . 11 ) 

-P 2 (c 0 A e<T -ie°(p3 + r+A t2 x ^£°p 2 ) = 92 

where the Co terms in the first formula vanished (Co acts on odd functions, see 
(2.13)). The Co terms in the last formula represent known data (</?i = < 71 , <£>3 = < 73 )- 
So Problem 2XX is (by substitution) “reduced to” 

f 

\-piCoA d(j -it 0 gi + p 2 CoA$ ( 7 -i£ 0 g 3 

where T is given by (6.8), (<£ 2 >^ 2 ) stands for the unknown “X* potentials” on the 
two banks of T 2 , and the rest is given. Formula (6.7) summarizes the preceding 
formulas and the mapping properties are obvious from the orders of the operators 
and from the invertibility of the Poisson operators by trace operators, see (6.4)- 
(6.5). □ 





Corollary 6.3. IfT is invertible by T l , the boundary /transmission problem 2XX 
is well posed and explicitly solved by 
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where 



S = (Sij) = - T - 1 



0 0 \ 

T 31 T 34 J 



jg A 

h 

92 

w 



(6.13) 



(6.14) 



Proof. This is a straightforward computation based on the formulas (6.7)-(6.10). 

□ 
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Proposition 6.4. The operator T of (6.8) can be factored into bounded operators by 



T = 
U = 



0> 

U, 



1 - r +Kx~ 2 

,0 I 



f r+A^e* 

\-r +Pl A tiX -A 0 

- r +Pi A t 1 \-^° r + A x 1 x-^° ~ r +P2 A t 2 x^ £ ° 
: 7/ _1 / 2 (IR + ) -► H “ 1/2 (IR+) 



(6.15) 



Proof. The result is evident, but note that Aj 1 is minus type due to Pefa/ 0) < 0 
as assumed in Theorem 6.2. □ 



Theorem 6.5. Let again (6.3) be satisfied and the corresponding conditions for 
a', /?', A 2 , 02 , £ 2 , ^2 hold as well. Let X2 = Ai, i.e., we consider 2XX with the same 
impedance condition onY 1 and T 3 , but (in general) different media in Q\ and Q2- 
Then the corresponding operators L , T ,T, U are not normally solvable. Image 
normalization of U by 

U = Rst U : #- 1/2 ( IR+) Tr 1/2 (IR + ) (6.16) 

and resulting normalizations of the other operators yield bounded invertibility of 
all of them and the fact that Problem 2XX is well posed. The resulting compatibil- 
ity condition for the given data , which is necessary and sufficient for solution in 
H(Q u), reads 

92 + P 2C 0 A i)a - i i o g 3 - Pl CoA da -,P gi + r +Pl A tiX -it°r+A Xl tf 2 e H~ 1/2 ( 1R+). 

(6.17) 



Proof. Consider the operator U of (6.15) for A 2 = Ai : 

U = - r + A a e° : ii r - 1 / 2 (]R + ) - H~^ 2 (M + ) ^ 

a = Xf 1 ( Pl ti + P2 t 2 ) = 0-a e 

which gives us a factorization of A a = A-A e through the space Z = 7/ -:i/2 
that is forbidden in Definition 4.4. Corollary 4.7 yields that U is not Fredholm. 
As in the proof of Theorem 5.4 we obtain the image normalization (6.16) and 
corresponding results for L, T, T which are equivalent after extension to U, thus all 
have isomorphic kernels and co-kernels. Formula (6.16) is then a direct consequence 
of (6.12) and (6.15) resolving 



/ r + A x -i£° O' 
\-r +Pl A u x^° V 



M =T p2 

2 j W 2 



(6.19) 



' /2 ^ 
\Q2 - p\Cf)A^ a --xt 0 gx + p 2 C 0 A^ a -i£ o g 3j 



with respect to Uf )2 € H 1//2 (IR + ). 



□ 
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Remark 6.6. It is possible to regard Problem TIT with different face impedances 
as a perturbation of the previous case provided a' / /3' « a/ f3. 
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Corner Singularities of Maxwell Interface 
and Eddy Current Problems 

Martin Costabel, Monique Dauge, and Serge Nicaise 

Dedicated to the memory of Erhard Meister 



Abstract. The aim of this work is to provide a description of the corner asymp- 
totics for the solutions of Maxwell equations in and outside a conductor body 
and to investigate the limit as the ratio permittivity/conductivity tends to 
zero (the eddy current limit). Corner singularities of the Maxwell transmission 
problem and also of the eddy current model have been described elsewhere 
[6, 7]. Here we concentrate on the uniform behavior with respect to the small 
parameter describing the eddy current limit - analyticity of the singular func- 
tions and stability of the decomposition of the fields into regular and singular 
parts. 



Introduction 

We consider the time-harmonic Maxwell equations in a medium with a high con- 
ductivity in one part and isolating in the other part. We are not interested in 
scattering aspects here, but will study the local regularity of the fields, in partic- 
ular near corners of the conductor. Since the questions are local, we can assume 
from the outset that the domain is bounded. Let therefore C R 3 be a bounded 
domain decomposed into the two subdomains flc, the conductor, and ft#, which 
corresponds to the exterior isolator. For the sake of simplicity, we assume that 
B := <9ftc is connected, and that <9ft# = dft UB. The conductivity cr is a constant 
Gc > 0 in ftc and vanishes in ft#. The electric permittivity £ and the magnetic 
permeability ft are supposed to be positive constants on ftc and on The 
frequency uu is a fixed positive constant. The eddy current model describes the 
situation where the quotient c oejac is very small. 

We consider the case where B has a conical singularity. As is well known, in 
the neighborhood of this corner point the electrical field will, in general, be un- 
bounded. All possible singularities for the solutions of the time-harmonic Maxwell 
equations near conical corner points have been described in [5] for the case of per- 
fect conductor boundary conditions, in [6] for interface conditions, and in [7] for 

2000 Mathematics Subject Classification. Primary 35 J; Secondary 00A00. 
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the eddy current model. In all these cases, it has been shown that the singular func- 
tions can be obtained from corresponding scalar problems for the Laplace equation. 
Therefore the analytical tools for singularity analysis, mainly Kondrat’ev’s Mellin 
transform based technique, are applied to the well-studied boundary value and 
interface problems for the Laplacian. 

If, however, we want to describe the behavior of the singularities as the full 
Maxwell problem tends towards the eddy current problem, we need to use tools 
that have been developed for the situation of singularity problems depending on 
a parameter ([4, 14, 16]). Since the coefficients of the operator are complex, we 
cannot expect any simplification, but have to take into account all the possible 
complications that may appear in such situations, such as “crossing” and “branch- 
ing” of the exponents. In order to get a stable description of the singular behavior, 
we no longer can reduce everything to the Laplace operator. Instead we have to 
use Mellin transformation directly for the Maxwell system. The corresponding 
constructions of spaces and operators do not seem to exist in the literature. 

In the eddy current limit, the PDE problem itself changes its type from a pure 
transmission problem for a strongly elliptic second order system to a mixture of 
one-sided boundary conditions and transmission conditions for a system of Maxwell 
type in the conductor and of Laplace type with a divergence-free constraint in 
the isolator. On the other hand, from the point of view of the description of 
singularities, the eddy current limit is a regular perturbation problem. 

Thus it is not hard to show that in this limit, not only the solution of the 
Maxwell problem converges in the energy norm to the solution of the eddy current 
problem, but also the singularity exponents converge at the same time. This has 
been proved in [7]. 

The continuity of the solution and of the singularity exponents does not im- 
ply, however, that in any decomposition of the solution into regular and singular 
parts, all the terms - regular part, singular functions, and coefficients of the sin- 
gular functions - will also depend continuously on the small parameter S that 
characterizes the eddy current limit. This is the problem we are studying here. 

In general, when the singularity exponent in the eddy current limit is of 
multiplicity higher than one, a “naive” decomposition into a regular part and 
individual singular functions will produce coefficients tending to infinity as 5 —> 
0. We show how to choose bases of singular functions that lead to coefficients 
continuous as 8 — > 0, and we prove stability for the decomposition into regular 
and singular parts in this case. 

For the Mellin analysis, the “Mellin symbol”, i.e., the angular part of the 
Maxwell transmission problem, has to be considered in a strong form, that is, on 
a level of regularity above the level of the energy norm related to the variational 
formulation. This means in particular that the natural transmission conditions now 
appear explicitly in the formulation of the Mellin symbol. We indicate in Section 
5 how they are obtained. We also show how the classification of the singularities 
into types 1, 2, and 3 is obtained from the Mellin analysis. 
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1. Maxwell and eddy current problems 

Let u > 0 be a fixed frequency. The time harmonic Maxwell equations are 

{ curl E = — iujfjH in 12, 

curl H = (iuoe + a)E + j 0 in 12, (1.1) 

E x n = 0 and H • n = 0 on <912, 

E (resp. H) is the electric (resp. magnetic) field and j 0 is the source current density 
which is supposed to be a L 2 ( 12) field with support in 12c and to be divergence 
free, i.e. , divj 0 = 0 in 12. Note that the assumption on divj 0 is equivalent to 

div j 0 = 0 in 12c and j 0 • n = 0 on B. 

Thus, taking the divergence of the second equation of (1.1), we obtain the following 
equation on the divergence of E: 

di v(iu£ + <t)E = 0 in 12. (1.2) 

The time-harmonic eddy current problem [2, 3, 1, 9] reads 

{ curl E = —iujji H in 12, 

curl H = <rE+j 0 in 12. (1.3) 

E x n = 0 and H • n = 0 on <912, 

Let us write Ec = E|^ c and E e = E\n E . 

Taking the divergence of the second equation of (1.3), instead of condition 
(1.2) we only obtain div Ec = 0 in 12c and Ec-n = 0on5. These conditions have 
to be completed by the gauge conditions : 

divE^^O in 12# and / E^-rid^^O. (1.4) 

JB 



1.1. Eddy current limit 

Following [3, Ch. 4], we consider the eddy current limit as the limiting situation 
when the quantities c osc/&c and ujee/cfc are small. For a conducting material, 
the permittivity ec is of the same order of magnitude as ee (also denoted £ 0 ), 
but ec/cfc is very small. For moderate frequencies uj the quantities ujec/cfc and 
uee/&c are still small. Let us fix two numbers Ec and ee which are of the same 
order as ac and such that there exists S > 0 (thus 6 is small) 



Ec ~ die and ee — See- 



(1.5) 



Thus we can write (defining by the same token the complex electric transmission 
coefficient a) 



iuja. := iujE + a = 



icodic + cfc 
icuSiE 



in 12c 
in 12 e- 



We fix <rc, u, ic and §e- The eddy current limit is the limit J — > 0. 



( 1 . 6 ) 
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1.2. Strong electric formulations 

We use the electric approach consisting in eliminating H from equations (1.1)- 
(1.2) and (1.3)-(1.4). We denote by E s for 8 > 0 according to (1.6), the solution 
of equations (1.1)-(1.2) and by E° the solution of (1.3)- (1.4). We note that we can 
write the equations satisfied by E 6 in a unified way for 5 > 0 and 5 = 0: 



(i) 


curl He 1 cur l ~ 8u} 2 ic^-c 


= -Mo 


in 


fic, 


(ii) 


divE s c 


= 0 


in 


fic, 


(iii) 


curl He 1 curl Eg — Sw 2 £e^e 


= 0 


in 


&E, 


(iv) 


div E s e 


= 0 


in 


&E, 


(v) 


/ s E|-nd5 


= 0 






(vi) 


[E s x n] 


= 0 


on 


B, 


(vii) 


i8w[iE 5 • n] + ccEp • n 


= 0 


on 


B, 


(viii) 


E s xn 


= 0 


on 


on. 



(1.7) 



1.3. Variational formulations 

The variational space which we will use is independent of 5, i.e. , suitable for both 
the Maxwell and the eddy current problem. Let i7o(curl , ft) be the standard space 

Ho ( curl ,fl) = {uG L 2 (ft) s : curl u G L 2 (ft) 3 , u x n = 0 on dfl}. 

Our variational space Y(f 1) is defined as 

Y (ft) = {u G iLo(curl , ft) : divuc G L 2 (ftc ), divu# G L 2 (^^), f E • n = 0} 

JB 

equipped with the norm 

11 U 11 v(n) = IMIo.fi + II curl «llo,n + II di v udlo,fi c + II div “dlo,fi E - 

There is a full family of sesquilinear forms a 6 on Y (ft) adapted to a regularized 
variational formulation of the problem (1.7) for S > 0: We arbitrarily fix some 
positive parameter 7 (possibly different in ftc and f ig) and we define a 6 as follows: 
For u, v G Y (ft): 



a s (u,v) 



/ ( "' 1 

Jn 



curl u • curl v — Soo 2 iu • v 



tn 

+ 



) d x + iou c 

Jn c 



cr^u • vdx 



/ ye div uc div Me dx + / 7# divu# div Me dx. 

J fie J Q,e 



Lemma 1.1. Let the positive constants He , He, ic, £e, a c and u> be fixed. Then 
there exists <5o > 0 such that for all S € [0. <5q], a s is strongly coercive on Y (fit): 
3c 0 > 0, V<S e [0, Jo], Vu G Y(f2) 



Re ((1 - i)a 5 (u, u)) > Co 1 1 u | 



2 

Y (fi) ' 
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For all 6 E [0,<5o]> we consider the variational problem: 

Find E E Y(fi) s. t. a^(E,v) = -zcj(j 0 ,v)^ c , VvE Y(Q), (1.8) 

where (-,-)d is the L 2 (D) 3 hermitian inner product. 

The following result is proved in [7]: 

Theorem 1.2. Under the assumptions of Lemma 1.1, there holds for all 5 E [0,5o].' 

(i) There exists a unique solution E 5 to problem (1.8). 

(ii) The solution E 5 satisfies all equations in (1.7). 

(iii) The norms of the E* 5 in Y(f2) are uniformly bounded: 

30 0 , we Mo], l|E*|| Y(n) < c. 

(iv) As 5 — > 0, E a — ► E° and we have the convergence estimate 

30 0 , We Mo], — E°|| v(n ) < CS. 

2. Localization at a conical point 

Let us assume that He has a smooth boundary except at one point, say O, where 
it coincides with the tip of a cone re. The solid angle Gc := Tc D S 2 is a smooth 
domain in § 2 . In a neighborhood of O, the exterior domain He coincides with the 
open cone V E such that Tc U T# = M 3 and Tc fl T E = 0. Let G E := V E H § 2 . Let 
(p, i?) be spherical coordinates centered in O. 

As far as elliptic boundary value or transmission problems on domains with 
conical points are concerned, the standard tool for the investigation of the structure 
of their solution is the Mellin transform defined for all u E Co°(M 3 \ {0}) and all 
A E C by 

u = u(p,i?) >— » OTlu(A) = U(A,i?) := f p~ x u{r, t?) — . 

Jo P 

The argument in [5, 6, 7] is that the equivalent regularized variational formula- 
tion (1.8) provides an equivalent elliptic transmission problem where the standard 
Kontrat’ev approach [11] applies. This is the reason why in these works only the 
structure of singularities is investigated. 

If we want to investigate the possibility of a stable asymptotics with respect 
to the parameter S, we have to revisit the Mellin approach, in order to look for 
a Mellin symbol with meromorphic inverse which should depend analytically on S 
(and acting between a couple of spaces independent from 5). 

2.1. Ellipticity 

We integrate by parts in the variational problem (1.8) and find (with u = E 5 ) 

f (i) curl pc 1 curl u c - V7C div u c - ui 2 a c uc = -iu j 0 in Jlc, 

1 (ii) curl pg 1 curl U# — V-je divu^ — uj 2 aE»E = 0 in Cl E , ' ^ 
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with the essential boundary conditions, - we recall that a is defined in (1.6): 



f (i) [u x n] = 0 on B , 

\ (ii) [au • n] = 0 on B, 



( 2 . 2 ) 



which we complement by the Neumann type transmission conditions 

J (i) [/i _1 curl u x n] = 0 on 

\ (ii) [divau] = 0 on S. 



(2.3) 



Proposition 2.1. Let Lc and Le be the principal parts of the operators in (2.1). 
There exists Jo > 0 such that for all S G [0, Jo] the set of transmission conditions 
(2.2) and (2.3) covers 1 the couple of operators (Lc,Le) at any smooth point of 
the interface B. 



Proof. Let us take S = 0. We check that the 6x6 determinant obtained after partial 
Fourier transform at any point of the interface and reduction to the interface by 
the interior equations Leu = 0, Z/^u = 0 (symbol at the interface - cf. standard 
covering boundary conditions) is non-zero for any real £ = (£i, £2) 7^ 0. 

The corresponding determinant is therefore non-zero for 5 small enough. □ 



2.2. Local regularity 

We deduce that our solution u corresponding to a charge density j 0 in L 2 (Qc) 
has an optimal local regularity up to the interface outside the corner O: for any 
neighborhood V such that O S/L V: 

\%c E H 2 (Flc n V) and ue E H 2 (Qe n V). 

Let x be a smooth cut-off function which is = 1 in a neighborhood of O and has 
its support in the region where f lc and Ft e coincide with the cones T c and F e 
respectively. Still denoting yu by u, we are left with the following problem, instead 
of (2.1)-(2.3): 

f (i) curl He 1 curl u c - Vycdivuc (= L c u C ) = j c in r c, ^ ^ 

| (ii) curl /i^ 1 curl u# — Vy# div u# (= LeUe) = j e in 

where j c and ] E belong to L 2 (rc) 3 and L 2 (Te) 3 respectively (we have used the 
fact that u belongs to L 2 (M 3 ) 3 to put the term of order zero into the RHS), 

j (i) [u x n] = 0 on /, 

\ (ii) [au • n] = 0 on /, 

where I denotes the interface dTc = OF e, and 

{ (i) [// -1 curl uxn] = hj on 
(ii) [div au] = h n on 



(2.5) 

( 2 . 6 ) 



1 In a sense extended from the classical Shapiro- Lopatinskii condition, [12, 15]. 
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where hy G H l / 2 (I ) 2 and h n G i7 1 ^ 2 (/). Since the support of hy and h n is away 
from zero and infinity there also holds: 

p~ l/2 h T e L 2 {I) 2 and p~ 1/2 h n e L 2 {I). (2.7) 

A standard homogeneity argument based on the a priori estimate between the two 
nested annuli Aj = {x : < p < 2 j> }, j = 1, 2: 

ll u dl# 2 (r c rMi) + ll u ^ll^ 2 (r £ ;n^ 1 ) ^ ILicllL 2 (r c aA 2 ) + lli£llL 2 (r B aA 2 ) 

+ ll h T||// 1 /2 (/n ^ 2 ) + \\hn\\ H i/2( InA2 ^) 

yields the weighted regularity for uc and u E : 

p^d a u c G L 2 (r c ) and p^d a u E G L 2 { T E ), Va, |a| < 2. (2.8) 

3. Mellin transform 

For each fixed S > 0, we can apply to problem (2.4)-(2.6) the standard tools of the 
Mellin transform and residue formula. Let us recall that the Mellin symbol of an 
operator A homogeneous of degree m with constant coefficients is C 3 A i— > 21(A) 
where 

A(d x ) =p- rn K($-pd p ,dv) and 21(A) :=*(#; A, 0*). 

If U(A) is the Mellin transform of u, then the Mellin transform F(A) of p m Au is 
21(A) U (A). Practically, we have the relation 

4(3*) (/U(t?)) = p A - m 2t(A)U(A). 

3.1. Mellin symbol 

In the case of our problem, we define a Mellin symbol acting between spaces which 
do not depend on A of course, but also not on S. We take as source space 

Y + (G c ,G e ) = {U e L 2 (S 2 ) : U c € H 2 (G C ), U £ € H 2 (G E ), [U x n] = 0} 

and as target space 

z (Gc,G e ) = L 2 (G c ) 3 X L 2 {Ge ) 3 X H 3 / 2 (J) x H l / 2 {J ) 2 x H l / 2 {J), 

where we recall that Gc = T a fl S 2 and G E = T c H S 2 , and J denotes dGc fl dG e ■ 
Let us fix A G C. Our Mellin symbol £(A) is defined as follows 

£(A): Y + (Gc,G e ) — Z(G C ,G E ) 

(Uc,U £ ) — F = (*c,*E,G,H T ,H n ), 



with 



Lc(d x )(p x Uc(ti)) = y- 2 JcW, L E (d x )(p x Ub(3)) = P x ~ 2 
[ap A U(tf) ■ n] = p x G( i9) 

[p _1 curl p A U($) x n] = p a_ 1 Ht('i?), [divap A U(i?)] = p A-1 .ff n ($) 



(3.1) 
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As a standard consequence of the ellipticity (Proposition 2 . 1 ), we obtain that 

• £( A) is invertible except for A in a discrete set 6 C C, 

• A i— > £(A ) _1 is meromorphic, 

• at each pole A G ©, the range of the polar part of £ _1 is finite-dimensional, 

• in each strip of the form £i < Re A < £2 there are at most a finite number of 
elements of 6 . 

The elements A of 6 are the poles of £(A ) _1 and they are also called singular 
exponents because they are the possible degrees of homogeneity of the singular 
parts in the conical asymptotics of solutions. 

3.2. Splitting in regular and singular parts 

As a consequence of the regularity and support properties of the data, cf. (2.7), 
the Mellin transform A 1 — > F(A) of 

(p 2 fc, p 2 ^E, 0, phy, ph n ) 

is holomorphic for A in the half-plane Re A < \ with values in the space Z (Gc, Ge ), 
whereas, thanks to (2.8), the Mellin transform A U(A) of u is holomorphic for 
A in the half-plane Re A < — | with values in the space Y + (Gcs Ge)- Moreover, 
there holds 

£(A)U(A) = F(A), VA,Re A < (3.2) 

The function A i— > £(A) - 1 F(A) is a meromorphic extension of U(A) to the strip 
— | < Re A < As standard in the Kondrat’ev Cauchy residue analysis we obtain 

U = Ureg- 2 (3.3) 

where 7 is a simple curve surrounding all the poles of £(A ) -1 in the strip — | < 
Re A < and u reg is the regular part satisfying, if © D {A : Re A = is empty: 

pl“l- 2 d“ Ureg)C € L 2 {Tc) and p la '~ 2 d a u KgtB e L 2 (T E ), Va,|a|<2. (3.4) 

Note that, in particular, the regular part u reg is H 2 in any neighborhood of zero 
inside Tq and T #. 

The properties of the polar part of £ -1 inherited from the ellipticity imply 
that the residue in (3.3) (the singular part) spans a finite-dimensional space. 



4. Stable asymptotics with respect to S 

We now trace the dependency with respect to S as 5 — > 0 in the above decom- 
position (3.3). We fix the right-hand side j 0 and consider u 5 := x^ S the localized 
solution of problem (1.8). Since the form a 6 depends analytically on <5, the solution 
E s also depends analytically on 5 in Y(fi) for 5 in a neighborhood of 5 = 0. There- 
fore, the localized solutions u 6 and the associated right-hand sides (f^, f^, hr X) 
depend analytically on S. 
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Thus, with A i— > F^(A) the Mellin transform of 
(P 2 fci P 2 f S E? Phy , Phn) 

we finally have the splitting of u s for each 6 according to (3.3): 

u * = < - i/p £ ' (ArlF ' (A)dA ’ (41) 

where £ 6 is the Mellin symbol of problem (2.4)-(2.6) with a depending on 6 via 
formula ( 1 . 6 ). 

4.1. Spaces of singularities and characteristic polynomials 

Definition 4.1. For a 5 > 0 and a contour 7 which does not meet any pole of 
H^A) -1 , we denote by the finite-dimensional space spanned by the residues 

A, " F(A)dA 

for all holomorphic A 1 — > F(A) with values in Z (Gc,Ge)- We denote by m ^ its 
dimension. 

We have the classical result, see [13] for example: 

Lemma 4.2. For S and 7 as in the definition above, let D be the interior region 
such that dD = 7 . Then 

"4 = Y, m5 ^ 

veDne 6 

where & 6 is the set of poles of £ 5 ( A) -1 and m 6 (u) is the sum of the lengths of all 
Keldysh chains associated with the pole v. 

Definition 4.3. We call characteristic polynomial of £ 6 inside 7 : 

p 7 5 ( a)= JJ 

ueDn& 5 

The operator- valued function A 1 — > P^( A) £ 5 (A ) -1 is holomorphic in D. 

From the “operator valued Rouche formula” of Gohberg-Sigal [ 8 ], we find: 
Lemma 4.4. The following representation holds for when fi 0 D : 

p» = ex p{t r T j z s (\y £ s (X )- 1 \ 0 g({i ~ \) d\y 

Here we fix the contour 7 so that £°(A ) _1 has no pole on 7 . Therefore, for 
0 < S < 5o with 5 o >0 small enough, ^(A ) -1 has still no poles on 7 . The analytic 
dependency of £ 5 (A ) _1 on 5 when A G 7 implies that there holds: 

Corollary 4.5. The coefficients of the characteristic polynomial P ^ depend ana- 
lytically on 5 for 0 < 5 < <5o- In particular its degree does not depend on 5 for 
0 < S < 8q : we denote it by m 1 . 
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4.2. Stable asymptotics: general result 

Let us recall the notion of “distance” between two subspaces E and F of the same 
Hilbert space H , cf. [10]: 

dist (E, F) = max min . (4.2) 

v ' ue£v<ef ||u||# v 

In general this distance is not symmetric. However, if E and F are finite-dimen- 
sional subspaces satisfying dist (£7, F) < 1 and dist(F, E) < 1, then dim# = dimF 
and dist (£7, F) — dist(F, E). 

Again as a consequence of the analytic dependency of iJ 5 (A) -1 on S we find 

that 

dist(S° , S$) = dist(S* , S°) = 0(6) 

and that there holds 

Theorem 4.6. We can choose a basis s^, m — 1, . . . , m 1 , of depending analyt- 
ically on 5. The decomposition (4.1) of the localized solution = yE 5 of problem 
(1.8) can be written 

m 1 

vP = uf eg + ^ with [0> <^o] 3 ^ c m G C analytic. (4.3) 

771=1 

with uf eg?c in H 2 (£lc) and uf eg E in H 2 {Q,e)- 

Let . . . , v\ be the distinct elements of 6° fl D. Let 71, . . . , 7^ be contours 
around each of them and such that their interior regions D \ , . . . , Dd are pairwise 
disjoint. For 0 < 5 < 60 with Jq > 0 small enough, 71, . . . , 7^ do not intersect & s . 
We clearly have 

S?=®S?,. (4.4) 

3 = 1 

According to Corollary 4.5, each characteristic polynomial has coefficients 
depending analytically on S. The roots of P^ form the cluster of singular exponents 
vf which tend to v®- as 5 —> 0. 

4.3. Stable asymptotics: cases of degrees 1 and 2 

In particular, if the degree of P^ is one, the situation is “simple” as described in 
the following proposition. 

Proposition 4.7. Let = is® E 6° fl D. If its multiplicity is 1, then there 

exists a unique element v 5 of& 6 DD which tends to as 5 — > 0. Moreover, S 1 — > u s 

is analytic and a basis s s of S^. can be chosen of the form 

s s (p,d) = /\} s (#) 

where 5 1 — > \J S is analytic in 5 with values in Y + (Gc,Ge)- 




Singularities of Maxwell Interface and Eddy Current Problems 



251 



Although unpredictable in general, the simplicity of limiting exponents of 
singularity is generic. Nevertheless, the general question of stable asymptotics with 
respect to S keeps its interest. 

If the characteristic polynomial is of degree 2, the situation is more 
complicated, but still possible to describe: 

Proposition 4.8. Let — v® E ©° D D. If its multiplicity m°(u°) is 2, then there 
exists at least one and at most two elements vf , i = 1, 2, of & 6 H D which tend to 
as 5 — ► 0. 

Let us assume that the pole of £( A ) -1 in is of order 2 and that v\ ^ z/f 
for all 5 ^ 0 small enough. Then we can choose a basis of of the form 

s 0 (p,'d)=p u U°($) and t°(p, d) — s°(p, d) logp + p v V°($). 

Moreover , for all 5 ^ 0 small enough there exist two singular functions sf, i = 1, 2 
of the form 

si(p,0) = p 1/ *U s 1 (0) and s = p u 2\Si{d) 

such that 

(i) sf tends to s° as S — > 0 , i = 1, 2 , 

(ii) the two functions 

- s * 5 

-4 j and sf + S 2 

4 -4 

are a basis of depending analytically on 6. The first function tends to t° 
and the second one to 2s° as S — > 0. 



Proof The first assertions are classical. 

Let us prove the existence of sf satisfying the next assertions of the propo- 
sition. Let us denote for short the “small” contour surrounding v° by 7 instead 
of 7 j. By construction P°( A)£°(A ) _1 is holomorphic in the region D surrounded 
by 7 . As the pole z/° is double, there exists F(A) holomorphic in D such that 
(A — z/°)£°(A) _ 1 F(A) has a pole of order 1 in v°. Let us define 

U*(A) :=Pf(A)£ ( 5 (A)- 1 F(A). 

Thus U < 5 (z/°) is not zero and the residue of p x ( A - z/°)Pf ( A) _ 1 U < 5 (A) is an element 
of S^, which we denote by s°: 

S°{p,0) = p4\j\ v S). (4.5) 

The function A 1 — > U 5 (A) is holomorphic in D and analytic in 6. The residues 
of 

*U*(A) r e 

Al — >p pfx) in Vl and U2 




are 
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respectively, and define elements of S^. Let us set 

i = 1,2. (4.6) 

From (4.5), (4.6), the continuity of 5 i— ► uf as 5 — > 0 and the regularity of (5, A) i— > 
u 5 (a), we deduce that sf tend to s° as 5 — > 0. We check that 

4- f P X P*( A)- 1 U 6 (A)dA = 4 J1 4 

ZllT J 1 1 v\— V g 

and 

2^ J / F 7 5 (A)- 1 (2A - «/? - 4)U s (X) dA = sf + s^. 

They both belong to and, since v{ + z/| depends analytically on 8 1 they both 
depend analytically on J too. □ 

General stable behaviors with respect to p for more general characteristic 
polynomials are investigated in [4] and [16]. 

5. Maxwell singularities 

In [5] it is proved that the singularities of the electric fields at corners and edges of 
a perfectly conducting polyhedral body all derive from scalar potentials, namely 
via three different types: 

Type 1 are gradients of singularities of the Dirichlet Laplacian. 

Type 2 are such that their curl is equal to the gradient of singularities of the 
Neumann Laplacian. 

Type 3 are such that their divergence is a singularity of the Dirichlet Laplacian. 

In [6, 7] we have simply applied the same procedure as in [5] to describe the 
three different types in the case of transmission and eddy current problems. In 
this section, we are going to develop the arguments leading to such a description 
in these cases. 

We investigate the structure of the elements of S^. Let s 6 belong to S^: There 
exists F holomorphic such that 

s 5 = f P x £ s ( A)“ 1 F(A)dA. 

Let = £? ipdp) be the collection of interior and interface operators 

u £ s u = ( p 2 L c u C , P 2 L e »e , [au • n], p[p 1 curl u x n], p[divau]), 
with a defined in (1.6), compare with (2.4)-(2.6). We have 

£V= f p x £ s (\)£ s (\)- 1 F(\)d\ = j /F(A)dA = 0. 

J ' y J -y 

Let us fix S G [0, <5o], and thus a which is given by (1.6). From now on, we 
drop the exponent J. 
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In other words, s is a solution of the elliptic interface problem (2.4)-(2.6) 
with zero right-hand side: 



(i) curl n c l curl Sc — Vyc divsc = 0 in Tc, 

(ii) curl /i^ 1 curl s E — Vy# divs E = 0 in T#, 



(5.1) 



( (i) [s x n] = 0 on /, 

\ (ii) [as • n] = 0 on /, 

( (i) [n~ x curl s x n] = 0 on /, 

\ (ii) [divas] =0 on /. 



(5.2) 

(5.3) 



5.1. Uncoupled systems 

The key of the investigation of solutions s of (5.1)-(5.3) is the introduction of the 
auxiliary unknowns 



q s.t. 



q c = divsc in Tc, 
q E = divs E inT^, 



and 0 s.t. 



V»c = Vc curl S C in r c , 
V’e = Me 1 curl s E in T E - 



Taking the divergence of equations (5.1), we find that qc and q E are harmonic. 
Condition (5.3) (ii) gives that [aq] = 0. Taking the normal component (with respect 
to the interface I) of equations (5.1), we find that 



7c d n div s c = curl T (/i c 1 curl s c ) 
j E d n divs E = curl T (/i “ 1 curl s E ) 



Thanks to (5.3)(i), we obtain that the jump of curl T (/i -1 curl s) T is zero, whence 
[ 70 n divs] = 0, i.e., [ 7 d n q\ = 0. When S 7 ^ 0, we can write equivalently that 
[a - 1 7 d n (aq)\ = 0. Summing up, we have obtained if 5 7 ^ 0 



A q c =0 in Tc, 

Aq E = 0 in r E , (5.4) 

[aq] = 0 , [a~ 1 ^fd n aq] =0 on /, 



and if 5 = 0: 

( A q c — 0 in Tc, 

< Aq E = 0 in r E , (5.5) 

[ Qc = 0, [ 7 d n q\ =0 on /. 

Both problems (5.4) and (5.5) are scalar elliptic transmission problems. Besides 
the trivial zero solution, their solutions are the singularities of these problems. 
For 0, we obtain from (5.1), (5.2) (i) and (5.3) (i) : 



{ curl 0c = Vgc, di v(// c 0c) = 0 in r c, 

curl x[) E — Vq E , div((i E ^ E ) = 0 in V E , 
[0 x n] = 0 , [//0 • n] = 0 on I. 



(5.6) 
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Finally for s we have: 

{ curl Sc = divs c = 9c in r c , 

curls e = HeiI’ei divs b = qE in T E , 

[s x n] = 0, [as • n] = 0 on 7, 

the last transmission condition becoming sc • n = 0 on I if (5 = 0. 



(5.7) 



5.2. The three types of Maxwell singularities 

The Maxwell or eddy current singularities of Type 1 are the solutions of (5.7) with 
V? = 0 and q = 0. We can see that they are the gradient of scalar singularities: 
Sc = and Se = V$e with 



( A $c — 0 in Tc, 

< A<3>£ = 0 in T Ei (5.8) 

[ [$] = 0, [ad n $] =0 on /, 

the last transmission condition becoming d n $c = 0 on I if 5 = 0. 

The Maxwell or eddy current singularities of Type 2 are particular solutions of 
(5.7) with t/? solution of (5.6) and q = 0. We find that ^ is a gradient: = V^c 

and *l) E = with 

( A^c — 0 in T c , 

< A^e — 0 in T e , 

[ [tf] = 0, \fid n *] = 0 on /. 



The solutions of the above transmission problem with real coefficients are linear 
combinations of terms of the form = p x ip( , d). Then a particular solution s 
associated with such a ^ is given by (for A ^ — 1) 

s = (A + 1) -1 (//V 1 F x x — Vr) 

with r solution of 

{ Ar c = 0 in T c , 

A r E = 0 in V E , 

[r] = 0, [ ad n r ] = [a//](V\E r x x) • n on /, 



the last condition being replaced with d n rc = /ic(V\Fc x x) • n on I when 5 = 0. 

The singularities of Type 3 are particular solutions of (5.7), with t/? particular 
solution of (5.6) and q general solution of (5.5). 

In our case, the singularities of Type 3 can be discarded because their di- 
vergences form the asymptotic part of the divergence of the solution. Since our 
solutions are divergence- free, these singularities do not appear in the asymptotics 
(4.1). 

For any singular exponent z/° G 6° of the eddy current problem which is not 
at the same time an exponent of type 1 and an exponent of type 2, we have as 
5 — » 0 a stable cluster of singular exponents vf of the same type tending to i/°. 
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Let us develop that point for singularities of type 1 (which are the most 
important ones, since they are the only possible non-LT 1 singularities). Let u° E 6° 
be of type 1, and let 7 be a simple contour isolating u° from the other elements 
of 0°. There exists £0 > 0 such that for all S E [0, Jo], 7 H <3 6 — 0. 

Let A 9JT*(A) be the Mellin symbol of problem (5.8) and let T 7+1 be the 
singularity space for potentials <h: T 7+1 is spanned by the residues 




for all holomorphic A 1 — > G(A). Then S 7 = VT 7+1 . 
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On Some Aspects of Analysis of Incompressible 
Flow through Cascades of Profiles 

Miloslav Feistauer and Tomas Neustupa 



Dedicated to the memory of Professor Dr. Erhard Meister. 



Abstract. The paper is concerned with the analysis of the model of incom- 
pressible, viscous, stationary flow through a plane cascade of profiles. We give 
a classical as well as weak formulation of the problem and discuss the existence 
of a weak solution. 



1. Introduction 

One of the most important mathematical models used in the investigation of aero- 
dynamical properties of blade rows of turbines, compressors and pumps is the flow 
through cascades of profiles. A series of works are concerned with various types of 
cascade flows. For example, the potential theory and the complex function theory 
were extensively used ([17], [2]). The well-known Martensen’s method applies the 
integral equation method for the solution of inviscid, irrotational, incompressible 
flow through a plane cascade of profiles. See, for example, [16], [18]. 

Modern computers allow the numerical simulation of the cascade flow in 
general situations (e.g., viscous compressible flow, see [3]), but a mathematical 
theory of such flows is still missing even under simplified assumptions. 

In this paper we shall be concerned with the theoretical analysis of incom- 
pressible, viscous, stationary flow through a plane cascade of profiles. Our main 
goal is to prove the existence of a weak solution of this problem. As we shall 
see, it will be necessary to overcome some obstacles. As a result we shall get the 
solvability of the problem in the case of small data. 

The theory presented here will be a starting point for the finite element 
analysis of the cascade flow problem, which is of a great importance for engineers 
and fluid dynamists. This is the reason that we try to make the presented analysis 
sufficiently accessible and, therefore, the treatment is more detailed than would be 
necessary for specialists in nonlinear partial differential equations. 
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2. Classical formulation 

Let Ci be a simple, closed, piecewise C 2 curve in IR 2 , whose interior as well as 
exterior are domains with a Lipschitz-continuous boundary. Let IN denote the set 
of positive integers. For k G IN we define 

Ck = { (xi,x 2 + {k - l)r); (x 1 ,x 2 ) G Ci}, 

C'-fc = { (xi,x 2 - fer); (xi,x 2 ) G Ci}, 

where r > 0 is a constant called the period of the cascade of profiles. We assume 
that r is so large that the sets Ck are mutually disjoint. By Int Ck we denote the 
interior of the curve Ck- The set 

+oo 

M = (J (KtCfe U Int C-kj 

k=l 

is called a cascade of profiles and each of its component Int Ck is called a profile. 
Let d{ < d Q be such real numbers that all profiles lie inside the strip 

{ (x\,x 2 ) G IR 2 ; di < x i < d 0 }. 

Then the domain 

O — { {x\ , X2) G IR 2 ; di < x 1 < d 0 } \ M 

represents the region occupied by the fluid. The line Gi given by x\ — di represents 
the inlet through which the fluid enters the domain O and the line G a with the 
equation x\ = d Q is the outlet through which the fluid leaves O. Further, we set 
G w = U+T°i(C- fc U Ck) (surfaces of all profiles). 

We assume the existence of a function 7 G C 1 ([di,d 0 \) such that its graph 
r_ on the interval (di,d 0 ) is a part of O and cuts O into two parts, 0 + and 
0~ , containing the profiles Ck , A; = 1,2,..., and Ck , k = —1, —2, . . . , respectively. 
We set Ao = (di,^(di)) and Bo = (d 0 ,j(d 0 )) (end-points of T_), F w = C±, T + = 
{(xi,X 2 +t);(xi,x 2 ) GT_},yli = (di, 7((^) + t), B± = (d 0 , 7 (d 0 ) + r) (end-points 
of T + ), and denote by Ti and T 0 the straight segments with end-points Ao , A\ and 
Bo , B \ , respectively. 

Our goal is the solution of viscous, incompressible, stationary flow in the 
domain O. It is described by the continuity equation, the Navier-Stokes equations 
and suitable boundary conditions representing the inlet and outlet flow and the 
flow past the cascade of fixed impermeable profiles. The domain O is unbounded in 
the direction of the axis x 2 , but periodic in this direction with period r. Therefore, 
we shall assume that the functions describing the flow are also periodic in the 
direction x 2 with period r. It is clear that the velocity is zero on the profiles 
Ck- On the inlet we prescribe the distribution of the velocity. However, from the 
physical point of view, it is not reasonable to prescribe the velocity on the outlet. 
Here we use a “soft” natural boundary condition. 

Due to the periodicity, we shall be able to reformulate the problem in a 
bounded domain Q of the form of one period only. The boundary of this domain 
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has the form 



on = r* u r G u r_ u r + u 



( 2 . 1 ) 



2.1. Governing equations 

The flow in consideration is described by the Navier-Stokes equations 
2 

n- — 

r\ J l r\ 

OXj ox 



= fi - -KT + u & u i i = M, (2-2) 



3 = 1 



and the continuity equation 

divu = 0. (2.3) 

We denote by u = (^ 1 ,^ 2 ) the velocity vector, f = (/i,/ 2 ) the vector of volume 
force, p the pressure and V = (d/dxi, d/dx 2 j. System (2.2) can be written in 



the form 



( u • V)u = f — Vp + is Au. 



(2.4) 



2.2. Bomidary conditions 

We consider the following boundary conditions on the boundary of the domain O : 

u\ Gi = 9 , (2.5) 

«|G„=0. (2.6) 

On the outlet the following natural boundary condition is prescribed: 
c)u 1 

-is — + pn - - (u • n)~ u = h for (xi,x 2 ) G G 0 . (2.7) 

Here g and h are given functions, periodic with period r. Moreover, we also assume 
that the volume force f is periodic in the direction with period r. For a £ IR 
we set a + = (\a\ + a)/2 and a~ — (|a| — a)/2. 

2.3. Classical formulation of the problem in the domain O 

Let us prescribe continuous functions / = (/i,/ 2 ) (in O), g = (# 1 ,( 72 ) (on Gi) 
and h — (hi,/i 2 ) (on G 0 ), periodic with respect to x 2 with period r. Find u — 
(^ 1 ,^ 2 ) G C 2 (0) 2 and p G G x (0), periodic with respect to x 2 with period r, 
such that they satisfy equations (2.4), (2.3) in the domain O and the boundary 
conditions (2.5) (on Gi ), (2.6) (on G w ) and (2.7) (on G 0 ). 

2.4. Classical formulation of the problem in the domain ft 

The domain O is unbounded, which is not convenient for the numerical solution. 
However, due to the periodicity, it is possible to reformulate the problem in an 
equivalent way in the bounded domain Q. 
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Let continuous functions f = (/i,/2) (in 
(hi , h 2 ) (on r o ) satisfy the conditions 


fi), g = ( 91,92 ) (on r 


i) and h = 


f(xi,x 2 ) - f(xi,x 2 +r) 


for ( xi,x 2 ) e r_, 


(2.8) 


g(Ao) = g(A i), 




(2.9) 


h(B 0 ) = h(Bi). 




(2.10) 


Find u = (ui,U2) and p such that 

a )wgC 2 (H) 2 , b)peC\Ti), 

c) u and p satisfy equations (2.4), (2.3) in ft and boundary conditions (2.5), 
(2.6) and (2.7) restricted to the boundary of the domain ft: 


u ki 


= 9, 


(2.11) 


u |r m 


= 0, 


(2.12) 


du 1 . . 

—v f pn - - (u ■ n) u 

on 2 


= h on r o . 


(2.13) 


Moreover, we consider the periodicity conditions 




u(xi,x 2 +t) = u(x l,x 2 ), 


(x\^x 2 ^ G T— , 


(2.14) 


du . . du 

— ( XuX2 + r) = 


, (ii,i 2 )er_, 


(2.15) 


p(xi,x 2 + t ) = p(x 1,X 2 ), 


(xi,x 2 ) g r_. 


(2.16) 



Remark. In various models we meet the problem how to choose suitable outlet 
conditions. The Dirichlet condition imposed on the velocity is usually rather re- 
strictive and does not lead to physical results. Therefore, the goal is to prescribe 
some “soft” natural outlet boundary conditions. One possibility often used is the 
so-called “do-nothing” condition 



-v — + pn = h, (2.17) 

on 

used, for example, in [7] or [8]. However, this condition does not allow to control the 
flux of the kinetic energy through the outlet and to prove the existence of a solution. 
In [9] and [10], there is an attempt to avoid this drawback by the formulation of 
the viscous channel flow, equipped by the “do-nothing” outlet condition, with the 
aid of variational inequalities. This problem was also investigated in [11] and [12]. 
Moreover, sometimes condition (2.17) yields nonphysical solutions. Therefore, we 
apply condition (2.7) proposed in [1]. 
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3. Weak formulation 



We shall work with the following function spaces. By H 1 ^) we denote the well- 
known Sobolev space. It is a Hilbert space with the scalar product 

= / (uv + Vu-Vv) dx. 

Jn 

We also consider the space U 1 (fl) 2 = H 1 (fl) x H 1 (Q) of vector functions, equipped 
with the scalar product 

2 

{u,v) H i(^i)2 = Y j (Uj,Vj) H i(Q), 
i=l 

where u = (ui, 7 x 2 ), v = (ui, u 2 ) G H rl (fl) 2 . Further, we define the following spaces: 
A'={»e C 00 ^) 2 ; v = 0 on r< U IV 

v(x ly x 2 +t) = v(x-L,X2) V(xi,x 2 ) G T_|, 

V = G X\ divi> = 0 in 

X is the closure of X in H 1 (Q) 2 , 

V is the closure of V in iJ 1 (fl) 2 . 



Using the same process as in Theorem 6.6.4 from [13], we can show that 
X = G H l {Ct) 2 ] v = 0in r,ur w , v(x\, x 2 + r) = v(xi, X 2 ) 
for (xi,x 2 ) G r_|. 

The identities on T w and T_ are interpreted in the sense of traces. Similarly 
as in [4], pages 142-143, we can prove that 



V = G X; divv = 0 in flj. 
In the space V we can use the norm defined by 




dvj dvj 
dxj dxj 



dx 



1/2 



and induced by the scalar product 



(u,v)v 




dui dvi 
dxj dxj 



dx. 



(3.1) 



(3.2) 



It is possible to prove that ||| . ||| is a norm on V equivalent with the norm || . Wh 1 ^) 2 : 
There exists a constant c\ > 0 such that 
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3.1. The derivation of a weak formulation 

Let us multiply equation (2.4) by an arbitrary test function v = (^ 1 ,^ 2 ) € V, 
integrate over Q, and use Green’s theorem. We get 




For integrals along dQ we have 



/ -/+/+/ + I + I 

Jan JVi JT 0 J r_ Jr + J r u 



Since the function v G V has a zero trace on U T w , the integrals along and 
T w vanish. From the relations 



n(x i,x 2 ) = -n(xi,X 2 +r) for (xi, x 2 ) G T_, (3.5) 



and (2.15) and properties of the test function v we get 



L 



du . 7 

—v — — v + p v ■ n ) ah = 0. 
on 1 



The integral along F 0 can be transformed with the aid of (2.13): 



L 



du 



V — -v+pv-n]dS 
p o \ on 



-IJ 



u • n) u • v dS + I h • v dS. 

r 0 



L hv 



(3.6) 



(3.7) 



Further, taking into account that divu = 0 in Ft and substituting (3.5)-(3.7) into 
(3.4), we obtain 




dui dvi , 
dxj dxj 




diLi 

Uj — — V{ dx 
dxj 



+ 




u • n) u - v dS + 




h-vdS. 



(3.8) 
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For u — (^1,^2), v = (^1,^2), w = (^1,^2) G V we introduce the following 
notation: 



ai(u,v) 




duj dvj 

d Xj d Xj X ’ 



a 2 (u,v,w) 



a 3 (u,v,w) 






Lj= 1 



f \-(u'Ti) v w 
•/r 0 2 



a(u,v) — ai(u,v) + a2(u,u,v) + as (u,u,t;), 



(/,v) = f vdx , 

Jn 

b(h , v) — — f h v dS. 

J T 0 

It is possible to show that all these forms make sense for u,v,w G V, / G L 2 (ft) 
and h G L 2 (r o ). 

Now the integral identity (3.8) can be written in the form 

a(w,u) = (/,v) + 6(h,v). (3.9) 



3.1.1. Definition of a weak solution Let g G C^T*) 2 satisfy the condition 
g(Ai) = g(Ao). (Let us recall that Aq and A\ are the end-point of T*.) Let / G 
L 2 (ft) 2 and h G L 2 (r o ) 2 . We define a weak solution of the problem as a vector 
function u G H 1 ^) 2 satisfying identity (3.9) for all test functions v G V, the 
continuity equation (2.3) in ft and the boundary conditions 

u \ri = g , (3.10) 

u \r w = 0, (3.11) 

u(xi,x 2 + t) = ufyi,x 2 ) for fyi,x 2 ) G T_ (3.12) 

in the sense of traces. 



In what follows we shall need to specify the properties of the function g in a 
more precise way. To this end we shall assume that g G H s ( r*) 2 , where 5 G (1/2, 1] 
and H s (Ti) is the Sobolev-Slobodetskii space with the norm 



g\\H s (ri ) 2 - ||flf||L 2 (ri) 2 + 



( f f \9{di,y2)-g(di,x 2 )\ 2 

KJrJrt \V2-x 2 \^ 



dy 2 dx 2 



1/2 



(3.13) 



See, for example, [15], Section 9.1. 

In view of Theorem 9.8 from [15], the function g G H s (Ti) 2 is continuous 
and, thus, the condition g(Ao) = g(A\) makes sense. Moreover, the embedding of 
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H s (Ti) 2 into C(Ti) 2 is continuous. Thus, there exists a constant C2 > 0 indepen- 
dent of g such that 

||<7||c(ro 2 < C2 ||<7||tfs(ri) 2 • (3.14) 

For our further considerations we shall put 7^ = 7 (di) + hr. Hence, we have 
A 0 = (d*, 70) and A x = {di, 71). 

It follows from Theorem 11.3 in [15] that there exists a constant C3 > 0 such 
that for each function g E H s {Ti) 2 satisfying the condition g{Ao) = g{A\) (i.e., 
g(di,jo) = g{di, 71)) it holds 




\g(dj,x 2 ) -g(dj, 7 q )| 2 
(x 2 - 7 o) 2s 

\g{dj,li) - g(dj,x 2 )\ 2 

(71 - 2 : 2 ) 2s 



dx 2 


< c 3 ll#ll/fs(ri) 2 ? 


(3.15) 


a. 

to 


^ c 3 ll^lltf^r*) 2 • 


(3.16) 



3.2. Extension of function g on the whole boundary dft 

In the proof of the existence of a weak solution we shall need a suitable prolongation 
of function g from Ti on the domain Q. First we prolong g on the whole boundary 
dQ, in the following way: 



g(xi,x 2 ) 



g( A 1) 


for (£1,212) G r+ , 


g(A 0 ) 


for (£i,x 2 ) G r_ , 


g(di,i(di) +x 2 - 7 (do)) 


for (xi,x 2 ) = (d 0 , £ 2 ) G T, 


0 


for (£i,£ 2 ) e . 



(3.17) 

Hence, the prolonged function g is equal to the constant g(Ao) = g(A\) on r + ur_, 
is equal to zero on and has a similar distribution on T 0 as on 



Lemma 3.1. The extension (3.17) of function g from T* onto dCt is an element of 
the space if 1//2 (cKl) 2 . Moreover, there exists a constant C4 > 0 independent of g 
such that 

\\9\\m/ 2 {dQ)' 2 < C4\\g\\ H s^ r .y . (3.18) 

Proof The norm of function g in the space H l / 2 {dPt) 2 is defined by 

Hallow = Mmony + ([ [ ds y ds x ) ' . (3.19) 

\Jdn Jon \ x ~y I J 

We want to show that the expression on the right-hand side of (3.19) is less than 
or equal to the right-hand side of (3.13). From the definition of g on dfl and 
inequality (3.14) we deduce that there exists a constant C5 > 0 independent of g 
such that 



|| 0 || l 2 ( cK }) 2 < c 5 ||^||^ s ( r i ) 2 • 



(3.20) 
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The integral over dTl x dTl on the right-hand side of (3.19) can be written as the 
sum of integrals over Ti x T*, T* x T + , T* x T 0 , Ti x T__, r* x T^, r + x T + , T + x r o , 

r + xr_, r + xt w , r 0 xr 0 , r G xr_, r Q xr w , r_ xr_, r_ xt w and xr^, and the 

integrals over the Cartesian products of nonequal sets has to be considered twice. 
Integrals over b xb and T 0 x T 0 can be estimated by || 5 f ||^ S ( r .) 2 - Integrals over 
T + x T + , r + x T_, T_ x r_ and T w x T w obviously vanish. Integrals over Ti x T w , 
T + x T^, r o x T w and r_ xr w can be estimated by the expression C6 ||#| 1 1 , 2 ( 17 ) 2 
(where cq is a suitable constant), since T w has a positive distance from Ti, r+, r Q 
and T_. It remains to estimate the integrals over Ti x T + , r* xL, T + xT 0 and 
b xL. Let us prove the estimate of the integral over Ti x T + . (Other integrals 
can be bounded similarly.) 

We can write 



11 



\g(y) - 9 ( 1 ? 



tv, jt+ \y-x\- 



dSy — 



u 



\g{dj,j\) -g{dj,x 2 )| 2 
I y - x\ 2 



dSy dS £ 



Using the relations 

x = ( di,x 2 ), dS : 
we find that 

J j \g{y)-g{x)\ 2 



dx 2 , y = (yi, 7(2/1)), dS y = V 1 + Y(yi) 2 dyi, 



r+ 

'll 



dS y dS rQ 



rn r 

J 7o d d 



I y - x\ 2 

do \9{di,li) -g{di,x 2 )\ 2 



\/l+Y(yi) 2 dy 1 dx 2 . 



/ 70 Jd, (yi - di) 2 + (7(2/1) - x 2 ) 2 

Since function 7 is smooth, there exists a constant C 7 > 0 such that 



\A + 7'(yi ) 2 < c 7 V yi e (di, d 0 ). 
Further, there exists a constant c 8 > 0 such that 



\y-x\ > c 8 dist(y;Ai) +dist(Ai;x) 



> c 8 



(■ yi - di) + (71 - x 2 ) 



for all x = (di, x 2 ) G and y = (yi, 7 ( 2 / 1 )) G T + . This and inequality (3.16) imply 
that the last integral can be estimated from above by 

£7 r [ do |g(rfj,7i) -g(di,x 2 )\ 2 

C 8 iy 0 Jd . [(2/1 - di) + (71 - x 2 )} 2 Vl X 2 

m / 1 l \ 

— — — J dx 2 

/ 70 \ 7 i - x 2 (d 0 - di) + (71 - x 2 ) J 

ni |g(di,7i) - g(di,x 2 )\ 2 



= — [ \g(di,ii) - g(di,x 2 )\ 2 

Cs J 1Q 

< £7 P 1 |flf(di,7i) — ar 2 )| 2 

c 8 f 



/ 7o 71-^2 

< C9C3||ff||^.( ri )2, 

which we wanted to prove. 



dx2 < C9 / 

JlQ 



(7l - ^ 2 ) 



2s 



dx 2 



□ 
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Lemma 3.2. The prolongation (3.17) of function g satisfies the condition 

gndS = 0. (3.21) 



/. 



Proof. The proof follows immediately from the definition of the prolongation of 
function g. □ 



3.3. Extension of function g into the domain Q 

Lemma 3.3. Let g E iL 1 / 2 ^^) 2 , satisfy (3.21). Then there exists its extension 
g* G H l (£l) 2 such that 



9* 


dn 


= g (in the sense of traces ) , 


(3.22) 


di vg* 


II 

0 

< 

P 


(3.23) 


Ih 1 ^) 2 


< CIO ||<7||i/l/2(3fi)2, 


(3.24) 



where the constant cio > 0 is independent of g. 



Proof The proof follows from Lemma 4.1 in [5]. □ 

Now we shall seek the weak solution u in the form u = g* + z, where z G V. 
Then u is an element of the space H 1 ( fl) 2 and satisfies the conditions 

u\ Fi = g , (3.25) 

t*|r„ - 0, (3.26) 

u(x±,X2+t) = u(x i,x 2 ) for (xi,x 2 ) G T_, (3.27) 

divt/ = 0 in fh (3.28) 

Substituting u = g* + z into equation (3.9), we get a problem for a new unknown 
function z E V: 

a(g* +z,v) = (/, v) + b(h, v), V t; e V. (3.29) 



The following result will play an important role in the proof of the existence 
of a weak solution. 



Theorem 3.1. There exist positive constants cn and c \2 such that 
a(g* + z, z) > PHI (v\\\z\\\-vc w c 4 \\g\\ H s {ri) 2 -c n \\g\\ 2 H s (ri) 2 



- C 12 ||fl||ij«(ri) 2 PIIIJ (3.30) 

for all z EV. 

Proof Using the definitions of the forms a, 02 and 03, we find that 
a(g* +z,z) = a\(z, z) + ai(g*,z) 

+ a, 2 (g*,g*,z) +a 2 (g*,z,z) + a 2 {z, g* , z) + a 2 {z, z, z) 

+ a 3 (g*,g*,z)+a 3 (g*,z,z)+a 3 (z,g*,z)+a 3 (z,z,z). 
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This implies that 

a(g*+z,z ) > ai(z,z) -\ai(g*,z)\ 

- \a 2 (g*,g*,z)\ - \a 2 (g*,z,z)\ - \a 2 (z,g*,z)\+ a 2 (z,z,z) 
~\a3{9*,9*,z)\ ~ \a3{g*,z,z)\ ~ \a 3 {z,g*,z)\+a 3 (z,z,z). (3.31) 



Let us estimate the terms on the right-hand side of (3.31). If we use the Cauchy in- 
equality, the continuous embedding of iL 1 (fl) into L 4 ( £1), inequalities (3.3), Green’s 
theorem and theorem on traces, we successively obtain 



f 

a 1 (z,z) = u V Tp- -^r- dx > HIMI' 2 , 
Jq , • , 



dzj dzj 

u ,.4^ ; dXj i)Xj 
2 



l ( * xi _ f v- 9g i dzj 

ai 9 ’ dx 3 dx 3 

< Hlff*llffW Nil, 



dx 



1 02 (g ,9 ,z) | = 






■ Zi dx | 

'■i,3 = 1 

2 / , X I/ 4 



< CIS ||^*||^fi(f2)2 ^2 dx j dxj 



— c 14 ||^ II i/1 (0)2 \\\ z \\ 

2 



M<?*,*,*)| 
2 

* E 



is 



<9z ? - 



Z- dx 



J <9x, 



(3.32) 



(3.33) 



(3.34) 



*,j=i 



r,,. 



4 dx 



1/4 



< Ci5|||z|||||fl*|| L 4( n )||z|| L 4( n ) < C 16 |||zr|| ff *||Hi (n) . 



(3.35) 



Moreover, 



|a 2 (z,c/*,z)| = 



< 



is 

2 ||^*| 



- — Zi dx 

OXn 



< 



\l/2 / r \ 1/2 

dxj H |V#*| 2 dxJ 



II z IIl 4 (o) 2 11# ll# 1 ^) 2 - c i7 INI II0 llr/M^) 2 ’ 
2 - 1 



a 2 {z,z,z) + a 3 (z,z,z) = [ Y] z j^r~ z i dx + ^ [ (z • n) \z \ 2 dS 

Jn i =1 ^ dr G 



(3.36) 
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= li^ 1 Zl ^; dx + U} z ' nrizl2dS 

l i3 — 1 

= ^ f (z ■ n) \z\ 2 dS — ^ [ divz \z\ 2 dx + ^ f (z ■ n)~ \z\ 2 dS 

2 JdQ 2 Jo. 2 Jr 0 

— ^ [ [(z -n) + (z ■ n) _ ] \z\ 2 dS = ^ f (z ■ n) + \z\ 2 dS > 0, (3.37) 

2 J r 0 2 Jr a 

\a 3 { 9 *, 9 *,z)\ = ^ {g* ■ n)~ {g* ■ z) dS < i \g*\ 2 \z\ dS 



< 2 (/ I^T dS) 1 '" (l M 2 dS^ < c 18 ||ff*|& 1(n) , M|„ W 



— c i9 ||<7 lln^n ) 2 III 



(3.38) 



|a 3 (g*,z,z)| = 



\j v ^ 9 *' n "> \ z \ 2 dS < l - \g*\\z\ 2 dS 



< \ (/ r \9*?dsj' 2 (/ p \z\ 4 dSy A < c 20 ||3*|| w ||z||^ (n)a 

< c 21 \\g*\\ HH ^ |||z||| 2 , (3.39) 



\ 1/2 



\az(z,g* ,z)\ 
1 

< - 
” 2 



\ [ ( z ’ n ) 9* - z dS < ^ f \g 
J r o J r o 



,*l 1-^(2 



zr ds 



\ 1/2 



1/2 



z\ 4 dS) < c 22 \\g*\\ mm , ||z ||| fl(n) 2 

r„ J 



lj 9rdS ) 

< c 23 Hfli* II (f2) 2 lll z ll| 2 - (3.40) 

Substituting (3.32)-(3.40) into (3.31), using (3.18) and (3.24), we get 

a(g*+z,z) > v\\\z\\\ 2 -v\\g*\\ HHnr ||N|| - (c 14 + c 19 ) || 5 *|| 2 ffl(Q)2 |||z||| 

- (ci6 + Cl7 + C 21 + C 23 ) ||g*||//i(n )2 |||z||| 2 

> IINII Ilk III - v ||g*||ffi ( n )2 - (C14 + C19) ||fl*||Hi(n)2 

- (ci6 + C17 + C21 + C23) ||5 , *||//1(^)2 INI 



> IINIII Nil - ^ c 10 C 4 II^IN ^) 2 - ( C 14 + C 19 ) c \ o c\ || 0||^ (r .)2 

— (Ci6 + C17 + C21 + C23) C10 C4 ||flf|| j H-s( r .)2 Nil). ( 3 - 41 ) 




The Incompressible Flow through Cascades of Profiles 



269 



Finally putting cn = (ci 4 + ci 9 ) cf 0 c 4 and c 12 = (c 16 + c 17 + c 2 1 + c 23 ) ci 0 c 4 , 



we arrive at the inequality (3.30). □ 

Theorem 3.2. There exists e > 0 that if 

ll^lli^ri) 2 < G (3.42) 

tten £/ie form a(g * + z, z) is coercive on the space V: 

lim a(< 7 *+z,z) = +oo. (3.43) 

ll|2|||-+oo 

Proof. Inequality (3.30) implies that it is sufficient to choose e = . □ 



4. Existence of a weak solution 

On the basis of the above results we can prove the existence of a weak solution to 
problem (3.29). We shall use the Galerkin method which will be applied in several 
steps. 

We start with the citation of a well-known lemma. 

Lemma 4.1. Let A : IR n — > lR n be a continuous mapping. If there exists R > 0 
such that 

> 0 (4.1) 

for all $ G IR n satisfying the condition |$| = R, then the equation 

A(d) = 0 (4.2) 

has at least one solution d E IR n such that |#| < R. 

For the proof, see Lemma 4.1.53 from [2], or Lemma II. 1.4 from [19]. 

4.1. Approximate solutions 

The space V is a separable Hilbert space. Similarly as in [2], Chapter 8 or [19] it 
is possible to construct a basis in V formed by elements from V. With the aid of 
the Schmidt orthogonalization process we obtain a basis {ei}^ 1 with e* G V,i = 
1 , 2 ,..., orthonormal with respect to the scalar product (• > -)v. For any n E IN 
let us set 

kn = ^{Ci, 62 5 ••• ,C n }, 

which is the linear space spanned on the functions ei, e 2 , . . . , e n . In this space 
we shall define an approximate solution of problem (3.29): 

n 

z n = ^2^ke k - (4.3) 

k = 1 

If we set i? = (i?i, . . . , i9 n ) and 

, n v 1/2 

h»l = (2>0 ■ 




270 



M. Feistauer and T. Neustupa 



then 

/ n \l/2 

INnll = \f{Zn,Z n )v = ( ^ &k $1 (e k , e{) V j = |«?|. 

\,l=l ' 

The approximate solution z n G V n is defined by 

a(g* + z n , v) = ( f , v ) + b(h, v) V v e V n , 

which is equivalent to the system 

a(g* + Z n , e k ) = (/, e k ) + b(h, e k ) for k = 1, 2, . . . , n. 

Expressing the form a with the aid of ai, <22 and <13, we can rewrite (4.6) 
form 

ai (g* +z n ,e k ) + a 2 (g* + z n ,g* + z n ,e k ) + a 3 (g* + z n ,g* + z n ,e k ) 
= (f, efc) + b(h, e k ) for k = 1, 2 , . . . , n. 

Substituting (4.3) into (4.7), we get 

n 

ai(g*,e k ) + ai(ei,e k ) + a 2 (g* , g* , e k ) 

1=1 

n 

+ [a 2 (g* ,e u e k ) + a 2 (e t ,g* ,e k )\ 

1 = 1 
n 

+ ^2 i9 1 1? 

m a 2 {ei e k ) + a 3 (g*,g*,e k ) 

l,m= 1 
n 

+ X> [ fl 3 {g*,ei,e k ) + a 3 (e t ,g* ,e k )] 

i=i 

n 

+ ^2 firfrn a 3 (ei, e m , e k ) - (/, e k ) - b(h, e k ) = 0, k = 1,2 ,... 

Z,rn=l 

This is a system of n quadratic equations for unknown coefficients t?i, $ 2, • 
If we denote by the left-hand side of the kth equation and set 

A(0) = (AM AnW), 

system (4.8) can be written as an equation 



(4.4) 

(4.5) 

(4.6) 
in the 

(4.7) 

(4.8) 

,n. 



A(0) = 0 



(4.9) 
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in IR n . Obviously, A : IR n — » IR n is a continuous mapping. Using inequalities (3.30) 
and (3.3), representation (4.3) and theorem on traces, we successively deduce that 



A(i9) = y] Akitytik = y^fcai(g*,efc) + ^ ^ -&i ai(e ; , e k ) 

k= 1 k= 1 k,l=l 

n n 

+ '^2'& k a 2 (g*,g*,e k ) + ^2 [a 2 {g*,ei,e k ) + a 2 (ei,g* ,e k )] 



k = 1 



k,l=l 



•> 5 e k ) + a 3(9*,g*,e k ) 

k,l,m=l 



k= 1 



+ '22'd k tii[a3(g*,ei,e k ) + a 3 (ei,g*,e k )]+ $ k $i a 3 (ei, e m , e k ) 

k,l,m = 1 



k,l = 1 



J2 §k (/> e fe)-S ■& k b(h,e k ) 



k= 1 k=l 

= a 1 (g*,z n ) + a 1 (z n ,z n ) + a 2 (g*,g*,z n ) + a 2 (g*,z n ,z n ) + a 2 (z n ,g*,z n ) 

+a 3 (g* , g* , Z n ) + a 3 (g* , z n , z n ) + a 3 (z„, g* , z n ) - ( f,z n ) - b(h,z n ) 

= a(g* + z n , z n ) — (/ , z n ) — b(h, z n ) 

> III ^ n III (^INnlll -VCWC4, ||p || /J- (r, ) 2 ~ c n IlsIlWi) 2 

- c 12 llsllff^ri) 2 UNnlll) - C 1 ll/IU 2 (Q) 2 lINnlll “ C 24 ||ft.||.L 2 (r o ) 2 |||Zn|||. (4.10) 

Let us assume that the norm \\g\\H s (ri) 2 is so small that (3.42) holds with e = 
v/c\ 2 - Hence, 

\\9\\H s (ri) 2 < v/ci2- ( 4 - 11 ) 

Now we see that A(d) • $ > 0, if d satisfies the condition |#| = i? 0 , with 

^cio C 4 \\g\\H s (ri) 2 + Cn ll^lln^ro 2 + c i ||/||l 2 (Q) 2 + C 24 ||^||L 2 (r 0 ) 2 



Ro 



v — c 12 ||flf||#s ( r .)2 



(4.12) 

It follows from Lemma 4.1 that equation (4.9) has at least one solution d with 
\d\ < Ro- The function z n given by (4.3), is a sought approximate solution. In 
view of (4.4), 

IM < Ro- (4.13) 

Thus, we have proved the following theorem. 

Theorem 4.1. Let us assume that condition (4.11) is satisfied. Let n E IN. Then 
problem (4.5) has a solution z n E V n satisfying estimate (4.13). 
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4.2. Convergence of approximate solutions 

Let us assume that the norm ||#||# s (ri) 2 satisfies condition (4.11). Since the space 
V is reflexive, the boundedness of the sequence {z n } implies that there exist its 
subsequence, for the sake of simplicity denoted again by { z n }, and an element 
z € V such that 

z n — > z for n — > +00 weakly in V. (4-14) 



Hence, 



z n — > z for n — ► +oo weakly in H l (Sl) 2 . (4.15) 

The space H l ( Q) 2 is compactly embedded into L q (Q) 2 for each q > 1. (See, for 
example, [6], Theorem 1.3.) This implies that 



z n — > z for n — > +oc strongly in L q (Q) 2 (4.16) 

for each q> 1. The trace operator from H 1 (Q) 2 into L q (d£t) 2 is compact for each 
q > 1. See, e.g., [13], Theorem 6.4.2. Hence, it follows from (4.14) that 

z n — > z for n — > +oo strongly in L q (d Q) 2 

and, in particular, 

z n — > z for n — > +oo strongly in L q (T 0 ) 2 (4-17) 

for each q > 1. This implies that 

z n • n — > z ■ n for n — > +oo strongly in L q (T 0 ), 

(z n • n)~ — > (z • n)~ for n — > +oo strongly in L q (F 0 ) 2 . (4.18) 

In virtue of (4.17) and (4.18), the sequences { z n } a {( z n • n)~} are bounded in 
L 9 (r o ) 2 and L q (T 0 )), respectively for each q > 1. 



4.3. Limit process in (4.5) 

By the definition of the form a, equation (4.5) can be written in the form 

ai(g*,v) +ai(z n ,v) + a 2 (g*,g*,v) +a 2 (z n ,g*,v) + a 2 (g*,z n ,v) 

+a 2 (z n ,z n ,v) + a 3 (g*,g*,v) + a 3 (z n ,g* ,v) + a 3 (g* ,z n ,v) 

+a 3 (z n ,z n ,v) = (f,v) + b(h,v). (4.19) 

Let v G Vm for a fixed m E IN. (Then v is infinitely differentiable in Q.) Further, 
let us assume that n E IN, n > m, and write z n = (z n i,z n 2 ), ^ = (^ 1 ,^ 2 ), 
g* = (9* > 92 ) & v = (vi,v 2 )- By (4.15), 

di (zn,v) — > a\(z,v) for n — > + 00 . (4.20) 



Further, 
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The expressions dgf/dxjVi (i,j = 1,2) are elements of L 2 (£l). Thus, in view of 
(4.16), 



\d 2 (zn,g*,v) - a 2 (z,g*,v)\ 



<- -a Ejgfw -ra 



I Z n - zr dx 



where the constant C 25 is independent of n. This implies that 



Further, 



a 2 {z n ,g*,v) — > a 2 (z,g*,v) for n -> +oo. 



a 2 (g*,z n ,v) = j 9* dx - 



Obviously, g* Vi £ H 1 ( £1 ) 2 (i,j — 1 , 2 ) and, hence, it follows from (4.15) that 



a 2 (g*,z n ,v) — > a 2 {g*,z,v) forn-^+oo. 



We have 



a 2 {z n ,z n ,v) =1^2 



^ ~ HI 7 

^2 dx, 



|ffl2(2n,«n,v) - a 2 (z,Z,v)| 

< |a 2 ( v ) a 2 {z, z n , v)| + |a 2 (.s, 2 n , v) a 2 (z,z,v)\ 






dx + / s 



( dz ni dZi \ 

'■< -77— - TT- ) Vi dx 



— ^26 ll-^n •^'IIl 2 (Q) 2 lll'^'nlll ~f" 



n 'i V dx i dx j 



f ( dz n i dZi ^ 



where C 26 is a constant independent of n. The first term on the right-hand side 
converges to zero asn-^ +oc due to (4.16) and the boundedness of the sequence 
{z n } in V. The second term tends to zero for n — > Too due to the weak convergence 
(4.15). Therefore, 

a 2 {z n ,z n ,v) — > a 2 (z,z,v) for n -> +oo. (4.23) 



Taking into account that 



a 3 (g*,z n ,v) = - 



J (g* -n) z n -v dS, 



(g* ■ n) v € L q (T 0 ) 2 for each q > 1 and using (4.17), we find that 



<* 3 (g*,z n ,v) — > a 3 (g*,z, v) for n +oo. 



(4.24) 
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Similarly we get 

az{zn,g*,v) = 1 f (z n ■ n)~ g* ■ v dS, 

JY 0 

g* v £ L q ( r o ) for each q > 1. This and (4.18) imply that 

d 3 (zn,g*,v) — ► a 3 (z,g*,v) for n -> +oo. (4.25) 

Finally, we have 




where C 27 and C 28 are constants depending on v e V m and, thus, on m, but 
independent of n. Using the boundedness of the sequence {( z n • n) - } in L 2 (T 0 ), 
(4.17) and (4.18), we get 

a 3 (zmZ n ,v) — > a 3 (z,z,v) for n -> + 00 . (4.26) 

Hence, by the limit process in (4.19) we obtain the identity 

a(<?* +*,*;) = (/, v) + b(h, v), \/veV m (4.27) 

and for each m G IN. Therefore, (4.27) is satisfied for all test functions v E 
V m . This union is dense in V and the individual terms in (4.27) considered 
as functions of v eV are continuous linear functionals. From this we conclude that 
(4.27) holds for all v E V. As we see, function z is a solution of problem (3.29) 
and, thus, u = g* + z is a weak solution of the cascade flow problem, defined in 
3.1.1. 

The above results can formulated as the following theorem. 

Theorem 4.2. (On the existence of a weak solution.) Under the assumption that 
the norm HgHi^r*) 2 satisfied the bound (4.11), there exists a weak solution of the 
cascade flow problem defined in 3.1.1. 

Remark. In the monographs [6], [14], [19] and [2], the existence of a weak solu- 
tion of the boundary value problem for the Navier-Stokes equations in a bounded 
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domain ft with the Dirichlet boundary condition 



u 



I <90 



= 9 , 



(4.28) 



prescribed on the whole boundary dft is established under the assumption that 
g G H^ 2 (dil) k (where k = 2 or k = 3) and assumptions ensuring the condition 



j g ndS = 0 (4.29) 

for each component T of the boundary df l. In this case, it is not necessary to 
assume the smallness of function g in a suitable norm. 

However, in applications we can meet the necessity to solve viscous flow 
in a domain ft whose boundary has several components, the Dirichlet boundary 
condition (4.28) is prescribed on dft and function g satisfies the condition 



/ g-ndS = 0 , (4.30) 

Jdn 

but the integrals of g • n over individual components of the boundary are nonzero. 
This general problem is studied in [5] , but it is necessary to assume that function g 
is sufficiently small. The existence of a solution in the case, when this assumption is 
not satisfied, remains open. Our problem has a similar character and, therefore, we 
are able to prove the existence of a weak solution under the restrictive assumption 
(4.11). There is a hope that this assumption will not be necessary for the existence 
of a weak solution of the nonstationary problem, which will be the subject of a 
further analysis. Another direction of a future research will be the finite element 
approximation of the problem. 
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On Inversion of Convolution Integral Operators 
on a Finite Interval 

Israel Gohberg, Marinus A. Kaashoek, and Freek van Schagen 



Dedicated to the memory of Erhard Meister. 
We remember him with respect and admiration. 



Abstract. The Gohberg-Heinig inversion formula for convolution operators on 
a finite interval is computed explicitly for the case when the kernel function is 
given by k(t) = Ce tA B, where A, B, and C are matrices of appropriate sizes. 



1. Introduction 



Let k G Ll nxm [— r, r], where r is a positive real and m is a positive integer, and 
let T be the convolution operator on L^[0,r] given by 



(Tf)(t) = 


f{t) - [ k(t — s)f(s)ds, 
Jo 


0 < t < r. 


(i.i) 


This paper concerns the Gohberg-Heinig inversion 
this result we need the following integral equations 
associated with T : 


theorem [2] for T. 
in m x m matrix 


To state 
functions 


x(t) - 


/ k(t — s)x(s)ds — k(t ), 

Jo 


0 < t < r, 


(1.2) 


z{t) - 


j k(t — s)2:(s)ds = k(t), 


~T<t< 0, 


(1.3) 


w(t) - 


f w(s)k(t s)ds = fc(£), 

Jo 


0 < t < r, 


(1.4) 


yd) - 


j y{s)k(t — s)ds = fc(£), 


-r < t < 0. 


(1.5) 



In the sequel we follow the convention that solutions of the equations (1.2)— (1.5) 
will be considered on the full interval [— r, r] by defining them to be zero on the 
appropriate complementary intervals. 
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Theorem 1. ([2]) The following statements are equivalent: 

(i) the operator T is invertible on L^[0,r]; 

(ii) equations (1.2) and (1.3) have solutions in L] nxrn f),r] and L] nXrn [— r, 0], re- 
spectively; 

(iii) equations (1.4) and (1.5) have solutions in Ll nxrn [0,r] and Ll nXrn [— r, 0], re- 
spectively. 

Moreover in this case T~ l is given by 

(T _1 /)(0 = f(t) + [ 7 (t, s)f(s)ds, 0 < t < t, (1.6) 

JO 

with the kernel function 7 being given by 

/»min{£,s} 

7 (t, s) = x{t — s)+y(t — s)+ / [x(t - r)y(r — s) — z(t — r — r)w(r — s + r)]dr, 

Jo 

(1.7) 

where x, w, z and y are the ( unique ) solutions of (1.2) —(1.5) . 

In [2] (see also Chapter 7 in [1]) the inversion formula (1.7) is proved in two 
steps. The first step establishes this formula for kernel functions of the form 

m = E (1.8) 

j=-n 

where Aj, —n < j < n, is an m x m complex matrix. The second step uses the 
result of the first step and an approximation argument based on the fact that 
functions of the form (1.8) are dense in Ll nXrn [— r, r]. 

In this paper we concentrate on the first of these two steps. Instead of func- 
tions of the form (1.8) we work with kernel functions k of the form 

k(t) = Ce tA B , — r < t < r, (1.9) 

where the matrices A , B , and C are of size n x n, n x m, and m x n, respectively. 
The class of functions defined by (1.9) contains the functions of the form (1.8), 
and hence this second class is also dense in L] nXrn [— r, r]. We refer to a function 
of the form (1.9) as a kernel of exponential type. Notice that these kernels are of 
finite rank. 

For kernels of exponential type we give a direct and simple proof of Theo- 
rem 1. Our proof uses elements of system theory and has a linear algebraic flavor. 
It yields explicit formulas for all functions involved. The following theorem is our 
main result. 

Theorem 2. Let T be the integral operator (1.1) on L^[0, r] with kernel k given by 
(1.9). Then T is invertible if and only if the n x n matrix 

M = I n - [ e~ sA BCe sA ds (1.10) 

Jo 
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is invertible. In that case the resolvent kernel 7 and the solutions x, w, z and y of 
the equations (1.2-1. 5) are given by 



7 (M) 


= Ce tA M~ 1 e~ sA B, 0 < 


s < r, 0 < t < T, 


(1.11) 


x(t) 


= Ce tA M~ 1 B = 7(t,0), 


0 <t<T, 


(1.12) 


z(t) 


= Ce (T+t)A M~ 1 e- TA B = 


7 (r + t,r), — r < t < 0, 


(1.13) 


w(t) 


= Ce TA M~ 1 e- {T ~ t)A B = 


7 (r,r-t), 0 <t<r, 


(1.14) 


y(t) 


= C , M“ 1 e ij4 B=7(0,-t), 


-T < t < 0. 


(1.15) 



Furthermore, the functions 7 and x, y, z and w satisfy the relation (1.7). 

In what follows we refer to the matrix M given by (1.10) as the indicator of 
T corresponding to the representation (1.9). 

In the next section we prove Theorem 2. The final section presents a direct 
proof of the equivalence of statements (i)-(iii) in Theorem 1 for the case when k 
is given by (1.9). 



2. Kernels of exponential type 

Throughout this section k is given (1.9), and K is the integral operator on L^[ 0, r] 
given by 

(■ Kf){t ) = [ k(t — s)f(s)ds, 0 < t < t. (2.1) 

Jo 

Thus T = I — K. We first prove Theorem 2. 

Proof of Theorem 2. We divide the proof into three parts. In the first part we prove 
that T is invertible if and only if M is invertible, and derive formula (1.11). In the 
two other parts we assume that T (or equivalently the indicator M) is invertible. 

Part 1. Notice that K = FG , where the operators F : C n — > L^[0,r] and 
G : LW 0, r] — ► C n are given by 

(. Fx)(t ) = Ce tA x (x e C n ), Gf = f e~ sA Bf(s)ds. 

Jo 

From the equality 



I -F 

0 In 



I 0 

G I n - GF 



I -FG 
G 



it follows that T — I — K is invertible if and only if M = I — GF is invertible. 
Moreover, in that case T -1 = I + FM~ X G. Hence 

(T-7)W - f{t) + ^ Ce tA M- 1 e~ sA Bf(s)ds, 

Jo 

which shows that the resolvent kernel 7 is indeed given by (1.11). 
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Part 2. We prove the formulas (1.12)— (1.15). First (1.12). Since T is invertible, 
we have x = T~ l k. But we know that k = FB. Using T~ l = I + FM~ 1 G we 
obtain the equalities 

x = T~ l FB = (/ + = FM _1 (M + GF)B = FM~ l B 

Thus x = FM _1 5, and hence x(t) = Ce tA M~ 1 B = 7 (£, 0). 

Next, observe that equation (1.3) can be transformed into an equation of the 
form (1.2). Indeed, put z(t) = z(—t) and k(t) = k(—t). Then equation (1.3) can 
be rewritten in the following equivalent form: 

z(t) — f kit — s)z(s)ds = k(t), 0 <t<r. (2.3) 

Jo 

Notice that k(t) = Ce~ tA B , and hence we can apply the results of the previous 
paragraphs with A being replaced by —A. For the corresponding indicator M we 
have 

M := I n - [ e sA BCe~ sA ds = I n - e rA [ e- sA BCe- sA dse~ TA = e TA Me~ rA . 
Jo Jo 

Hence M is invertible, and we conclude that (2.3) is uniquely solvable, and by the 
result of the previous paragraph z(t) = Ce~ tA M~ 1 B. Therefore 

z(t) = c4 T+t)A M- l e~ TA B = 7 (r + t,r), 
and (1.13) is proved. 

To prove (1.14), we consider the transposed of (1.4) which is an equation of 
the same type as (1.2). Indeed, put w(t) = w{t) T and k(t) = k(t) T , and consider 

w(t) — f k(t — s)w(s)ds = k(t), 0 <t<r. (2.4) 

Jo 

Notice that k(t) = B T e~~ tAT C T , and hence k is again a linear combination of 
exponentials. For the corresponding indicator M we have 

M = I n — f e~ sAT C T B T e sAT ds = (I n - [ e sA BCe' sA ds) T = (e TA Me~ rA ) T . 
Jo Jo 

Thus M is invertible, and w(t) = B T e tAT M~ 1 C T is the unique solution of (2.4). 
This shows that w(t) = Ce rA M~ 1 e~( T ~ t ' )A B = y(r, r — t) is the solution of (1.4), 
and (1.14) is proved. 

Finally, in order to solve equation (1.5) put y(t) = y(—t). Then the equation 
reduces to the equation (1.4) with —A replacing A. Therefore the solution is 

y(t) = Ce~ TA M~ 1 ^ T ~ t ^ )A B = CM- l e~ tA B = 7 (0 ,*). 

Since y(t) = y(—t ), the preceding calculation yields (1.15). 

Part 3. In this part we verify that the functions 7 and x, y, z and w satisfy 
the relation (1.7). For this purpose we first note that 

MA- AM = [ (Ae~ sA BCe sA -e~ sA BCe sA A)ds = BC-e- rA BCe rA . (2.5) 
Jo 
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Hence, 

M~ 1 (BC - e~ TA BCe TA )M~ 1 = AM- 1 - M~ X A. 
By integration we obtain 



[ e~ rA M~ 1 (BC — e~ TA BCe TA )M- 1 e rA dr = M -1 — e~ sA M~ 1 e sA . (2.6) 

Jo 

Multiplying (2.6) to the left by Ce tA and to the right by e~ sA B we obtain 
Ce tA M~ 1 e~ sA B - Ce (f “ s)A M -1 B 




BCM~ 1 e i ' r - s)A B 



_ Ce (t-r) A M -i e - TA BCe TA M- 1 e {r - s)A Bdr. 



For s < t this is equivalent to 

/»min{t,s} 

7 (£, s) = x(t — s)+ [x(t — r)y(r — s) — z(t — r — r)w(r — s + r)]d r, 

Jo 

which proves (1.7) for s < t. 

Next we replace s by t in formula (2.6) and multiply to the left by Ce tA and 
to the right by e~ sA B to obtain 

Ce tA M~ l e~ sA B - CM~ 1 e it ~ s)A B 

t 

Ce {t - r)A M~ 1 BCM- 1 e ( - r - s)A B 

-Ce (t - r)A M- 1 e- TA BCe rA M- 1 e {r - s)A Bdr. 
which is for the case when s > t the equality 

/•min {t,s} 

y(£, s) = y(t — s) + / [x(t — r)y(r — s) — z(t — r — r)w(r — s + r)]dr. 

Jo 

We finished the proof of (1.7). □ 

Notice that the matrix M depends on the choice of A, B and (7, but that 
7 , x, w , z and y do not. In particular Theorem 2 implies that the matrix M is 
invertible for all choices of the representation of k if it is invertible for one. 




3. The equivalence of (i)-(iii) in Theorem 1 

In this section we present a direct proof of the equivalence of statements (i)-(iii) 
in Theorem 1 for the case when k is a kernel of exponential type. In this case these 
equivalences may be derived as a corollary from the following proposition. 
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Proposition 3. Let A, B, and C be matrices of sizes n x n, n x m, and m x n, 
respectively. Consider the matrix 

M = I n - [ e~ sA BCe sA ds. (3.1) 

Jo 

The following statements are equivalent : 

(i) the matrix M is invertible; 

(ii) the matrix equations MX = B and MZ = e~ rA B have solutions ; 

(iii) the matrix equations YM = C and WM = Ce rA have solutions. 
Furthermore, in this case 



M” 1 =I n + [ 
Jo 


e tA BCe tA dt + [ [ e tA B'j(t,s)Ce sA dsdt. 
Jo Jo 


(3.2) 


Here 






7 (t,s) = 


j + Ce tA R(s)e~ sA B, s < t, 


(3.3) 


' \ Ye^-^B + Ce tA R(t)e~ sA B, s > t. 


with the function i?(-) 


being given by 






R(t) = [ e- rA (XY - ZW)e rA dr. 
Jo 


(3.4) 



Proof. Notice that the equivalence of (i) and (iii) follows from the equivalence of 
(i) and (ii) by transposing. Obviously, (i) implies (ii). So we have to prove that (ii) 
implies (i). In order to do this we identify A , B , and C with the linear operators 
of which the action relative to the standard bases in C n and C m are given by the 
respective matrices. First we show that without loss of generality we may assume 
that 

Im [ B AB ... A n ~ 1 B]=C n . (3.5) 

Let Ho be the subspace of C n defined by the left-hand side of (3.5), and let 
Hi be the orthogonal complement of Ho in C n . Notice that Ho is invariant under 
A , and the range of B is contained in Ho. Thus relative to the decomposition 
C n = Ho © Hi, the operators A, B , and C admit the following partitionings: 



Ao * 






0 * 



B = 



Bo 

0 



C=[ Co * 



(3.6) 



Here the stars denote operators which we will not specify further. A straightforward 
computation using the partitionings in (3.6) shows that relative to C n = Ho ©Wi 
the operator M in (3.1) can be partitioned as: 



M = 



Mo * 

0 In, V 



(3.7) 



where 

Mo = I Ho - [ T e- sA °B 0 C 0 e sA ° ds. 
Jo 



(3.8) 
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Here Iu 0 and In x are the identity operators on Ho and Hi, respectively. From 
(3.7) we see that M is invertible if and only if Mo is invertible. 

Next, notice that the equations MX = B and MZ — e~ rA B can be written as 

Mo * Xo Bq Mo * Zq c tA °Bo 

o i Hl J L J L o J ’ L 0 ^ l [Zi \ = [ o 

This implies that MX = B and MZ = e~ rA B are solvable if and only if MoXo = 
Bo and MqZq — e~ rA °Bo are solvable. Thus in order to prove (ii)=^(i) we may 
without loss of generality assume that (3.5) holds. 

Assume (ii) holds, and let (3.5) be satisfied. Let x be a vector in C n such 
that x T M — 0, where x T is the transpose of x. Since the equations MX — B and 
MZ = e~ rA B are solvable, x T M = 0 implies that x T B — 0 and x T e~ rA B = 0. 
As we have seen in the previous section, M satisfies the following intertwining 
relation: 

MA - AM = BC - e~ rA BCe TA . (3.9) 

We conclude that x T AM — 0. By repeating the argument with x T A in place of 
x T we see that x T A 2 M = 0. By continuing in this way we show that x T A k M = 0 
for k = 0, 1, . . . , n — 1. Recall that MX = B for some X. Hence x T A k B = 0 for 
fc = 0, l,...,n— 1. But then we see from (3.5) that x T — 0. Thus x T = 0 implies 
x = 0, and hence M is invertible. This completes the proof of (ii)=>(i). 

It remains to prove the inversion formula (3.2). Since M is invertible, we see 
from the intertwining relation (3.9) that 

AM- 1 - M~ l A = XY - ZW. 



Thus R in (3.4) is also given by 

R(t) = [ e~ rA (AM~ 1 — M~ 1 A)e rA dr 

Jo 

= - —(e~ rA M~ 1 e rA ) dr = M~ l - e~ tA M~ 1 e tA . 

Jo dr 

Inserting this expression of R into (3.3) and using that X = M~ X B and Y = 
CM -1 yields 

7 (f,s) = Ce tA M~ 1 e~ sA B, 

and hence 

[ [ e~ tA B’y(t, s)Ce sA dt ds 
Jo Jo 

= ([ e- tA BCe tA at)M~ 1 ( f e~ sA BCe sA ds) 

Jo Jo 

= (In - M)M~ 1 (I n -M) = M- 1 - 2 /„ + M. 

This yields (3.2) and completes the proof. □ 
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Lemma 4. Let k be given by (1.9) , and let M be the corresponding indicator. Then 
the following statements are true. 

(i) equation (1.2) has a solution in Lj nxm [0,r] if and only if MX = B has a 
solution. 

(ii) equation (1.3) has a solution in Ll nxm [—r,0] if and only if MZ = e~ rA B 
has a solution. 

(iii) equation (1.4) has a solution in L^ xm [0,r] if and only ifWM = Ce rA has 
a solution. 

(iv) equation (1.5) has a solution in L\ nxrn [— r, 0] if and only ifYM = C has a 
solution. 

Proof. By transposing we see that (i) follows from (iii), and (ii) from (iv). Fur- 
thermore, (iv) follows from (iii) by passing from t to —t. Thus it suffices to prove 
(iii). 

Assume the matrix equation WM = Ce rA has a solution. Consider the func- 
tion w(t) = We^~ T ^ A B on 0 < t < r. We claim that w is a solution of (1.4). 
Indeed 

w(t)~ f w(s)k{t-s)ds = We {t ~ T)A B- f We {s - T)A BCe { - t ~ s)A Bds 
Jo Jo 

= [We~ rA - We~ rA ( f e sA BCe~ sA ds)]e tA B 

Jo 

= \We~ rA — W(f e- sA BCe sA ds)e~ TA ]e tA B 

Jo 

= [WMe~ rA ]e tA B = Ce tA B = k(t), 0 <t<r. 

Thus w is a solution of (1.4). 

Conversely, assume (1.4) has a solution re. Then 

Ce tA B = w(t)~ f w(s)Ce^- s)A Bds 
Jo 

— w(t) — ( f w(s)Ce~ sA d s)e tA B, 

Jo 

and hence w is of the form w(t) = We tA B. Put W = We rA . Then (WM — 
Ce rA )e tA B = 0 for each 0 < t < r. We claim that this implies that WM = Ce rA . 
When (3.5) is satisfied this is trivial, and if not one uses the same arguments as 
in the second paragraph of the proof of Proposition 3. □ 

From Proposition 3 and the above lemma the equivalence of (i), (ii), and (iii) 
in Theorem 1 is clear for the case when k is of the form (1.9). 

In conclusion, let us remark that in system theory formula (3.5) is known as 
a condition of controllability (see, e.g., [3], Section 6.2). The transformation of the 
pair A, B into the controllable pair Ao,F?o described in the second paragraph of 
the proof of Proposition 3 is also standard in system theory. 
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Some Algebras of Functions 
with Fourier Coefficients 
in Weighted Orlicz Sequence Spaces 

Alexei Yu. Karlovich 



To the memory of Erhard Meister 



Abstract. In this paper, the author proves that the set of all integrable func- 
tions whose sequences of negative (resp. nonnegative) Fourier coefficients be- 
long to (resp. to j0 ), where and are two- weighted Orlicz 

sequence spaces, forms an algebra under pointwise multiplication whenever 
the weight sequences 

<fi = {<M, = {<M> W = {w„}, Q = {q„} 

increase and satisfy the A2-condition. 



1. Introduction 



Let T be the unit circle. For a complex-valued function / £ L 1 (T), let {f n }ne z be 
the sequence of the Fourier coefficients of /, 



fn ■ = 




dd. 



Let W be the Wiener algebra of all functions / on T for which 



OO 

\\f\\w ■= ^2 l/fcl < OO. 

k= — oo 



Let F£^ r p, where 1 < p, r < oo and 0 < a,/? < oo, denote the set of all functions 
/ on T for which 






oo \ ± /t J /oo 

£i/-*i p (*+i r +[^2\fk\ r (k+ir 

,/c=l / \k= 0 



1/r 

< OO. 
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The following result was conjectured by A. Bottcher and B. Silbermann and proved 
by Detlef Horbach. The proof is in [1, Section 6.54]. 

Theorem 1.1. If 1 < p, r < oo and 0 < a, (3 < oo, then W D FI P ^ is an algebra 
under pointwise multiplication. 

Note that a stronger fact is actually proved in [1, Section 6.54]: the inequality 
||/ 2 || Fe p a r 0 < Ci ||/|| w\\f\\Fe p a r 0 is fulfilled for some Ci > 0 and any / e WnFi^. 
From the latter inequality and ||/p||w < ll/llwll^llw one can easily get 

II/pIIw + \\fg\\ Fefp < c(\\f\\w + + WsWfe^ 

for some C > 0 and all /, g G W fl FI^, that is, W fl F£ p ^ is a Banach algebra. 
This result has important applications in the theory of Toeplitz determinants 
and the theory of Toeplitz operators on Lebesgue spaces 1 < p < oo) with 
Khvedelidze weights g (see [1, Ch. 7 and Ch. 10]). The aim of the present note is 
to generalize this result by replacing in the definition of FI 

1. norms in weighted Lebesgue sequence spaces by norms in two- weighted Orlicz 
sequence spaces; 

2. canonical weight sequences {(n + 1) A }^L 0 with A G {a, /?} by general increas- 
ing weight sequences satisfying the A 2 -condition. 

The author hopes that such an extension will be useful because the scale of Orlicz 
spaces is much wider and sensitive than the scale of Lebesgue spaces. 

Note also that similar questions were considered by P.L. Ul’yaiiov [5] for the 
set E of functions / G C(T) with 

m\ E ■= < °°> 

kez 

where a; is a function with certain properties (a so-called modulus of continuity) 
and {r n } ne z is a weight sequence. Under some natural assumptions he proved that 
E is an algebra under pointwise multiplication. 

This note is organized as follows. In Section 2 we remind the notion of two- 
weighted Orlicz sequence spaces and define a related class Q that general- 
izes the class Ft\ Yp- Further we formulate the main result: the set W fl Q 

is a Banach algebra under pointwise multiplication whenever the weight sequences 
( increase and satisfy the A 2 -condition. Finally we state a corollary about 
factorization of nondegenerate functions in this algebra. Section 3 contains the 
proofs. 

2. Preliminaries and the main result 

2.1. Weighted Orlicz sequence spaces 

An Orlicz function $ is a continuous non-decreasing and convex function defined 
for t > 0 such that $(0) = 0 and lim 4>(£) = oo (see [3, Definition 4.a.l]). Let 1 be 
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either N := {1, 2, . . . } or Z + := N U {0} and let {^> n }nei be a sequence of Orlicz 
functions. The set (I) of all sequences of complex numbers c = {c n } ne i with 



EMT 



net 



< oo 



for some A = A(c) > 0 is a Banach space when equipped with the norm 






inf < A > 0 : ^ $ ri 

l n€l 



| Cn 

T 



< l 



The space is called a modular sequence space (see [3, Definition 4.d.l]) or 

a Musielak- Orlicz sequence space (see, e.g., [4]). 

Any sequence {v n } ne i of positive numbers is called a weight sequence. Let $ 
be an Orlicz function and cp = {p n }nei and w — {wn}ne i be weight sequences. 
Clearly 

$n(z) := $(xip n )w n ( x > 0) (2.1) 

is an Orlicz function for every n G I. The special case of a Musielak-Orlicz sequence 
space generated by the sequence of Orlicz functions (2.1) is denoted by and 

is called the two-weighted Orlicz space generated by the Orlicz function 4> and the 
weight sequences p = {p n }ne i and w = {w n } ne i. 

In particular, if 4>(x) = x p , 1 < p < oo, then is the weighted Lebesgue 

sequence space ^(1) and 

\ 1 /p 



wk.«= (Ei 

\ne I 



Pn 



(Pn — 






n e 



*)• 



So, in this case, ^ ?i (I) = if ^ P (I), where p p {tpP} ne i. But in the general case an 

Orlicz function $ is not homogeneous. Hence the weighted Orlicz sequence spaces 
ifp ?1 (I) and ^f jt/; (I) are essentially different. 

Applying criteria of coincidence of Musielak-Orlicz sequence spaces and Musi- 
elak-Orlicz sequence classes (see [4, Theorem 8.13(b)]) to the case of the sequence 
of Orlicz functions (2.1), one can get the following. 

Proposition 2.1. Suppose $ is an Orlicz function , 4>(x) >0 whenever x > 0, and 
(f = {<p n }n€h w = {wn}ne i are weight sequences. Then 



\ C {^n}nG I • ^ ^ ^(l^n |^n)^n ^ ^ 



1 net ) 

if and only if there exist positive numbers 5, K and a sequence of nonnegative 
numbers {d n } ra€ i such that for all x > 0 and n£l, 

$(xip n )w n < 5 => 

and Y,„el d n < oo. 



$(2 X(p n )w n < K$(xtp n )w n + d n 
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2.2. The main result 

Let and 'F be Orlicz functions and let 

V = {<Pn\n= 1. W = {w n }^° =1 , = {<M£L 0 > ^ = {^n}~ =0 

be weight sequences. We denote by Q the set of all functions / € L 1 (T) such 

that the sequence {f- n }ne n of all negative Fourier coefficients of / belongs to the 
two- weighted Orlicz space ^ W (N) and the sequence {f n }nez + of all nonnegative 
Fourier coefficients of / belongs to the two- weighted Orlicz space Q (Z+). The 
set W fl F£®'^.^ e a Banach space with respect to the norm 

WfWwnF := ll/Ik + ll/ll- + H/H + , 

where 

ll/ll- := |{/-fc}fe€N||^ M(N) = inf |A >0: |]$(^l^ u , fe <ij ) 

ii/ii + := ||<'‘ML.^ ) = “{'‘ >0: 

We denote by W + (resp. by W“) the collection of all weight sequences 
{v n }n = 0 (resp. {F n }£° =1 ) such that 

(i) v o > 0 (resp. v\ >0); 

(ii) v n < ^ n +i for n e Z + (resp. for n G N); 

(iii) {z/ n }^L 0 (resp. { F n } i ) satisfies the A 2 -condition, that is, there exists a 
constant C v G (0, oo) such that z / 2 n < C^n for n G N. 

From (ii) and (iii) it follows that C v > 1. 

Theorem 2.2. are arbitrary Orlicz functions, ip = 

are weight sequences in W~ , and ^ = {^ n }£T 0 > £ = {^nj^Lo are w ^ 9 ht sequences 
in W + , then for every f,g e W H F£^.^ Q , 

WfdWwnF < C||/||wnF|M|vvnF (2.2) 

where C 1 + (1 + O w )C(p + (1 + Cg)Cp. 

This theorem will be proved in Sections 3. 1-3.2. 

Clearly, the weight sequences = {(n + l) a }^ =1 and ^ = {(n + l^jJ^Lo 
belong to W - and W + , respectively, whenever 0 < a,/3 < oo. If 

$(#) := x p , ^(rr) := x r , x > 0, 1 < p, r < oo, 

then l with the norm ||/||f := ||/||- + ||/||+ is isometrically isomorphic to 

F fP r a . Hence Theorem 1.1 follows from Theorem 2.2. 

a,p 

Corollary 2.3. Under the assumptions of Theorem 2.2 we have the following. 

(a) W fl F£®^.^ Q is a commutative Banach algebra under pointwise multiplica- 
tion. The maximal ideal space of this algebra coincides with T. 
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(b) Ifb £ Q does not vanish on T and the Cauchy index ofb vanishes, 

then b has a logarithm in W PI g . 

(c) If we let 



/ oc > 

G{b) := exp ((log6) 0 ), b±(t) := exp I ^(log b) ±n t ±n 

\n= 1 / 

then b = G(b)b-b + and b^ 1 eWn 

This corollary will be proved in Section 3.3. 



(t e T), 



3. Proofs 

3.1. Auxiliary results 

Proposition 3.1. If {iy n }^ =0 £ W + (resp. {vn}^^ £ W~ ) and k £ Z + (resp. 
k £ N), then 

v k < C y Vj for j > k — [k/2]. (3.1) 

Proof. If k < 2, then k — [k/2] = k. Hence from (ii) and C u > 1 we get (3.1). 

If k > 2, then 2[fc/2] < k. Therefore k < 2 (k — [k/2]). In that case from (ii) 
and (iii) it follows that 

Vk < V 2 (h-[k/2]) < C v V k -\k/2] < C y Vj 

for j > k — [k/2], i.e. , we obtain (3.1). □ 

Let {fn}n-_ =-oo an d {9n}^=~oo t> e the Fourier coefficient sequences of func- 
tions / £ L l { T) and g £ L^T), respectively. Put a n := \f n \ and b n := \g n \. 

Proposition 3.2. (a) If k e N, then 

oo [k/2] oo [k/2] 

\{fg) — k | ^ ^ ^ ®jb—k—j T ^ ^ Q'—jb—k+j T ^ ^ bj a -k-j “b ^ ^ j® — k+j- (3.2) 

J=0 j = l j — o J = 1 

(b) If k e Z +; t/ien 

oo [fc/2] oo [fc/2] 

l(/ff)fc| < ^ Q J —jbk-\-j T ^ ^ T ^ ^ ^~j Q'k+j T ^ ^ bjOk-j. 

j — 1 j=0 J = 1 J=0 

Proof, (a) For k £ N, 






fj9-k-3 



j = -oo 
-k 



— a jb-k~j 

j — - OO 

— 1 oo 

= ajb-k-j + ajb-k-j + ajb-k-j 

j= — oo j— — /c-fl j=0 

=: <Ji + <J2 + cr 3 . 



(3.3) 
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Changing variables in a\ (r = — k — jf), we obtain 

— k oo 

<Ji .— ^ ^ cijb—k—j = ^ ^ a-k- r b r . (3*4) 

j= — oo r = 0 

Obviously, <r 2 = 0 if k = 1. Hence (3.2) follows from (3.3) and (3.4) for fc = 1. 

If k > 1 then changing variables in (j 2 (r = —j) we get 

-1 k — 1 

(72 • — ^ ^ Q'jb—k—j ~ ^^(2— r b~ k-\-r* 

j = — k+l r= 1 

If fc = 2m and m e N, then 

2m — 1 m 2m— 1 

(J 2 — ^ ^ &-jb—2m-\-j — ^ y Q'—jb—2m-\-j T ^ ^ *2— jb— 2m+j • (3.5) 

j=l j=l j=m+l 

Changing variables in the second sum (r = 2m — j), we obtain 

2m— 1 m— 1 m 

^ ^ U_j6_2m+j = ^ ^ <2—2 m-\-rb—r 6_jfl_2m+j* (3*5) 

j'=m+l r=l jf=l 

Since [fc/2] = [2m/2] = m, from (3.3)-(3.6) we deduce that (3.2) holds for fc — 2m 
and me N. 

If k — 2m + 1 and m G N, then 

2m m 2m 

<^2 ~ ^ ^ U-j6_(2m+l)+j = ^ y fl -j^-(2m+l)+j "b ^ ^ a — j (2m+l)+j • (3-7) 

j=l J = 1 j=m + 1 

Changing variables in the second sum (r = 2m + 1 — j), we infer that 

2m m 

^ ^ *2— jb— (2m+l)+j ^ ^ <2_ (2m+l)+r^— r • (3*3) 

j=m+l r=l 

Since [fc/2] = [(2m + l)/2] = m, from (3.3)-(3.4) and (3.7)-(3.8) we conclude that 
(3.2) is satisfied for k = 2m + 1 and me N. Part (a) is proved. Part (b) is proved 
analogously to Part (a). □ 

3.2. Proof of Theorem 2.2 

Proof. The idea of this proof is borrowed from [1, Theorem 6.54]. Let us show that 

\\fg\\- < C-(\\f\\ w \\g\\- + IMMI/II-), (3-9) 

where C- := (1 + C W )C and C w are the constants in the A 2 -condition for 
the sequences {<p„}£L i and {w„}“ =1 , respectively. If \\f\\ w \\g\\- + \\g\\w\\f\\- = 0, 
then (3.9) is obvious. 
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Assume that ||/||w||#||- + ||g|| w||/||- > 0. Since <1> is increasing, from Propo- 
sition 3.2(a) it follows that for k £ N, 

/ 6 6 \ 



$ 



\{f9)-k\Wk 



c_(ii/ikyi- + iMkii/ii-) 



E e ‘/E‘ 

\i=l i = 1 



(3.10) 



where 



DO j 


OO 

ai := 

j=o 


[k/2] 

£ -=E(»-"»'i-)kr- 


[k/2] 

°2 := E 

3 = 1 


S 3 := £ («jllsll-)-0 = 0, 

j<-[k/2] 


(T 3 := ^ a i Iffll- 

j<-[fe/2] 


oo 

E 4 -E^ll/ll-) c _||/||_’ 


OO 

0-4 := bj II/H-, 

j= o 


[fe/2] 

S»:=E(»- 3 ll/»-)cV/r’ 


[fc/2] 

cr 5 :=^6_,||/||_, 

3 = 1 


E 6 := Y, kll«H-)'0 = 0, 


a 6 := £ M/ll- 



j<-[k/2\ j< — [k/2] 

Since <f> is convex and $(0) = 0, from (3.10) and Jensen’s inequality (see, e.g., [2, 
Theorem 90]) it follows that 



N 



\(fg)-k\<fk 



Wk 



E^vc.di/ikyi. + Hsikll/ll-). 

NI-(*i(W) + (X 2 (TV)) + ||/||-(a 3 (iv) + a 4 (N)) 



(3.H) 



< 



where 



N oo /u x N [k/2] 



k= 1 j=0 
N oo 



C-llsll 



alls'll- + IMkl 



fc= i i = i 



/X N [k/2] . . 

^ - EE** ) - -< w » = E E *-,* fejf) - 




294 



A.Yu. Karlovich 



Taking into account (i), (ii), and C^> 1, we have 

b—k—j P k 



o-i 



w = X>E* 



DO OO 






j = 0 k= 1 

b—kPk 



CL I 






^ k-\-j 



C- 



Wkillflw p^ 



Wk- 



(3.12) 



j = 0 k = 1 

Changing variables in the second sum in a 2 (N) (r = k — ji), we obtain 
JV [fc/2] /f x N k - 1 



e - 






b—rPk 

c^M- 



Wk- 



k=l j=l x n * n 7 k=lr=k-[k/2] 

Since 4> is increasing, it follows from the latter equality and Proposition 3.1 that 

C^b — rpr 



N k - 1 



<72 (AO < C w E E <7 — /c+r^ 

/c=l r=k— [/c/2] 



C-NI- 



W r 



(3.13) 



iV oo 



<C W EE <7— 



/e=l r = 1 



C \pb — tPv 



W 1 



= <kf> 



r= 1 



Ccpb-rPr 

CLIIglL 



JV 



■E°- 



® — fc+r 

/e=l 



< 



<kX> 



C^b — tPj 
C-\\g\\- 



w r 



E a -k = C w \\f\\w'^2® 



C^b—kPk 

VCLIMI- 



Wk- 



r=l x ii^ ii— ✓ 

Combining (3.12)— (3.13) , we arrive at 

<7! (IV) + a 2 (N) < \\f\\ w (l + C w ) <& Wk ■ (3 ' 14) 

Since $ is an Orlicz function, ${x)/x is a non-decreasing function (see, e.g., [3, 
p. 139]). Thus, 

(1 + C w )$(x) < $((1 + C w )x), x > 0. 

Applying this inequality to (3.14), we obtain for AT > 1, 



&l(N) + cr 2 (N) < ||/||iv E ^ 



b—kPk 



Wk < ll/lk 



(3.15) 



VNI- 

Analogously one can show that for N > 1, 

<T 3 (N)+a 4 (N)<\\g\\ w . (3.16) 

Taking into account that N is arbitrary, from (3.11), (3.15), and (3.16) we get 

I {fg)-k\Pk 

ti VC'-dl/lklMI- + llfflkll/ll-). 



Wk < 1. 
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Therefore, 

\\fg\\- < CLdl/MIsll- + \\g\\w\\f\\-) < C-\\f\\wnF\\g\\wnF- (3.17) 

By using of Proposition 3.2(b), one can similarly prove that 

ll/ffll + < C'+(ll/lliv||ff||+ + lltfllvHI/IU) < C + \\f\\ wnF \\g\\ wnF , (3.18) 

where C + := (1 + C 6 )C C ^ and C e are the constants in the A 2 -condition for the 
sequences ^ = {^n}^Lo an d Q — respectively. Combining (3.17), (3.18), 

and 

\\fg\\w < ll/IMIfl'Ilw < ||/||vcniHI#||vcnF, 

we arrive at (2.2). □ 

3.3. Proof of Corollary 2.3 

Proof, (a) By Theorem 2.2, W g is a commutative Banach algebra under 

pointwise multiplication. Clearly, W D F Q C W C C(T), where C(T) is the 
Banach algebra of all complex- valued continuous functions on T with the maximum 
norm. The description of the maximal ideal space of W n F£®’^.^ Q is standard. 
Part (a) is proved. 

Part (b) follows from Part (a) and [1, Section 2.41(e)]. 

(c) By Part (b), log fr e IP n that is, 

— 1 oo 

log6(i) = ^2 (log &)ni" + (log 6)o + ^ (log 6)„t" =: a- (t) + (log 6) 0 + a + (t), 

n= — oo n= 1 

whenever t E T, and 

{(\ogb)n} ne z + € ( 1 {1 + ) n£^ e (Z + ), {(log 6) -n}nGN ^ C(N)n^(N). 

Obviously, ±a_ and ±a + belong to W D F£® : ^.^ Q . Therefore, = exp(±a_) 
and b^ 1 = exp(±a + ) belong to W D Q and 

b — exp (a- + (log6)o + a+) = b-G(b)b+. 

Part (c) and the corollary are proved. □ 
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To the memory of Professor Erhard Meister. 



Abstract. The topic of this paper is band operators and the norm limits of 
such - so-called band-dominated operators, both classes acting on L°°(R n ). 
Invertibility at infinity is closely related to Fredholmness. In fact, in the dis- 
crete case £ p (Z n ), 1 < p < oo, both properties coincide. For many applica- 
tions, e.g., the question of applicability of certain approximation methods, in 
the situation at hand, L p (E n ), 1 < p < oo, it has however proved to be useful 
to study invertibility at infinity rather than Fredholmness. 

We will present a criterion for a band-dominated operator’s invertibility 
at infinity in terms of the invertibility of its limit operators. It is the same 
criterion that was found for P(Z n ), 1 < p < oo in [21], and for the C*- 
algebra L 2 (R n ) in [22]. Our investigations concentrate on one of the most 
unloved cases, being L°°(E n ). With the techniques presented here it is clear 
now how the remaining cases £ l ,£°° and L p , (p / 2) have to be treated. 



1. Introduction and main results 

An operator on £°°(Z) is regarded as a band operator if its matrix representation 
with respect to the canonical basis is a band matrix - a matrix whose entries 
vanish if | i — j\ exceeds some number which is then called band- width. 

By an analogous construction, band operators are defined on ^°°(Z n ). Every 
function / E L°°(]R n ) can be identified with a L°°([0, l) n )-valued £°°{Z n ) sequence, 
and by this identification an operator on L°°(M n ) can be identified with an operator 
on £°°(Z n , L°°([0, l) n )), and thus we can carry over the notion of band operators 
to operators on L°°(IR n ). A norm-limit of a sequence of band operators is then 
called band-dominated operator. 

Band and band-dominated operators can be found in many fields of math- 
ematics and physics. Prominent examples are acoustic scattering problems and 
discretizations of partial differential equations. 
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The study of concrete classes of band and band-dominated operators (such as 
convolution, Wiener-Hopf, and Toeplitz operators) goes back to the 1930’s starting 
with [28] by Wiener and Hopf, continued in the 1950’s for example in [9] and 
[5] by Gohberg and Krein, and was culminating in the 1970/80’s with the huge 
monographs [4] by Gohberg/Feldman and [1] by Bottcher and the second 
author. A general theory for this class of operators was initiated by Simonenko 
[25] , [26] whose constructions (after some appropriate modifications) can be found 
in the proof of some essential ingredient to the proof of Theorem 1.1 of this paper. 

The property we are interested in is called invertibility at infinity. For an 
operator A of a special quality (see Proposition 2.22 for the exact formulation), 
this means that there are two operators Bi , B 2 (of the same quality) and a bounded 
and measurable subset U of M n such that 

QuABi = Qu = B 2 AQu 

holds, where Qu is the operator of multiplication by the function that is 0 on 
and 1 outside U. This property is closely related with Fredholmness. Indeed, in 
the discrete cases £ p , 1 < p < 00 , both properties even coincide. In the cases 
L p , 1 < p < 00 , invertibility at infinity is still necessary for Fredholmness (where 
in many cases the missing facts for sufficiency are readily checked). In Section 4 we 
will demonstrate why it is however convenient to follow the notion of invertibility 
at infinity rather than Fredholmness, without losing contact to the latter property. 

Every convolution operator with an absolutely summable kernel function 
is band-dominated. Moreover, every operator in the algebra generated by such 
convolution operators and bounded multiplication operators is band-dominated. 
So we will be able to give a criterion on invertibility at infinity for such operators, 
provided the multiplication operators involved do not behave “too strange” at 
infinity. We will specify clearly what kind of behavior we do expect there, but 
it is important to note that we do not need convergence at infinity, as many of 
our fore-runners did. The reason for that is the special tool we are using: limit 
operators 

With every direction of W 1 in which infinity can be approached, one or more 
limit operators of a given operator A can be associated. We collect them in the 
so-called operator spectrum which is denoted by <r op (A). If a band-dominated 
operator A has sufficiently many limit operators - we write A e B$ and regard A 
as a rich operator in this case - we can prove the following theorem which is the 
main outcome of this paper. 

Theorem 1.1. An operator A £ B$ is invertible at infinity if and only if its set of 
limit operators cr op (A) is uniformly invertible. 

. . . where “uniformly invertible” means that all elements are invertible, and 
their inverses are collectively bounded. B§ turns out to be a Banach subalgebra of 
£(L°°), and we know some of its ingredients, including convolution operators and 
operators of multiplication by: uniformly continuous functions, slowly oscillating 
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functions, periodic functions (with rational period), step functions (with rational 
step length) and of course, convergent functions. 

Limit operators are supposed to be introduced in the 1920’s by Favard [3] 
for studying ordinary differential equations with almost-periodic coefficients. Since 
that time limit operators have been used in context with partial differential and 
pseudo-differential operators and in many other fields of numerical analysis (see 
[7]). The Fredholmness of pseudo-differential operators in spaces of functions on 
R n has been studied by Muhamadiev in [16], [17], and by Lange and Rabi- 
novich in [13] and [19]. The first time limit operator techniques were applied 
to the general case of band-dominated operators for the study of their Fredholm 
property was in 1985 by Lange and Rabinovich in [11] and [12], continued in 
1992 by Rabinovich in [20]. 

During the last years Rabinovich, Roch and the second author proved 
Theorem 1.1 in the discrete case £ p with 1 < p < oo [21] and in the case L 2 
[22]. Our paper is heavily inspired by these two papers, and we demonstrate in 
the example of the most unloved case, L°°, how the remaining cases £} , £°° and 
L p , p ^ 2 have to be treated. In either case, Theorem 1.1 proves to be valid. 

Section 2 is written to introduce tools and language, and to prove some basic 
properties. In Section 3 we will motivate and prove Theorem 1.1, and in Section 
4 we will give some outlook to an application of Theorem 1.1 in the theory of 
approximation methods, and we will show how invertibility at infinity can be 
used to derive a sufficient Fredholm criterion in a subalgebra of £(L°°) containing 
sufficiently many interesting operators. 



2. Some basic theory 

2.1. Basic agreements 

Throughout the following, n is some integer used as dimension in Z n and IR n . For 
x = (xi,...,x n ) Gl n , we put |x| :=max(|xi|,...,|x n |), and for two sets U,V cM n , 
their distance dist (U,V) shall be the infimum of \u — v \ , taken over all u 6 U, v £ V. 

Let X be a Banach space, T be some measurable subset of M n , and let 
p e [l,oo). Then we refer to the Banach space of all (equivalence classes of) 
functions / : T — > C for which the pth. power of / is Lebesgue integrable by L P (T). 
By L°°(T) we denote the Banach space of all (equivalence classes of) essentially 
bounded functions / : T C. L p (R n ) and L°°( R n ) will be abbreviated by L p 
and L°°, respectively. Analogously, the Banach spaces £ P (S,X) and £°°(S,X) of 
X- valued sequences on S C Z n are defined, where we abbreviate -P(Z n ,C) and 
£°°(Z n ,C) by £ p and £°° , respectively. 

By £(X) we denote the unital Banach algebra of linear and bounded oper- 
ators A : X — > X, equipped with the usual operations and norm. For operators 
A, A 2 , • • • G £(X), we talk about strong convergence , and write — > A , if 

|| AmX — Ax || x — * 0 as m — ► 00 for every x £ X and about norm-convergence , and 
write A m =3 A, if ||A m — A|| jC ( X ) — ► 0 as m —> 00 . 
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2.2. Operators of shift and multiplication 

Definition 2.1. For every function b E L°° , let M b E C{L°°) denote the operator 
of multiplication by b, acting on every u E L°° by (Mbu)(x) = b(x)u(x) Vx E R n . 
Frequently, we will call b the symbol of Mb . 

Fix some Banach space X. Ifb = (B a ) ae z n is a bounded sequence of operators 
B a E £(X), i.e., b E £°°(Z n , C(X)), then by Mb we will denote the generalized 
multiplication operator (Mbu) a = B a u a Vce E Z n on the space £°°(Z n ,X). 

Definition 2.2. For a E Z n , let V a denote the so-called shift operator on £°°(Z n ,X), 
acting by the rule (V a u)p = up- a , i.e., shifting the whole sequence u E ^°°(Z n ,X) 
forward by a components. Without introducing a new symbol, we will say that V T 
is the shift operator on L°° , shifting by r E R n , i.e., (V T u)(x) = u(x — r), u E L°° . 

Definition 2.3. For every measurable set U C R n , put Pjj := M xu , where \u is 
the characteristic function of U . Clearly, Pjj is a projector. We will refer to its 
complementary projector I — Pu by Qu • 

2.3. Band- and band-dominated operators 

For a quite natural introduction to these classes of operators on £°°(Z n ,X) with 
some n E N and some Banach space X, we will have a short recourse to the case 
£°°{Z) (n = 1 and X = C). 

One usually regards a linear bounded operator A on £°°(Z) as band operator 
if its matrix representation (a,ij)i,jez with respect to the canonical basis in £°°{Z) 
is a band matrix, which means the entries aij vanish if |z — j| is larger than some 
number B which is then called band-width of A. A little thought shows that this 
are exactly those operators A which can be written as a finite sum J2\i\<B 
with b^ E £°°{Z) and Vi being the operator of shifting forward by i components. 

With a E Z n and b ^ = (B^)p e z n £ £°°{Z n ,C(X)) for every a , we can 
carry over this notation to £°°{Z n , X) by saying that every finite sum of the form 

M bia) V a ( 2 . 1 ) 

\a\<B 

be a band operator of band-width B on ^°°(Z n ,X). Moreover, every norm limit 
of a sequence of band operators is referred to as a band-dominated operator on 

r°(z n ,x). 

This was the discrete case £°°. Since we will finally deal with the function 
case, we will export the notion of band- and band-dominated operators to L°°. 
This can be done by a rather easy and natural construction: 

Let therefore H denote the (hyper-)cube [0, l) n , and put H a := a + H for 
every a E Z n . Clearly, {Ff a }aez n is a disjoint decomposition of R n . Let G denote 
the operator that assigns to every function / E L°° the sequence of its restrictions 
to the cubes H a , G : f i-> ( f\H a )aez n • By identifying L°°(H a ) with L°°(H ), we get 
that G is an isometrical isomorphism from L°° to £°°(Z n ,L°°(H)). Consequently, 
every operator A on L°° can be identified with the operator A G := GAG~ l on 
£°°(Z n ,L°°(H)). 




Invertibility at Infinity of Band-Dominated Operators 



301 



If Mf E C(L°°) is the operator of multiplication by / E L°°, then its dis- 
cretization ( Mf) G is a generalized multiplication operator M&, where the compo- 
nents of the sequence b are the (usual) multiplication operators B a — Mf\ Ha on 
L°°(H). In this case we will write / for the sequence b , i.e., Mf := Mb = (Mf) G . 

Sometimes we will also pass from the discrete case £°° to L°°, and we there- 
fore introduce the abbreviation B~ G for the operator G~ 1 BG E C(L°°) with 
(. B~ g ) g = 5e C(£°°(Z n , L°°(H))). And conversely, we have ( A G )~ G = A. 

Definition 2.4. We say that an operator A E £(L°°) is a band operator with band- 
width B if AP is band operator with band-width B on £°°(Z n ,L°°(H)), and we 
call A band-dominated if A G is band- dominated. The classes of band- and band- 
dominated operators on L°° will be denoted by BO and BDO, respectively. 



We will now prove two lemmas which will lead us to a nice and very useful 
characterization of both sets, BO and BDO. The first lemma merely says that A 
is a band operator with band- width B if and only if all entries A G s of the matrix 
representation of A G vanish for |y — S\ > B. 



Lemma 2.5. 



a) If A E BO with band-width B, i.e., A G is of the form (2.1), and 7, <5 E Z n 
are arbitrary, then 



P Hi AP H( , 



f VyB^~ s) V- S ifh~5\<B, 
\ 0 if | 7 - 5\ > B. 



( 2 . 2 ) 



b) Conversely, if A is an operator with Ph^APh s = 0 for all 7, S E Z n with 
1 7 — 5 1 being larger than some B, then A G is of the form (2.1) with 

77 = V-pP He AP H0 _ a V p . a , (2.3) 

i.e., A E BO with band-width B. 



Proof. Part a) We start with an easy computation: 

(P H ,AP H6 f = P^A G P G S = PfifYi M bM V a )p G 6 

M <B 

= p^M^VaPg = ]T M bia) p§^p° t+ v a 

H <B |a| <B 

Clearly, P^ nHs+a = if a = 7 - <5, and P^ nHs+a = 0 otherwise. Moreover, 

M b («)P%V a = V-yiB^fV^Va, which is equal to V 7 (B^~ S) ) G V- S if a = 7 - 5. 
Putting this together, proves our claim. 

Part b) Clearly, equation (2.3) arises from (2.2) with := 7 — S and (3 := 7. 
So the proof of b) merely is verifying the proof of a) in reverse order (note that 
B ^ are allowed to be arbitrary operators on L°°(H)\ cf. Definition 2.1). □ 
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The following lemma will be needed again at some later point in Section 3. For 
our purposes in the current section, we remark that the characteristic function \h 
of H is subject to the conditions on cp in Lemma 2.6 with = 1 and M iPa = 
for all a e Z n . 

Lemma 2.6. Let {A a } ae z n be some family of operators on L°° with \\A a \\ < M < 
oo \/a G Z n , and let (p G L°° be some function with ^2 ae ^n \(f a {x)\ < < oo 

Mx G W 1 , where <p a (x) = ip(x — a). Then by n M (Pa A a a unique operator A 
on L°° is given whose norm does not exceed MN^. 

Proof Take some arbitrary u G L°°, and put u a := A a u Va G Z n . Then 

\u a (x)\ < Halloo < \\A a \\ Halloo < MH^Iloo Va G Z n , almost all x G R n . 

Evaluating the action of our operator A on u at (almost) every x G R n gives 

|(y^M VaJ 4„u)(x) < Wa{x)\ \u a (x)\ < M||u|| oo y^|y> Q (a;)| < MN^uWoc, 

and consequently, || oo = sup \(Au)(x)\ < MN^WuWqq. □ 

Besides the (hyper-) cube H — [0, l) n , we will introduce the cube C := 
[— l,l] n which will be used to abbreviate many notations in what follows. Now 
we are ready to prove the mentioned characterizations of BO and BDO. 

Proposition 2.7. 

a) A G BO with band- width B if and only if 

PuAPy — 0 W, V C R n : dist ([/, V) > B. (2.4) 

b) A G BDO if and only if 

PuAPy =4 0 as dist ([/, V) — > oo, (2.5) 

precisely, Ve > 0 there is a B > 0 such that \\PuAPy || < e for all measurable 
subsets U,V Cl n with dist (U,V) > B. 

Proof Part a) (=K ) Suppose A G is of the form (2.1), and take U, V C R n arbi- 
trarily with dist (U,V) > B. Doing the same computations as in the proof of part 
a) of Lemma 2.5, we get 

(PuAPyf = M b wP$ n(a+v) V a = 0 

\a\ <B 

since U fl (a + V) — 0 for all a with |a| < B. 

(^=) Suppose PuAPy = 0 for all U,V Cl n with distance > B. Then this 
is true for all U = H 1 and V = H$ with \j — S\ > B , and from Lemma 2.5 b) we 
get that A G BO with band-width B. 

Part b) (EEE) Take a sequence (A m ) C BO with A m =4 A G BDO as m —> oo. 
Given an arbitrary 5 > 0, there is some m such that || A — A m \\ < £. From part a) 
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we know that there is a B such that A m is subject to (2.4). Then for all sets [/, V 
with distance > B one has 

\\PuAP v \\ < WPuAmPvW + \\Pu{A-A m )P v \\ < 0 + e. 

(4=) For every m E N, put A m := PH a AP a + m c which is well defined 

by Lemma 2.6. Due to Lemma 2.5 b), it is an easy observation that A m E BO 
with band- width B = m. Moreover, by Lemma 2.6, 

11^4 — Am\\ = || PH a AQ a +mc\\ < sup \\P Hct AQ a +mc\\ “ » 0 

as m — dist (^H a , M n \ (a + mC)^J + 1 — > oo by property (2.5). So A E BDO. □ 

Remark 2.8 It is important to note that the norm convergence in (2.5) has to be 
understood as uniformly with respect to the distance B, exactly as it is stated in 
“precisely,...”! For instance, the operator of contraction, ( Au)(x ) = u( 2x), also 
has the property that ||P[/AFV|| tends to zero as U and V drift apart, but no B 
is large enough that for all measurable sets [/, V with distance > B this norm is 
as small as desired. 

Operators A E C(L°°) that are subject to (2.5) are referred to as operators 
of local type in [18], and the set of all these operators is denoted by OLT. It turns 
out (see Theorems 4.37 and 4.39 in [18]) that OLT is an inverse closed Banach 
subalgebra of £(L°°), and by Proposition 2.7 b) we have BDO = OLT. □ 

2.4. The algebra S 

Of course, L 1 and L°° are two closely related extreme cases of L p , each at an other 
end of the scale, and both resist to most of the usual L p arguments and techniques. 
We will mainly deal with L°°, but will frequently pass to L 1 by several duality 
arguments. Here some caution is required: 

Given a bounded linear operator A on L°°, its adjoint operator A * clearly acts 
on the dual space ( L 00 )' of L°° which contains L l as a proper subspace. But on the 
other hand, the dual of L 1 equals L°° (irreflexivity of L°°). So one cannot pass from 
L°° to L 1 and back by repeatedly taking adjoints, as one usually does when p E 
(1, oo). We will therefore restrict ourselves to operators A E C(L°°) whose adjoint 
operator A * maps L 1 -functions to L 1 -functions, i.e., A*(L 1 ) = im(A*| L i) C L 1 . 

5 := { A € C{L°°) : A*{L l ) C L 1 }. 

Now, if A E S, the restriction B := A* | L i, seen as operator in C(L l ), has the 
property B* — A, whence we regard B as the pre-adjoint operator of A - the 
operator whose adjoint equals A -, and we will frequently denote it by *A. So for 
A E 5, we can pass from C(L°°) to C(L l ) by A i-> *A, and back to C(L°°) by B i-> 
B*. It is important to note that is invertible in C(L l ) if and only if (*A)* — A 
is invertible in C(L°°). Moreover, ||*^||£ (L i) - ||(M)* ||z:((z,i)0 = \\A\ \c( L °°)- 

Proposition 2.9. S is an inverse closed Banach subalgebra of C(L°°). 
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Proof. If A,B G <S, then also AB G S. Indeed, ( AB )* = B*A* maps L 1 to L 1 
since A * and B* do so. For the proof of closedness, take some sequence (A m ) in 
S with Am =4 A as m — » oo. From ||*A m || = ||A m || we conclude that (*A m ) is a 
Cauchy sequence since (A m ) is one. Denote the uniform limit of *A m by B. This 
and im Am C L 1 Vra show that imB C L 1 . But from A m = ( A m )* =4 B* as 
m — ■> oo and A m 4 4 we conclude B* = A, i.e., B is the pre-adjoint of A. So 
Ag 5 which shows that S is closed. 

To see that S is inverse closed, take some arbitrary A G S being invertible as 
an operator on L°°. We have to show that (A -1 )*, restricted to L 1 , only maps to 
L 1 -functions. Since A is invertible, A* is invertible as well, and (A*) -1 = (A -1 )*. 
Also A is invertible, and its inverse (*A) -1 = ( A*|/,i) _1 (the inverse of the re- 
striction of A *) clearly coincides with the restriction of the inverse of A* which is 
(A*) _1 | l i = (A -1 )*| L 1 , and hence A -1 G S. □ 

2.5. The algebras B and Bs 

Definition 2.10. By BC we denote the set of bounded and continuous complex- 
valued functions on R n , and let BUC refer to those BC functions that are even 
uniformly continuous on R n . 

Given a function (p G L°° and a vector t — (ti,...,t n ) G R n , we define 
the function (p t at the point x = (aq, . . . ,x n ) G R n as := . . . ,£ n #n)- 

Further let [A , B] refer to the commutator AB—BA of two operators A, B G £(X). 

Definition 2.11. By B we denote the set of all operators A G C(L°°) for which 

[M (ft , A] =4 0 as t — > 0 (2.6) 

holds for all functions (p G BUC. By Bs we will denote the intersection B C\S. 

Proposition 2.12. B and Bs are inverse closed Banach algebras in jC(L°°). 

Proof. From [M, A + B] = [M , A] + [M , B] and [M , AB] = [M , A]B + A[M , B) 
we get that B is an algebra. Its norm-closedness follows from 

|| [M tpt , .A] || < || [M vt , A m ] || + 2|M|oo ||A - A m \\, 

and if A G B is invertible, then by [M , A -1 ] = A -1 [A , M]A -1 , we get that also 
A -1 G B. From Proposition 2.9 it follows that the same is true for Bs. □ 

Here is the important connection between the two algebras Bs and BDO: 

Proposition 2.13. Every A £ Bs is band- dominated, i.e., Bs C BDO. 

Proof. Pick some arbitrary A G Bs, and put B := A G G C(£°°(Z n , L°°(H))). We 
have to show that B can be approximated (in the operator norm) by operators of 
the form (2.1). 

For x = (xi, . . . ,x n ) G R n , define 

e(x) := exp(i(xi H hx n )). 



(2.7) 
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Clearly, £ G BUC, and consequently, [M £t , A] =4 0 as t — > 0. Now we will pass to 
the discretization: 

[Mi t , B] =4 0 as t — > 0 (2.8) 

Since et(x) = expi(t,x) with (., .) referring to the usual inner product of R n , one 
has e s £ t = e s +t for all s,t G R n . Consequently, 

\\Mi t BMi__ t — Mg s BMi_ s \\ < \\Mi t _ a B — BMg t _ s ||, 

which, together with (2.8), implies the continuity of the function 

ip : R n -> C(e°°( Z n ,L°°(tf))), (p:t^ M it BMi_ t . (2.9) 

Moreover, the functions t \-± Mg t and 1 1 — » Me_ t are 27r-periodic in each variable tj, 
and so is the function ip from (2.9). So we can approximate ip by its Riesz means 
ip( k ) with sufficiently large exponent (see [27, VII.2. 14f] ) , i.e., 

sup || p>(t) — ip^ (t) || — » 0 as k — » oo, (2.10) 

te[ o, 2 n] n 

where (p^ are polynomials of the form 

ip {k \t) = J3 (a) e i(t ’ a) , «GZ n (2.11) 

\a\<k 



with = c (a) / ip{r)e~ i(yT ^ dr G £(^°°(Z n , L°°(iJ))) (2.12) 

J [ 0 , 27 r] n 

with certain constants Note that these approximation techniques work for 
functions ip with values in a Banach space as well as for complex- valued functions 
(see [8]). 

The operators B^V- a commute with each of the (generalized) multiplica- 
tion operators M £s where s G R n . Indeed, 

M e .B^V- a M e _. = c<“> f (Mi s+t BMi_ s _ t )e~ i( - s+t,a ^dt V_ a = B^V. a . 

J[0,27T] n 

Since A G <S, B also has the <S-property as well as B^V- a . Theorem 2.1 in [24] 
shows that such operators are continuous in the (L 00 ,!, 1 ) topology. Moreover, 
Proposition 5.1.11 in [10] says that an (L°°, L ^-continuous operator M which 
commutes with every M £s even commutes with every scalar multiplicator, that 
is, Mb with b = (B a ), where all components B a are multiples of the identity on 
Consequently, M also commutes with M b u 3 ) = (Ph 0 ) G for all 0 G Z n . 
The equation M% 3) = shows that M maps sequences (c a ) ae z n , that 

are only supported in component number 0, to exactly such sequences again, i.e., 
M acts on every component c a independently from all other components. By 
Definition 2.1, M is a generalized multiplication operator. 

From this discussion it follows that every operator B^V- a is of the form 
M a( «) with some G £°°{Z n , L°°(H)), and hence, = M a(a) V a . This shows 
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that the value <p( k \ 0) = of the fcth Riesz mean polynomial (2.11) is 

a band operator! From (2.10) we infer that 

(p( k \0) =4 ip(0) = B as k — > oo, 

and hence, B(= A G ) is band dominated. And so is A. □ 

Remark 2.14 The reverse inclusion is not true. To see this take some generalized 
multiplication operator Mb where the sequence b = (B a ) ae z n contains operators 
B a £ C(L°°(H)) whose adjoint B* does not map L\H) to L l (H). □ 

The proof of Proposition 2.13 gives us some nice idea: Since we used property 
(2.6) only for the function <p = e from (2.7), we will introduce the algebra B f 
consisting of all A £ C(L°°) for which (2.6) holds for ip(x) = e(x) = exp(i(xi + 
T *£n))* 

Theorem 2.15. Put B' s := B' (IS and BDO^ := BDO fl S. Then 
BD0 5 = B s = B' s c BDO cBcB'. 

Proof. B C B' is obvious. The proof of Proposition 2.13 shows that B’ s C BDO. 
To see that BDO C B, check the generators of the algebra BDO: It is readily seen 
that shift operators are in B. Generalized multiplication operators Mb commute 
with operators of multiplication by functions which are constant on every H a , for 
instance, with ip t (x 1 , . . . , x n ) := (p t ([x 1 ], . . . , [x n ]), where [xi] is the integer part of 
Xi. But since for every function p £ BUC \\pt ~ Tt\\oo — > 0 as t — > 0, we also have 
Mb £ B. Summarizing this, we get B' s C BDO C B C B', and taking intersections 
with S proves the rest of our claim. □ 

2.6. Invertibility at infinity 

Usually in the theory of approximation methods on L p , the ideal /C of compact 
operators plays an important role. Invertibility modulo compact perturbations is 
then called Fredholmness. We will show quite shortly why JC is not the appropriate 
tool in our case at hand, p = 00 . 

For the (hyper-)cube C = [—1, l] n , the sequence of (outside) cut-off projec- 
tions (Qrc)^L 1 strongly converges to 0 on every space L p , p < 00 (where functions 
need to vanish more or less slowly towards infinity). But not so in L°°. 

One crucial property of operators T £ K is that they turn strong convergence 
into norm convergence if they are applied to the convergent sequence from the right 
(and, under additional assumptions on the adjoint sequence, also from the left). 
Consequently, if 1 < p < 00 , then TQ r c =4 0 and Q r cT =4 0 as r — > 00 for every 
compact operator T. But for p = 00 (and the same would be necessary for p = 1), 
we will introduce a new ideal J which will serve as a substitute of the ideal JC of 
compact operators. 

Definition 2.16. By J we denote the set of all operators T £ C(L°°) with 
TQ r c =4 0 and Q r cT =4 0 as r — > 00 , 
and by Js we will denote the intersection J PS. 
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Proposition 2.17. J is a closed ideal in B, and Js is a closed ideal in Bs. 

Proof. Take arbitrary T G J and p G BUC, and put ip p — </?(0) G BUC. Then 

[M^ t ,T\ = [M^ t ,T\. (2.13) 

For every r > 0, the inequality ||M^ t T|| < \\(M^ t P rC )T\\ + \\M^ t {Q rC T)\\ holds, 
where the second term on the right can be made as small as desired by choos- 
ing r large enough, and the first term evidently tends to 0 as t — > 0. The same 
argumentation for ||TM^ t || shows that 

M^ t T =4 0 and TM^ t =4 0 as t — » 0. (2.14) 

Now (2.13) shows that TgB, and hence J C B. Clearly, J is closed, and we are 
left with the proof of the ideal property. 

Let therefore AgB, and choose p G BUC such that p vanishes on C and is 
equal to 1 outside 2 C. Let 4> r (x) := P(i/r : ...,i/r )( x ) = p{x/r ) Vx G M n . Then 

Q2rc(AT) = Q 2rC M^ r AT = Q2rc{[M <$> r , A]T + AM$> r T) 

— Q 2 rc{[M $ r , A]T + AM<$> r Q r cT ) =4 0 

as r — > oo. The convergence ( AT)Q r c =4 0 as r — > oo is obvious, and hence 
AT G J . Analogously one shows that also T A G J. 

Our second claim is then trivial by the definition of Bs and Js. □ 

In analogy to Fredholmness, we will introduce the notion of invertibility at 
infinity , where /C is substituted by J . 

Definition 2.18. An operator A G £(L°°) is said to be invertible at infinity if there 
exists an operator B G £(L°°) such that 

AB = I + Xi and BA = / + T 2 

hold with operators T\,T 2 G J . 

Remark 2.19 Definitions 2.16 and 2.18 can be given in L p , 1 < p < oo as well, and 
from what we wrote earlier it is clear that in this setting every compact operator 
is automatically in J . (The reverse inclusion is not true since, for example, Pc is 
in J \ 1C.) Consequently, in L p every Fredholm operator is invertible at infinity. 
In L°° neither inclusion holds between J and /C. □ 

Proposition 2.20. If A G B is invertible at infinity, then the operator B from 
Definition 2.18 is in B as well. 

Proof. Take some arbitrary p G BUC, and define ip := p — p(0) G BUC. Then 
[M^ , B\ = [M^ t , B\ - B[A , M^B + C t 
holds with C t — T 2 M^ t B - BM^ t T\ =4 0 by (2.14). □ 

Corollary 2.21. An operator A G B is invertible at infinity if and only if the coset 
A-\- J is invertible in the factor algebra B/J. 
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Proposition 2.22. A E B is invertible at infinity if and only if there exist operators 
B \ , B 2 £ B such that 

Q r cABi = Q r c = B 2 AQ rC 

holds for some r > 0 . 

Proof Take B E B such that AB = I + T± and BA = I + T 2 with some T\ , T 2 E J , 
and take r large enough that ||Q r c7i|| < 1 and HT^Qrcll < L Then 

Q r cAB = QrC + QrcTl = Q r c{I + QrC^l)? 

where D := I + Q r cT\ is invertible, and so we have Q r cAB\ = Q r c with B\ := 
BD~ l G B (note that D G B, and B is inverse closed). By the same computations, 
we see that also the second equality holds with B 2 := (/ + T 2 Q r c)~ 1 B G #. 

Conversely, if Q r cAB\ — Q r c = B 2 AQ r c with B\,B 2 G S, then ABi = 
/ — P r c + PrcABi =: / — Ti. Analogously, B2A = I — T 2 with T\,T 2 E J . □ 

2.7. ^-convergence 

Having replaced /C by J7, we will now replace strong convergence by another type 
of convergence which is compatible to J as strong convergence is to /C. 

2.7.1. Definition Let V denote the collection of all Pu with U running through 
all bounded and measurable (frequently abbreviate this by b&m) subsets of M n . 

Definition 2.23. We say that a sequence (A r ) C C(L°°) V-converges to A E C(L°°) 
and that (u T ) C L°° V-converges (or strictly converges) to u E L°° if for all 
PueV 

\\Pu(A r — A)|| — > 0 , || (A r - A)Pu\\ — > 0 , 

(u T ) is bounded and || Pu(u T — u)|| — > 0 as r — > 00, respectively. 

It is readily seen that a TMimit is unique if it exists. Indeed, suppose for 
every b&m set U C M n , we have Pu(A r — A) =4 0 and Pu(A T — B) =4 0; and 
consequently, Pu(A — B) =4 0 as r — > 00, i.e., Pu(A — B) = 0. Then clearly, 
im (A - B) C flc/kerPc/ = {0}, i.e., A - B — 0. By the same argumentation we 
see that also 7Mim^ r is unique. 

Remark 2.24 Although this is trivial, it is worth to be mentioned that V ^ J. □ 

2.7.2. Characterization and Properties By Definition 2.23, operators Pu E 
V produce a norm-convergent sequence if they are applied to a P-convergent se- 
quence of functions or operators. Not only operators from V but all operators from 
J have this effect on (bounded!) P-convergent sequences: 

Proposition 2.25. For bounded sequences (A r ) in C(L°°) and (u T ) in L°° , we have 
A = P-lim A t and u = V-li mu r if and only if for allT E J and r — » 00 

|| T{A r - A) || -> 0 and \\{A r - A)T\\ -> 0 (2.15) 

and \\T(u r — u)\\ — > 0, respectively. (2.16) 
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Proof. Suppose A = V-lim A r and u = 'P-lim u T . Then for every r > 0, inequality 
||T(A r — A)|| < \\T(P r c(A r — A))\\ + \\(TQ r c)(A r — A)\\ holds, where the first term 
tends to zero as r — > oo, and the second is as small as desired if r is large enough. 
The remaining inequalities of (2.15) and (2.16) are shown absolutely analogous. 

Conversely, if (2.15), (2.16) hold for all T E J , then also for T = Pjj E V C J . □ 

At the beginning of Section 2.6 we mentioned that compact operators turn 
strong convergence into norm-convergence, and we mused that /C is not the appro- 
priate tool in our case, introducing J instead. Consequently, we started studying 
invertibility modulo J , called “invertibility at infinity” rather than invertibility 
modulo 1C alias Fredholmness. Now we moreover substituted strong convergence by 
P-convergence and have seen that operators in J turn ^-convergence into norm- 
convergence if they are applied from the left or right to the convergent sequence - 
provided it is bounded. 

Summarizing this journey, the pair {J , V- lim) fits together in the L°° setting 
as the pair (/C , s — lim) did in earlier cases like £ p (Z n ) with 1 < p < oo. It turns 
out that these pairs actually coincide in the latter case! 

Remark 2.26 Note that if one defines P-limits by (2.15), then every ^-convergent 
sequence is automatically bounded, starting from some r* > 0 (for a proof use 
Proposition 2.31 and the Banach- St einhaus Theorem). We will nevertheless use 
Definition 2.23 which also allows unbounded sequences to P-converge, for example, 
(A r ) = (tQ t c) is unbounded - but P-convergent to the zero operator. □ 

Before continuing with P-limits and their properties, we will introduce the 
appropriate set of operators to work with. 

Definition 2.27. Let 21 refer to the set of all operators A E C(L°°) for which both 
sequences 

( AQ rC ) and ( Q r cA ) (2-17) 

V -converge to 0 as r —> oo. 

Proposition 2.28. 

a) 21 is a Banach subalgebra of C(L°°), 

b) OLT c 21, 

c ) J is a closed two-sided ideal in 21. 

Proof. The only thing that needs a proof in a) is that AB E 21 if A, B E 21. To see 
this, write \\P u (AB)Q r c\\ < \\PuA{P sC BQ rC )\\ + \\(PuAQ 8 c)BQ rC \\ with some 
s > 0, and observe that the first term tends to zero as r — > oo and the second one 
can be made as small as desired by choosing s large enough. 

Concerning b), we remark that clearly, for every b&m set (7, the distance of 
U and R n \ rC goes to infinity as r — > oo, and hence, OLT C 21 holds. 

For c) we remark that every norm-convergent sequence is P-convergent, and 
hence J C 21. To show the ideal property, take arbitrary A E 21 and T E J. Then, 
for every r > 0, \\Q rC (AT)\\ < \\(Q r cAP s c)T\\ + \\Q r cA(Q 3 cT)\\, where again 
the first term tends to zero as r — > oo, and the second one becomes small if s 
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is sufficiently large. Clearly, ( AT)Q r c =4 0 for r — > oo as well and the proof of 
T A G J is analogous. □ 

Remark 2.29 Note that 21 is strictly larger than OLT alias BDO. It also contains 
operators for which the convergence in (2.5) is not uniformly with respect to the 
distance of U and V, for instance, the contraction operator ( Au){x ) = u( 2x) (cf. 
Remark 2.8). Moreover, 21 even contains operators which do not enjoy property 
(2.5) in either sense, like the flip operator ( Ju)(x ) = u(—x). 

It turns out that 21 is the set of all operators A for which T A and AT are in 
J whenever T G J, i.e., 21 is the largest algebra where J is an ideal of. □ 

So by Propositions 2.13, 2.7 b) and 2.28 b), we have Bs ^ BDO = OLT C 21. 

Remark 2.30 So all operators A G Bs have the property that the sequences (2.17) 
P-converge to zero, and those A G Bs for which this P-convergence is even norm- 
convergence form the ideal Js . □ 

As a consequence of Proposition 2.28 c), with every operator A G 21 one can 
associate two operators on J by 

A 1 :Th AT and A r : T ^ TA 

for every T G J. This observation as well as the following proposition and its 
corollary are due to Roch, Rabinovich and the second author. For completeness 
we will give all proofs here. 

Proposition 2.31. 

a ) ll^'l \c(j) = mil = mi c(j) for every A € 21. 

b) A bounded sequence (A r ) C 21 V -converges to some A G 21 if and only if 
A l r — > A 1 and A r T — > A r strongly in C{J). 

Proof. Part a) Take an arbitrary A G 21. Clearly, \\A l \\, p r || < p||. For the reverse 
inequalities take an arbitrary £ > 0, and choose xq G L°° with poll = 1 such that 
||Aro|| > P|| — £. Moreover, choose a b&m set U C M n with ||Axo|| — ||Pc/^o|| ^ £• 
Then ||P^Ax 0 || > ||A|| - 2e. Since Pjj G J , we have 

PI = Plll^ll > \\PuA\\ > \\PuAx 0 \\ > p|| - 26. (2.18) 

Choosing r > 0 large enough that \\PuAQ r c\\ < £ and taking the inequality 
\\PuA\\ > p|| — 2e from (2.18), we conclude from P r c G J to 

m'li = m'iiii^di>m^cii>iipmp r cii 

> \\PuA\\ - \\PuAQ rC \\ > mil - 3e. ( 2 . 19 ) 

Since (2.18) and (2.19) hold for every e > 0, we are done with a). 

Part b) By a), 21 is isometrically embedded into C(J) by each one of the 
mappings A A 1 and A i— > A r . Consequently, ||T(A r — A)\\ 0 for all T G J is 

equivalent to the strong convergence of A r T to A r on J7, and the second property 
in (2.15) is the same for A l r and A 1 . So it remains to apply Proposition 2.25 to the 
bounded sequence (A r ). □ 
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Corollary 2.32. Let (A r ), (B r ) C 21 be bounded sequences having V-limits A,H £ 
21, respectively. Then 

a) ||A|| < liminf ||i4 r || < sup ||A r || < oo, 

b) V-lim (A r + B r ) = A + B, 

c) V-lim (ArB r ) = AB. 

Proof. Using Proposition 2.31, we only have to recall the Banach- Steinhaus The- 
orem as well as the compatibility of strong limits with addition and composition. 

Alternatively, we present elementary proofs for b) and c) using Definition 
2.23. Equality b) is trivial, and c) can be seen as follows: For every b&m set 
U C M n and every r > 0, 

\\Pu(A t B t - AB) || < || (Pu(A t - A))B t \\ + || P u A{P rC {B r - B))|| 

+ \\(PuAQ rC )(B T - B)\\ 

holds, where the first two terms tend to zero as r — > oo, and the third one becomes 
as small as desired if we choose r large enough (note that (B r ) is bounded). 
(A r B r — AB)Pjj 0 is shown analogously, using the boundedness of (A T ). □ 

2.8. Limit operators 

In Section 2.6 we introduced a way to evaluate an operator’s behavior “at infinity” . 
Here we will present a completely different look at this point which will lead us to 
some additional insight. 

Definition 2.33. Let A £ C(L°°) and h = (h m ) C Z n tend to infinity. If 

V- hm AV hm , to = 1,2,... 

V-converges to some operator B £ C(L°°) as m — > oo, then we call B the limit 
operator of A with respect to the sequence h and denote it by Ah . In this case we 
will also say that the sequence h leads to a limit operator of A. 

If h C Z n is a sequence tending to infinity such that Ah exists, and if g is an 
infinite subsequence of h, then also g leads to a limit operator of A , and A g = Ah. 

Limit operators are compatible with addition, composition, passing to the 
norm limit and to the (pre-) adjoint operator. 1 Here we summarize these basic 
properties. 

Proposition 2.34. Let A, B and A^ m ^ (m = 1,2,...) be arbitrary operators in 21, 
and let h cZ n be some sequence tending to infinity. 

a) If Ah exists , then \\Ah\\ < ||A||. 

b) If Ah and Bh exist, then ( A + B)h exists and is equal to Ah + Bh- 

c) If Ah and Bh exist, then ( AB)h exists and is equal to AhBh- 

d) If A = lim m _+ 00 A ^ and the limit operators (A^)h exist for all sufficiently 
large m, then Ah exists and equals lirn m ^ 00 (A^ m ^)/ i . 

This proposition is from [21]. It is a simple consequence of Corollary 2.32. 



x Note that in C{L X ) limit operators are defined exactly as in Definition 2.33. 
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Proposition 2.35. Take an arbitrary A G 21, and suppose the sequence h C Z n leads 
to the limit operator Ah of A. 

a) If A G S, then also Ah G S, and *(Ah) = {*A)h =: *Ah- 

b) If A e B, then also Ah G B. 

c) If A G Bs, then also Ah G Bs- 

d) If A G BO or BDO, then also Ah G BO or BDO, respectively . 

Proof Concerning a), note that *Pu = P\j and *V a = VL a , and consequently, for 
every b&m set U Cl n and ra — > oo, we have 

- m)h = ir( (vu m ^ ra - ^ )ii — o. 

b) is from [22]: Let A G B, and take arbitrary ip G BUC and t G R n . Then 
[M^ t , 'P-converges to [M y>t , Ah] asm-^oo. By Corollary 2.32 a), 

II [M vt , A]|| < liminf ||[M V( , K_ hm ^ fc J|| < 2|| [M Vt , V. hmo AV hm o ]|| 

for some mo- But from A, V±h rnQ G B and Proposition 2.12 we get that this tends 
to zero as t — > 0. Consequently, Ah G S. Clearly, c) follows from a) and b). 

For d) first note that limit operators of operators A, for which A G is a general- 
ized multiplicator, are again operators with this property. The claim for BO then 
follows from (V a )h = V a Vh and Proposition 2.34 b), c). Finally, a simple approx- 
imation argument involving Proposition 2.34 d) shows the claim for BDO. □ 

Definition 2.36. Let A G C(L°°). The set of all limit operators of A is denoted by 
cr op (A), and we refer to it as the operator spectrum of A. 

We will now come to some class of operators which will be of great importance 
to us in what follows. It is the set of operators which we will refer to as rich 
operators (in terms of: having limit operators everywhere). 

Definition 2.37. By B$ we denote the set of all operators A G Bs with the following 
property: Every sequence h = (h m ) C Z n with hm — > oo possesses a subsequence g 
leading to a limit operator of A. We will regard operators in B$ as rich operators. 

Proposition 2.38. B% is a Banach subalgebra of £(L°°). 

Proof Let A, B G S$, and take an arbitrary sequence h = (h m ) C Z n tending to 
infinity. Since 4 G B$, there is a subsequence g of h which leads to a limit operator 
of A. But since B G B$, we can once more choose a subsequence / of g for which 
Bf exists, and clearly Af = A g , and by Proposition 2.34 b) and c), / leads to a 
limit operator of A + B and of AB. The closedness of B% is verified by an analogous 
construction of a subsequence of h and finally applying Proposition 2.34 d). □ 



3. Limit operators vs. invertibility at infinity 

Invert ibility at infinity is a property that only depends on an operator’s behavior 
in a neighborhood of infinity. For rich operators, all necessary information about 
this behavior is accurately stored in the operator spectrum cr op (^4), and it is the 
topic of this section to show the interplay between these two concepts. 
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3.1. The role of the ideal J 

The ideal J is an appropriate item to describe this relationship: On the one hand, 
invertibility at infinity is nothing but invertibility modulo J . On the other hand, 
the ideal J is exactly what becomes ” factored out” by considering limit operators: 

Proposition 3.1. Let, for a moment , C% denote the set of all operators A G C(L°°) 
for which every sequence h C Z n tending to infinity has a subsequence that leads 
to a limit operator of A (so B$ — C$ C 1 Bs)- Then 

J = |r € £$ : cr op (T) = {0}} and J s = {t G B $ : a op (T) = {0}}. 

Proof From V a Pu = Pa+uVa and V a being an isometry, we conclude that for a 
sequence h = (h m ) — > oo and an operator T, the limit operator Th equals 0 if and 
only if for all b&m subsets U C M n both, 

\\Pu{V- hm TV hm -0)\\ = \\V- hm P hm+u TV hm \\ = \\P hm+u T\\ and 
\\(V-h m TV hrn -Q)P u \\ = \\V- hm TP hm+ uV hm \\ = \\TP hm+u \\ 
tend to zero as m — > oo. 

If T G J , then clearly, ||P^ m+ [/T|| and ||TP/ lm+ t/|| tend to zero for all se- 
quences h = (hm) — > oo, so T G £$, and <r op (T) = {0}. 

Conversely, if some T G £$ is not in J, then, by Definition 2.16, HQrC^ll or 
||TQ r c|| does not tend to zero as r — > oo. A little thought shows that then there 
is a sequence h — (hm) tending to infinity and a b&m set U such that ||P^ m+ [/T|| 
or ||TP/ lm+ [/|| remains bounded away from zero as m goes to oo. Since T G £$, we 
can choose a subsequence g of h which leads to a limit operator of T. But if T g were 
0, then ||Pp m+ [/T|| and ||TP Pm+ c/|| would both tend to zero which they do not. 
So cr op (T) 7^ {0}, and we have shown the first equality. On both sides taking the 
intersection with Bs , gives the second claim since J C B and B% = C% fl Bs- □ 
This observation is the key motivation for - roughly speaking - identifying 
the coset A + J with cr op (A) if A is some rich operator. The essence of this 
identification is Theorem 1.1 which is proven on the following pages. 

3.2. Invertibility at infinity in terms of limit operators 

In this section we will prove Theorem 1.1. We still need some propositions and the 
following basic lemma from the theory of Banach algebras. 

Lemma 3.2. Consider some Banach algebra B with unit e and a convergent se- 
quence (x n )™ =1 of invertible elements in B. If 1| < M < oo, Vn for some M, 
then also the limit x := lim x n is invertible, and ||x _1 || < M. 

n—> oo 

Proof. From 

\\ x m ~ x n l \\ = I \ x m( x n < M 2 \\x n ~ X m \\ 

we conclude that also ( x ^ 1 )^L 1 is a Cauchy sequence in B. Denote its limit by y. 
Then we have x n — > x and x~ l — > y as n — > oo, and consequently, e = XnX^f 1 — > xy 
and e — x~ x x n — > yx which shows that y = x~ l . Clearly, ||y|| < M. □ 
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Proposition 3.3. Let A E £(L°°), and suppose a limit operator Ah of A is invert- 
ible. Then for every function £ E L°° with bounded support there exists an mo such 
that for every m > mo there are operators B m and Cm with ||£ m ||, \\C m \\ < 2||x4^ 1 || 
and 

B m AM Vhmi = M Vhmi = M Vhmi AC m . 

Proof. Take such a function £, and put U := supp£. Then 

V- hrn AV hrn Pu — AhPu + T m 

with some sequence T m =4 0 as m — > oo. Multiplying the latter from the right by 
M^V-h m and from the left by A gives 

A?V- hm AV hm MzV- hm = (I + A^T m )M ( V. hm . (3.1) 

Now take mo large enough that ||A^' 1 T m || < 1/2 Vm > mo- Then I + Af^Tm 
is invertible with || (/ + A^ 1 T m )~ 1 \\ < 2. Finally, multiply (3.1) from the left by 
V hm (I + A^Tm)- 1 , and consider that V hrn M i V- hrn = M Vhrn ^ to see that 

V hrn (IpA- h l Tm)- l A- h l V. hrn AM Vhmi = M Vhrni 

" v ' 

= : B m 

which is our first claim. The second one is shown completely symmetric. □ 

We will now define a set of continuous functions, each of them being supported 
in a small cube only, with the property that their sum is 1 everywhere in R n . Such 
a set will be regarded as a partition of unity. 

By 6 : R — > [0, 1] we denote the continuous function 





' 3x + 2 


for 


x € [-2/3, -1/3) 


lj 




6(x) < 


1 

— 3x T 2 


for 

for 


x e [-1/3, 1/3] 
a:G (1/3, 2/3) 


n 


> 




0 

v. 




otherwise / 


i 0 


, V-u 



with support in [ — 2/3 , 2/3]. Let lj : R n — > [0, 1] be the continuous function with 
support in [-2/3 , 2/3 ] n which is given by 

u(x i,...,x n ) := v / 0(IO r i>---> a; n)|)- 

For a E Z n , we put u a (x) := lj(x — a) Vx E R n . Note that lj is chosen such that 

LJ^(x) = 1 VxEl n 

aGZ n 

holds. In this sense we will say that {oj^} a is a partition of unity. Note that for 
every x, the latter sum is actually a finite sum. 

For every R > 0, we define the function u ; Qjj r(x) := Lj a (x/R) = lj(x/R — a) 
Vx E l n . Obviously { lj \ #}<* is a partition of unity as well for every R > 0. 

Finally, let if : R n — > [0, 1] be some continuous function with bounded support 
which is equal to 1 on [—3/4, 3/4] n (and hence on the whole support of lj). In 
analogy to u a and lj^r we define if a and if a ,R, respectively. 
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Note that the functions u> and ip are subject to the conditions on (p in Lemma 
2.6 with < 2 n (the number of adjacent cubes in W 1 ). We will make use of 

this in the proof of the following proposition. 

Proposition 3.4. Let A be some operator in Bs • If there is some M > 0 such that 
for every R > 0 there exists a p(R) such that for every a £ Z n with \a\ > p(R) 
there are two operators B a ,R and C a ,R with ||B a ^||, ||C' Q? #|| < M and 

Bcx^rAM U)ol r — — M (JJaR AC a ,R, (3.3) 

then A is invertible at infinity . 



Proof. Our proof requires some elementary geometry: We will interpret the M n as 
a puzzle of infinitely many (hyper-)cubes whose size increases with their distance 
from the origin. We will choose this decomposition such that, by our premise, on 
every one of these cubes, a left and a right inverse to A exist, and by puzzling these 
operators together (see Lemma 2.6) we will get some left and right regular izer for 
A at infinity. 



The width of our cubes will run 
through the set of positive odd numbers 
U := {1, 3, 5, . . . }. To provide us with a 
frame for this “cubic puzzle” , we will in 
a first step think of an infinite sequence 
of increasing concentric (centered in 0) 
cubes C- 1 C Ci C C 3 C C 5 C 
reaching every point of M n . 

The choice of this sequence shall 
be such that for every k £ [/, firstly, the 
width Wk of cube Ck is an odd multiple 
of fc(fc + 2), and secondly, the inequality 
w k - 2/2 > kp(k) 

holds. 



- 








H 1 : 


E 


-1 




£ 


_ 















Our first constraint guarantees that for every k G C7, both, Wk and Wk - 2 are 
divisible by /c, and hence, both, Ck and Ck -2 can be puzzled by cubes of width 
k. But what we actually do then is puzzling their difference Ck \ Ck-2 with cubes 
of width k. Doing this for all k G [/, gives us the proposed (disjoint up to sets of 
measure zero) decomposition of IR n \ C-\ into cubes of increasing width. 

Our second constraint yields that from ka G Ck\ Ck-2 for a G Z n , we can 
conclude \a\ > p(fc), and hence, the existence of operators B a ^k, C a ^k with (3.3). 

For every k e U, we put Dk := {a G Z n : ka G Ck \ Ck- 2}, whence 
Wa is a partition of unity on Ck\Ck -2 with exception of some points near 

the boundary of Ck \ Ck- 2 • Consequently, the set U keui^a k}&eD k is a partition 
of unity on IR n \ C - 1 with exception of the boundary of every cube Ck and of some 
points in the near, i.e., where cubes of different width meet one another. 




316 



M. Lindner and B. Silbermann 




Without loss of generality, we study the situation for the case n = 1. Two copies of the function 
a; 2 , stretched and shifted onto adjacent intervals (M 1 -cubes) of the same and of different width. 
A zoom into the second picture shows how much this situation differs from a partition of unity. 



Where cubes of different width R = k and R' = k + 2 are adjacent, we do 
not exactly get a partition of unity. But we are only h(k , k + 2) away from it - in 
the supremum norm. It is an easy computation to see that the distance h(R, R') 
equals (1 — i?/i?')/2, and hence, ft(fc, fc + 2) tends to zero as k — > oo. Consequently, 

E E M < k =I ~ E M„,+T = I + r, ( 3 . 4 ) 

keU a£Df c oEC-i 

where T £ J, and so is T'. So much about geometry. From A E Bs C BDO we 
know that A can be norm approximated by band operators. Let us first deal with 
the band case and then pass to the limit. 

Case 1. Suppose A is a band operator. We present left and right regularizers: 

B := ^2 ^2 k 

keu aeD k 

is well defined by Lemma 2.6 with ||B|| < N U M. Then 

BA = M (JJct k B a ^M (JJ(y k A 

keu aeD k 

- EE ■^■co ajk B a ^AM UJa k + EE A ] . 

keu aeD k v v ' keu aeD k 

M “ a ,k ' V 

=-T k 

So BA = I + T’ + Ylkeu ^ k > where T f e J is the operator from equation (3.4), 
and by Lemma 2.6, we have \\Tk\\ < N UJ sup aeDk M\\[M UJoi k , A]\\. From A e B we 
conclude that Tk =3 0 as fc — > oo, and, again thinking of Lemma 2.6, Y^keu Tk £ J 
which shows that B is indeed a left regularizer for A in terms of invertibility at 
infinity. 
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Recall that A is a band operator. By definition of and cj, the distance 
of supp(l — ^ a ,k) and suppo;^ tends to infinity as k — > oc. Proposition 2.7 a) 
tells us that Mi-^ a k AM u)(x k = 0 if A; is large enough, say k > fco, and hence, 
AM LJa k = M^ a}k AM UJa)k if k > ko- Put Uo := {k G U : k > &o}. Then 

M^ k C a , k M^ k 

keUo aeD k 



is a right regularizer for A with ||C|| < N^M. Indeed, 

AC = E E ^^ a ,k^^^a,k^'a,kM UJak 

keUo aeD k 

= M x i )a ^ k M Uak AC ai k M t UJa k 

keu 0 aeD k s “7' ' 

M " a ,k 

+ £ E 

aeDk 

' ' 

= -.T k 

So AC = I + T" + J2keu 0 Tk with T" G v7 and =4 0. And as in the left-sided 
part, we see that this right-hand side is of the form I + T with some T G J. 

Case 2. Now suppose A is the norm limit of a sequence of band operators 
CAm)~=l with || A A^ll < C I/ttt. Moreover, suppose A is subject to the condition 
culminating in equation (3.3). We will show that then every operator A m with 
772 > M is subject to this condition as well, but with M replaced by Mj (1 — M/m). 
Indeed, if B a ^ R is such that ||L? a? #|| < M and B a ^ R AM UJa R = then 

B (X mA rn M UJaR = B a ^ R AM LOaR B a , R (A A rn )M UJaR 
— ) R B a , R (A A rn )M UJc(R 

= (I- B a , R (A - A m ))M WQ>H , 



where D := I — B a:R (A — A m ) is invertible since \\B a , R (A — A m )\\ < M • I/772 < 1, 
and ||D _1 || < 1/(1 — M/m). Now it is easy to see that A m is indeed subject to (3.3) 
with B ^R '■= D ~ lB a,R and M/( 1 — M/m) in place of B a , R and M, respectively. 
The construction of local right inverses is analogous. 

By case 1, we know that then all (band-) operators A m are invertible at 
infinity with the norm of their regularizers being not larger than N^M / (1 — M /m). 
If 772 > 2 M, all these norms are collectively bounded by N U M/(1 — M/(2M)) = 
2NujM. By Corollary 2.21, all cosets A m + J with m > 2 M are invertible in B/J 
with ||(A m + c7) _1 ||5/ i 7 < 2 N U M. Lemma 3.2 now guarantees that the norm limit 
A + J is invertible in B/J, i.e., A is invertible at infinity. □ 
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Now we are ready for the 
Proof of Theorem 1.1 

C=>) Suppose A is invertible at infinity. Then there is some B E C(L°°) such that 
I = BA + T\ and / = AB + T 2 with T\, T 2 E J . For arbitrary elements u E L°° 
and v E (L°°)' (passing to adjoints in the second equation), this yields to 

IMU < ||£||||^|| 00 + IITHU 

Halloo' < WB'WWA'vWoo, + 11^1100/. 

Restricting v to L 1 C ( L 00 )' and putting C := max(||B||, 1), we get that the norm 
inequalities 

Hoc < CiWAuU + WnulU (3.5) 

Hi < Cmv\\ 1 + \\TM^) (3.6) 

hold for all u E L°° and v E L 1 . 

Let h = (/z m ) C Z n be an arbitrary sequence tending to infinity and leading 
to a limit operator Ah of A. We will show that Ah is invertible. 

Since V a is an isometry, for every a E Z n , we get from (3.5) that 

IMloo — || V/ lm 'u|| 00 < £7(11 A Vh m 'ulloo + ||Ti Vh m u\\ 00 ) 

= CiWV-h^AVh^uWoo + HVL^Ti^wlloo) E L°°. 

For the function xp from above and every R > 0, we define the function ipR by 
ip R {x) := ip(x/R) Vx E M n . 

Replacing u in the last inequality by the function M^ R u, and doing all the 
same steps with inequality (3.6), we get that 

1 1 1 1 oo — £7(|| V-hm AVh rn M^ R u\\ 00 + || V-h m Ti V^ m M^ H it|| 00 ) 

IIM^ull! < C(\\V- hrn AVh rn M 2 p R v\\i + \\V- hrn T2Vh rn M 7 p R v\\ 00 f) 

are true for all R > 0, all u E L°° and all v E L 1 . 

From (V-h rn AVh rn -A h )M^ R =4 0, Proposition 2.35 b), V-h m T\Vh m M^ R =4 0 
and || T 2 * Vh m M^ r || qc' = ||(M^W, m T 2 P, m )*|| 00 , = \\M^ R V- hrn T 2 VhJ\oo -> 
0 as m -mx) we conclude 

1 1-^0 fit'll 00 — CWAhM^nUWoo + C{^\M ^ r + ||[^4./i , M^Pj^uWoo) 

WM^vh < Oir^iV^^^ll! < C^dlikT^^^ll! +- ||[*+L^ , 

Since A h E B and [*A h , M^ R \ = *[M^ R , Ah] holds, letting R — > 00 leads to 
Hoc < CWAhuWoo Mu E L°° 

IMIi < C\\*A h v\\ x VueL 1 . 

Taking this together, we see that *Ah and Ah = ( Ah )* are injective, whence Ah 
is invertible. Consequently, Ah is invertible and ||A^ 1 || < C, where C does not 
depend on the sequence h . 

(^=) Let a op (A ), the set of limit operators of A , be uniformly invertible, and 
suppose A were not invertible at infinity. 
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Then by Proposition 3.4, for every M > 0, and hence, for 
M := 2 sup ||^V 1 |I> 

A h £a°P(A) 

there is an R > 0 such that for all p, there exists an a G Z n with \a\ > p such that 

BAM UqR ^ M UaR 

for all operators B with ||jB|| < M. This means there is a sequence (a k ) C Z n 
tending to infinity such that for no k G N there is an operator Bk with \\Bk\\ < M 
for which 

B k AM^ kR = M UJoLkR ( 3 - 7 ) 

holds. 

Since A G B$, there is a subsequence g of (a k ) such that A g exists. But A g G 
a op (A) is invertible by our premise. And so Proposition 3.3 (putting £ := luo : r) 
says that for infinitely many /c, there is an operator B k with \\Bk\\ < M that is 
subject to equation (3.7). This is clearly a contradiction. □ 

Remark 3.5 Note that for the proof of the (=K ) part, we only needed that A G Bs, 
while for the reverse direction the richness of A is involved. □ 

It is sort of “the big question in limit operator business” whether in Theorem 
1 . 1 uniform invertibility of a op (A) can be replaced by elementwise invertibility! The 
answer has proven to be “Yes” for some classes of operators including operators in 
the Wiener algebra, for example. For new achievements on this question see [15]! 

4. An outlook to applications 

4.1. A criterion on Fredholmness 

As we already mentioned, Fredholmness and invertibility at infinity are two closely 
related properties. We will prove a Fredholm criterion in a suitable subalgebra of 
£(L°°), showing that invertibility at infinity plus some other property (which is 
readily verified) yields Fredholmness. 

4.1.1. Localization Let R n refer to the one-point compactification R n U {oo} 
of R n . By A we will denote the set of all operators A G C(L°°) for which all 
commutators 

[A , Mf\ , feC( R n ) 

are compact. Clearly, A is an inverse closed Banach subalgebra of C(L°°), and 
the compact operators /C form a closed two-sided ideal in A. For simplicity, we 
abbreviate the factor algebra A//C by A^ and the coset A + /C by A K for every 
A G A. 

If A G A is Fredholm, then there are B G C(L°°) and 7 i,T 2 G /C such that 
AB — I + Ti and BA = I + T 2 



hold. 
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In this case, B is in A as well. Indeed, for every / G C(R n ), we have 
[B , M f \ = BM f (I + Ti) - (I + T 2 )M f B - BM f T x + T 2 M f B 
= BM f AB - BAM f B - BM f T x + T 2 M f B 
= - B[A , M f ]B - BMfTi + T 2 M f B G K . 

Consequently, A G A is Fredholm if and only if is invertible in A K . We will 
study invertibility in by means of Allans local principle. 

Therefore, note that { M jF : / G C(M n )} is a central subalgebra of A^. 
Its maximal ideal space can be identified with R n , where the maximal ideal M x 
corresponding with xGl n consists of all for which f(pc) = 0. Moreover, put 
J x := closidA^M^ for every x G M n . We abbreviate the so-called local algebras 
A^/Jx by A^ and the so-called local representatives A K -h by A^ for every 
A G A and x G M n . Allans local principle [1, Theorem 1.34] now says that 

Proposition 4.1. A G A is Fredholm if and only if all local representatives A ^ are 
invertible in their local algebra A ^ for all x G R n . 

4.1.2. An algebra of convolution and multiplication operators We 
will evaluate this Fredholm criterion in a concrete subalgebra of A. For a function 
k G L 1 , let Fk refer to its Fourier transform 

(. Fk)(x ) = f k(t)e^ t,x ^ dt , 

jRri 

and denote the set of functions {Fk : k G L 1 } by FL 1 . 

With every function a = Fk we associate a convolution operator W a G C(L°°) 

(W a <p)(t) := [ k(t — s)cp(s) ds, 

J R n 

and say that the function a is the symbol of the operator W a - 

Besides convolution operators we are also interested in operators of multipli- 
cation. So let A denote the smallest closed subalgebra of C(L°°) containing all W a 
with a G FL 1 and all M & with b G L°° : 

A := alg£ (L oo) jlU) M b : a € FL 1 , 6gL°°}. 

Lemma 4.2. If a — Fk with some k G T 1 and U cW 1 is bounded and measurable, 
then PuWa and W a Pu are compact operators. 

Proof Since k can be approximated in L 1 as good as desired by some compactly 
supported continuous function l , it suffices to prove our claim with l in place of k. 

Let L denote some compact which contains U as well as the support of 1. 
Then PlWfi is an integral operator with a continuous kernel function supported 
in (2 L) x L. But such operators are compact, and hence, 

PuW F i=Pu(P L W Fl ) 

is compact as well. The proof of the second claim is completely symmetric. □ 
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Corollary 4.3. If a e FL 1 and b £ C(R n ), then M b W a and W a M b are compact. 

Proof. Take U := mC, and write M b W a = M b (PuW a ) + {M b Qu)W a , where the 
first term is compact and the second one tends to zero as m — > oo. □ 

This fact has remarkable consequences as we will see. Every element of A is 
of the form A — J2i=i Ai or a norm- limit of such, where A{ are finite products of 
convolution and multiplication operators. Some of these Ai might be pure multi- 
plication operators, say Aj, ... , Their sum is again a multiplication operator 
whose symbol shall be denoted by b A . So 

3 ~ 1 

A = M b A + ^^Ai. (4.1) 

i= 1 

Clearly, for finite sum- products A, this decomposition is unique. But we will show 
that this is also true for arbitrary A £ A. 

Proposition 4.4. A = {M b : b £ L°°} -f closid^jlTa : a £ FL 1 }. 

Proof. Clearly, we here have two closed subalgebras of A. Suppose A is contained 
in both. Then, for every b&m set U cR n , the operator APu is compact by Lemma 
4.2. This implies 6 = 0, and hence, A = 0. 

Let us now show that the sum is all of A. Every operator in the (dense) subset 
consisting of all finite sum-products can be written as such a sum by (4.1). It 
remains to show that the (linear) mapping A »— ► b A is continuous. 

To see this, take some e > 0 and a b&m set U Cl n with positive measure, 
where \b A (u)\ > Ufe^Uoo — e for all u £ U . By (4.1) and Lemma 4.2, we have 
APu = M h APu + K with K £ 1C. Now 

Halloo -e < \\M bA Pu\\ = IK^V^IIak < Pll 

for every e > 0, and hence, ||6 A || < \\A\\. □ 

The continuous extension of the mapping A i— > M b A will be denoted by 
S £ C(A). S is clearly a projector from A onto {M b : b £ L°°}. 

4.1.3. Fredholmness in the algebra A By Corollary 4.3, we have A C A 
since the generators of A are in A. Consequently, Proposition 4.1 holds for all 
A £ A, leading us to the study of local representatives of the generators of A. So 
suppose a £ FL 1 and 6 £ L°°. We start at the finite points x: Take some x £ IR n , 
and let ip denote a continuous function with compact support and <p(x) = 1. 

By Corollary 4.3, M^W a is compact. Consequently, 

(wf) x = ((M v W a ) K ) x = (o*^ = 0. 

Analogously, we see that (M^ c ) x is invertible in A Jr if and only if 0 is not contained 
in the local essential range of 6 in x. So for finite points x, we can conclude from 
A = S{A) + W with W £ closid^{W a : a £ FL 1 } to 

A* = S{At + W^ = S(A)5 + 0^ = S(A)%. 
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Summarizing, we can say that A Jr is invertible for all x G M n if and only if S(A) = 
M b A is invertible, i.e., b A has no zeros. So this was the simple part of our Fredholm 
criterion. 

But what about the invertibility of A^l 

We will show that this is guaranteed if A is invertible at infinity! Indeed, suppose 
there is some B G C(L°° ) and a b&m set U cR n such that QuAB = Qjj. Write 
A = S{A) + W. Then 

(■ QuAQu)(QuBQu ) = QuABQu — QuAPuBQu = Qu — QuKQu, (4.2) 

where QuS(A)PuBQu = 0, and K := WPjjB is compact by Lemma 4.2. But 
(4.2) and its symmetric counterpart (derived from B'AQu = Qu) say that the 
compression of A to im Qu is Fredholm on imQt/. Studying this Fredholmness as 
in Section 4.1.1, we get the invertibility of A Jr for points x G W 1 \ U, including 
that of A^. Involving Proposition 4.1, we get 

Proposition 4.5. If A G A is invertible at infinity and the multiplication operator 
S(A ) is invertible, then A is Fredholm. 

4.2. Approximation methods and applicability 

Another interesting application of the presented results is the answer to the ques- 
tion if some approximation method is applicable to an operator A G B$ or not. 
We restrict ourselves to presenting the idea. For a detailed description see [14]. 

Suppose the sequence (A T ) T >o C BDO is ^-convergent to A G BDO. Then 
Roch and the second author proved in [23] that the approximation method (A T ) 
is applicable to A, i.e., the sequence of solutions x T of 

A t x t = b 



V - converges to the solution x of 

Ax = b 

as r — » oc for every right-hand side b G L°°, if and only if A is invertible and (A r ) 
is stable , the latter means that {A r } r>ro is uniformly invertible for some To > 0. 

So the important question is that about the stability of a given sequence of 
operators A r , each of them acting on L°°(R n ). We find the answer to that question 
by (temporarily) increasing the dimension of the problem, which goes like that: 

Clearly, R n+1 is what results from stacking a continuum of copies of the R n 
into the (n + l)th dimension. By the same idea, stacking the operators A r (put 
A r := I for r < 0) into the (n+l)th dimension results in an operator on L°°(M n+1 ) 
which we will denote by 0A r . 

It can be shown that under fairly general assumptions on the smoothness of 
the mapping r A r the sequence (A r ) is stable if and only if 0A r is invertible 
at infinity! Now Theorem 1.1 links this to the uniform invertibility of cr op (0A r ). 
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The finite section sequence (A r ) r >o and its stacked operator ®A r for n = 1 and H = [—1,1]. 

In the discrete case, the observation that the applicability of some approxi- 
mation method is equivalent to the Fredholm property of an associated operator 
on a space of functions on R n+1 , was first made for the finite section method of 
Toeplitz operators with homogenous symbol. For n = 1 this goes back to Douglas 
and Howe [2], and for arbitrary n it was proven by Gorodetski [6]. 

Things get much more sophisticated in the function case, when stacking a 
continuum of operators. The method presented in [22] is connected with some 
rather drastic restrictions to the operator sequence. We will demonstrate a much 
more natural idea in [14] by studying what we will call the essential invertibility 
of sufficiently smooth sequences. 

If (At-) is the finite section method for A, then we have a very clear description 
of all limit operators of 0A r which also allows us to pass back to the n-dimensional 
context and to operators that are related to A itself and to limit operators of A. 

4.3. The system case 

For simplicity, we restricted ourselves to operators on the space L°° := L°°(R n , C) 
of all essentially bounded complex scalar- valued functions on R n . It is worth to 
be mentioned that all our investigations and results remain valid if we pass to 
vector- valued functions L°°(R n ,C j/v ) with some integer N. 

But as every function / G L°°(W l ,C N ) can be thought of as an TV- vector 
(/i , . . . , /at) of functions fi G L°° , we can think of every operator A on L°° (R n , C N ) 
as an TV x TV-matrix whose entries Aj are operators on L°°. 

This is what we usually call “the system case” , and we would like to emphasize 
that consequently, also this system case is covered by our results. 
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Half-Plane Diffraction Problems Using 
Alternative Integral Representations 

Ernst Liineburg 



Dedicated to the memory of Erhard Meister 



Abstract. This tutorial review presents the formulation of some diffraction 
problems involving half-plane structures as Riemann-Hilbert problems. The 
formulations of the problems of diffraction by an infinite set of Rawlins’s type 
half-planes, a bifurcated and a trifurcated waveguide and by a special infinite 
strip grating are considered in detail. 



1. Introduction 

The scattering of electromagnetic waves by edges and corners of obstacles whose 
characteristic dimensions are large compared to the wavelength of the illuminating 
wave can be considered as a local phenomenon that involves a region of several 
wavelength in the vicinity of the geometrical discontinuities. This implies that the 
actual shape of the scatterer can be substituted by simplified structures such as 
half-planes, wedges or cones that locally agree with the discontinuities of com- 
plicated object under study but which are easier to solve as a regular boundary 
value problem of mathematical physics. Material properties of the scatterer are 
taken into account by properly defining and adapting higher order impedance 
boundary conditions, see Senior and Volakis [59]. Historical aspects of the theory 
of diffraction by half-planes are considered in a contribution of the author to the 
Sommerfeld Memorial Conference [30]. 

The first systematic method of solution of the so-called Sommerfeld half- 
plane problem [61] was the application of the Wiener- Hopf method by Schwinger 
and by Copson in the fortieth. In the following decades this method has been 
applied to a large variety of physical and engineering problems involving half- 
plane structures. These developments are summarized in various textbooks as for 
instance by Noble [49], Weinstein [65], Mittra and Lee [48], Meister [41], Jones 
[23] and Estrada and Kanwal [13]. Especially Noble’s monograph that appeared as 
early as 1958 became the standard reading text for any newcomer to this field at 
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least from the engineering community. All these textbooks deal with scalar Wiener- 
Hopf problems or with finite-dimensional vector Wiener-Hopf problems that can 
be reduced to scalar ones by elementary decoupling, cf. a series of papers by 
Meister [39, 40] and Igarashi [21] dealing with half-plane structures or for instance 
a truncated parallel plate waveguide, Weinstein [64]. An immediate extension of the 
scalar Wiener-Hopf factorization method to the vector case was suggested in 1950 
by Heins [14], taking the logarithm of the Fourier symbol matrix function before 
applying the additive Cauchy integral decomposition. This approach, however, fails 
if the factor matrices do not commute (Baker-Campbell-Hausdorff formula). This 
restriction hampered further applications of the vector Wiener-Hopf technique for 
several decades. 

It should be noted that there exist other methods that can be used to solve 
problems reducing to scalar Wiener-Hopf equations. These are among others the 
residue calculus technique, see for instance Whitehead [63], Mittra and Lee [48] and 
Liineburg [28]), the direct inversion technique (see Mittra [47]) and the Riemann 
method, see Shestopalov [60]. We also mention a function-theoretic method due 
to Heins and MacCamy [15] that is applicable to some half-plane structures. This 
method has not been pursued further; its application to the strip (or slit) diffraction 
problem by Schmeltzer and Levin [58] is considered to be incorrect. 

All these methods are more or less equivalent to the scalar Wiener-Hopf 
technique in the sense that if a problem could be solved by one method it could be 
solved also by the other methods (this statement may be valid only for problems 
in electromagnetic and acoustic scattering and has not been demonstrated in all 
cases). For an account of the vector Wiener-Hopf technique in electromagnetics 
reference is made to Meister and Speck [43], Buyiikaksoy and Serbest [4] and to 
the introduction of a paper by Liineburg and Serbest [34] . 

Fourier symbol matrices of problems in diffraction theory often involve a term 
of the form of the square root 7 (a) = yja 2 — k 2 where h = 27r/A is the wave number 
and a is the complex Fourier transform variable. In very many cases it is possible 
to formulate the diffraction problem as a true vector Wiener-Hopf equation as well 
as a scalar Riemann-Hilbert problem on the two-sheeted Riemann surface of 7 (a). 
This was first demonstrated by Liineburg and Westpfahl [35] in 1971 for a special 
strip grating problem, see also Liineburg [25, 26]. This approach will be explained 
in some detail in the present contribution. In 1976 Hurd [17, 20] invented the so- 
called Wiener-Hopf-Hilbert (WHH) method and was able to solve the problem of 
diffraction by a half-plane with different impedance boundary conditions on both 
sides. This includes the case of the so-called Rawlins’ half-plane with a Dirichlet 
condition on one side and a Neumann condition on the other that had been solved 
previously by Rawlins [51] by a heuristic method. For a general formulation of the 
Wiener-Hopf-Hilbert technique we refer to Spitkovsky and Tashbaev [62]. 

These methods, however, were not pursued intensively. It become possible to 
factorize directly an entire class of Fourier symbol matrices that relate to important 
problems in electromagnetic, acoustic and elastodynamic scattering theory. This 
class is nowadays called the Daniele-Khrapkov class and goes back to Khrapkov [24] 
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Figure 1 . The slab geometry of the Green function 



using previous results by Chebotarev [5] (a report of the Kazan State University) 
and to Daniele [7, 8, 9], see also Rawlins [52, 53, 54]. The importance of the work of 
Khrapkov and Chebotarev became known in the western engineering community 
only after the publication of Lukyanov’s papers [36, 37] in 1980/81, see for instance 
Liineburg and Hurd [31, 33] and Liineburg and Serbest [34]. The Daniele-Khrapkov 
method and the Riemann-Hilbert approach appear to be equivalent for problems 
in engineering sciences involving the square root 7 (a) or a small modification of it. 
This seems to be true also for the modified residue calculus method as presented 
by Weinstein and Volman [66] . 

In the following we consider some examples in diffraction theory that can be 
solved by the Riemann-Hilbert method. In any case we limit ourselves to indicate 
the reduction of the problem to the generic matrix form but do not carry out the 
rather tedious explicit solution for all problems considered. We refer to Liineburg 
and Westpfahl [35] and Liineburg [25, 26, 27] for details of the solution procedure 
in some special cases. 



2. The Helmholtz integral and alternative Green functions 
representations 



Let G(r|r') be a fundamental solution (Green’s function) of the two-dimensional 
inhomogeneous reduced wave equation (Helmholtz equation) 

(V + fc 2 )G(r|r') = -5(r - r'), (2.1) 



that satisfies the radiation condition for r = |r| — » oo. If </>(r ) denotes a solution 
of the homogeneous Helmholtz equation in the exterior simply connected region 
R with piecewise smooth boundary dR that satisfies the Sommerfeld radiation 
condition at infinity, then the Helmholtz integral representation reads (cf. Meister 
[41], Jones [23]) 



^(r) 

0 







dG 

dn 



-(r, r')</>(r') > ds' for 



r e R 
r gR ’ 



( 2 . 2 ) 
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Figure 2. Integration contour in the complex a-plane 
( — branch cuts of 7(a); • poles) 



where d/dn' denotes differentiation along the outward normal at the point r' of 
the boundary dR. For exp(— iujt)-t\m.e dependence, the free space Green’s function 
is given by 

G(r\r > )= l -H^(k\r-v l ), (2.3) 

where is the Hankel function of the first kind of order zero with the Fourier 
integral representation (r = (x,y)) 

HP(ky/(x - x') 2 + (y- y') 2 ) = - /” S«G -^)+^-^\ y - y '\\ ... da _ 

K J-oo Vk 2 - a 2 



with K,(a) y/k 2 — a 2 = iy/a 2 — k 2 =: A detailed discussion of the branch 

cuts and branch points of this two- valued analytic function is given by Noble [49]. 

Referring to Cohen [6] alternative representations of the Green’s function 
of the Helmholtz equation for the slab geometry of Fig. 1 with the boundary 
conditions 

r\ 

—G(x,y\x , ,y') + Z 1 G(x,y\x l ,y')=0 for y = a (2.5) 

r\ 

—G(x,y\x',y , ) + Z 2 G(x,y\x , ,y , ) = 0 for y = b (2.6) 

oy 

can be expressed in the form of a loop contour integral 



G(x,y\x',y') 



47 Tl 



e Woi 2 -k 2 \x-x\ 

D y/ a 2 — k 2 



da 



(2.7) 



with the nominator 



N = {a cos [a(y f — a)] + Z\ sin[a(y — a)]} {acos[o;(6 — y)] + Z 2 sin[o;(6 — y)]} 

( 2 . 8 ) 

and the denominator 

D = (a 2 + Z r Z 2 ) sin [(6 - a)a] - (Z 2 - Z x ) cos[(6 - a)]. (2.9) 

The loop integral encircles the poles of the integrand, i.e., the zeros of the 
denominator D, in the positive sense, passing below/above the branch points at d= k 
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Figure 3. Sommerfeld half-plane with Dirichlet boundary conditions 
(D) and incident plane wave vq 



assuming that k has a small positive imaginary part. The position of the branch 
cuts and the loop integral are sketched in Fig. 2. The standard representations 
of the Green’s functions assumes the form of a Fourier integral with a difference 
kernel exp[(x — x')a\. They are used extensively in the Wiener- Hopf formulation 
of such problems. 

Neumann boundary conditions are obtained by setting Zi = 0 and/or Z 2 = 0 
and Dirichlet boundary conditions by Zi — > 00 and/or Z 2 — » 00 . 



3. Boundary value problems for the upper half-plane 

A detailed account of Sommerfeld’s half-plane problem [61] has been given by No- 
bel [49] and Liineburg [30] . Noble in his famous textbook considers three boundary 
value problems connected with the steady-state wave equation (we assume a time 
factor exp(— iujt)) 



d 2 <f>(x, y) d 2 4>(x,y ) 

dx 2 dy 2 



+ k 2 (f>(x,y) = 0, 



00 < x < 00 , y > 0 (3.1) 



where </> represents an outgoing wave at infinity and k is the wave number such 
that the following boundary conditions are satisfied in each of the three separated 
cases 



a) 

b) 

c) 



4>(x, 0) = f(x) 
d<t> (z,0) / , 

-ar = 9(t) 

4>(x,0) = f(x) 
d<j){x, 0) 



dy 



= g(x) 



on y = 0, 
on y = 0, 
on y = 0, 



—00 < x < 00 ; 
—00 < x < 00 ; 
0 < x < 00 , 



on 



y = 0, 



—00 < x < 0. 
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Introducing the Fourier transform pair along the boundary x-axis 

1 f°° l r°° 

®( a ’V) = - 7 =/ <t>(x,y)e zax da <j>(a,y) = -= ®(x,y)e iax da 

V27T J- oo V 27T 7-oo 

(3.2) 

Noble points out that the first two cases can be solved directly by using the inverse 
real Fourier transform whereas the third case, however, cannot be solved elemen- 
tarily and leads to a scalar Wiener-Hopf equation using Fourier transformations 
in the complex plane. As an example for the third case the classical Sommerfeld 
half-plane problem with Dirichlet boundary conditions, see Fig. 3, is treated in 
some detail where f(pc) =0 and g(x) is a known function depending on the form 
of the incident wave. 

Taking into account Meixner’s edge condition [45, 46], see also Dos Santos 
and Teixeira [11], the scalar Wiener-Hopf technique leads to the solution 



v(x,y) = v 0 (x,y) - 



y/k ~f~ &Q f ^i[ax+y/k 2 —a 2 \y\] ^ 

2iri J_ OQ > Jk 2 — a 2 a — c*o|v 



(3.3) 



where 6o is the angle of incidence of the plane wave vo = exp[ik(cos9ox + sin$o2/)] 
and ao = kcosOo. Here a — qq|v indicates that the path of integration — oo < a < 
oo passes below the pole ao . The essential feature of the Wiener-Hopf solution of 
this problem is the multiplicative factorization 

\Jk 2 — a 2 — y/k — ay/k + a (3.4) 



where the factor y/k — a is holomorphic in the lower a-half-plane whereas the 
factor y/k + a is holomorphic in the upper <a-half-plane due to the appropriate 
judicious choice of branch cuts, see Noble [49]. Noble refers to three different 
methods all depending on the Wiener-Hopf technique: (i) dual integral equation 
method, (ii) Green’s function formulation, (iii) Jones’ approach [22]. The unknown 
function is either the jump of the derivatives of the field components on the screen 
{y — ±0, x > 0} or the field on the supplementary screen {y = 0, x < 0}. 
It should be pointed out that the unknown function can also be the field or the 
normal derivative of the field on the half-line x = 0, y > 0. The corresponding 
Wiener-Hopf equation is of the same type. 



4. Rawlins-type half-plane problems 

Rawlins was the first to consider a modification of the Sommerfeld half-plane prob- 
lem consisting of a half-plane with Dirichlet boundary condition on one side and 
Neumann boundary condition on the other side, see Fig. 4. The formulation of 
that problem leads to a vector Wiener-Hopf equation with a 2 x 2 Fourier sym- 
bol matrix that cannot be decoupled elementarily. Rawlins was able to solve this 
problem by a heuristic method [51]. Only one year later in 1976 Hurd invented 
the Wiener-Hopf-Hilbert method [17, 20] which he used to solve the more general 




Half-Plane Diffraction Problems 



333 




Figure 4. Rawlins half-plane with Dirichlet (D) and Neumann (N) 
boundary conditions and incident plane wave vq 



2-face impedance half-plane problem. Hurd also showed that his solution coin- 
cides with Maliuzhinets’ results [38]. Maliuzhinets’ solution was well known but 
according to Hurd it was not possible to derive any valuable clues from that so- 
lution for the factorization of the corresponding Fourier symbol matrix (private 
communication). The Fourier symbol matrix function of Rawlins’ problem reads 



M(a) 



1 —iK,(a) 

—i/K,(a) 1 



M+(a)M~(a) 



(4.1) 



with k(ql) = y/k 2 — a 2 . This matrix is of the Daniele-Khrapkov type 



M(a) = a(a)I + b{a)R(a) (4.2) 

where a(a) and b(a) are scalar functions, I is the identity matrix and R(a) is a 
polynomial 2x2 matrix function with trace R(a) = 0, see Ehrhardt and Speck 
[12] for a recent review of 2 x 2 Daniele-Khrapkov type matrix factorizations. 

For the canonical factorization of the matrix function (4.1) which is a much 
more difficult problem than the factorization of the scalar function (3.4) we refer 
for instance to Rawlins [52, 53, 54], Rawlins and Williams [57], Heins [16], Williams 
[67], Buyiikaksoy and Serbest [4] and Meister [42]. 

The Wiener-Hopf factorization of (4.1) reads 



M + (a) = V2 



' y/2k + y/k + a 

2 V2k 






I y/2k — y/k + a 

2V2 k 



(4.3) 



I y/2k — \/k + a 



' y/2 k + y/k + a 



K,(a) 



2y/2 k 



2y/2 k 



and M~(a) = M + (— a) where M + (a) and M~(a) commute. The factorization 
M(a) — M+(a)M~ (a) is not unique since M(a) = M + (a)M~(a) with M + (a) = 
M + (a)C and M~(a) = C~ l M~(a) where C is a nonsingular constant matrix 
is also an acceptable form where, however, M + (a) and M~(a) may no longer 
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Figure 5. An infinite set of Rawlins’ half-planes with Dirichlet (D) 
and Neumann (N) boundary conditions 



commute. This is the reason why different factorization expressions occur in the 
literature. 

The Riemann-Hilbert method which in this case is equivalent to the Wiener- 
Hopf-Hilbert technique leads to the factorization of the matrix M(a), cf. (4.1), 



H(a) 



0 l/n(a) 
—K,(a) 0 



= H I (a)H II (a), aeCuC 



(4.4) 



where C U C is a contour along the branch cuts of k{q) = \Jk 2 — a 2 . The factor 
matrix H 1 (a) is holomorphic in the a-plane cut along C U C, whereas H TI (a) 
is holomorphic in the analytic continuation of H 1 (a) through the cut C U C of 
the two-sheeted Riemann surface of Ac(a). Choosing other functions as unknowns 
different Riemann-Hilbert problems can be set up. For instance the fields or its 
normal derivatives can be matched at the interface between region (A) and regions 
(B) and (C) of Fig. 4, see the treatment of the following problem. 

We now consider an infinite set of parallel Rawlins’ half-planes, see Fig. 5. 
Rather than using a standard Wiener-Hopf matrix formulation, see Liineburg and 
Hurd [27], we use an alternative integral representation. From the Helmholtz inte- 
gral representation (2.2) and the alternative loop integral representation (2.7) we 
obtain for region (A) : 0 < y < 2a, x < 0 of Fig. 5 the expression 

v A (x,y) = v 0 (x ,y) + v 0 (-x,y) + T £ ^(a)cot (aa)e l(y_o)Q e 7(a)x ^^ (4.5) 
with 

f 2a f)v 

ip(a) = J ^;(0 ,y)e~ l< ~ y ~ a)a dy. 



(4.6) 
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For region (B) : 0 < y < 2a, x > 0 we obtain correspondingly 



v B (x,y) 



J_ r 'tp(-a) — e 2iaa 4>(a) c i( v -g) a da 
4n J cos(2 aa) 7 (a) 



(4.7) 



Rather than matching directly the fields v A and v B at x — 0, 0 < y < 2a we match 
the field combinations 

v{0,y) ±iv(0,2a-y). (4.8) 

Field matching at the interface x = 0 , multiplication by exp(— iay) and integration 
over the unit cell extension 0 < y < 2a leads to two decoupled singular integral 
equations 

2 Vi § ^±(“0 [cot {aa') ± tan(f T aa')] sin[a(a' - a)]^ ry ^ 

(4.9) 

= _ 4 (l±i)^ 

with 

^+(q() = ^(a) + i'0(— a), ^-(a) = 4>(a) — a). (4.10) 

Trigonometric simplifications of these expressions (taking into account the prop- 
erty that 4’±(a) are entire functions), shift of the path of integration from the loop 
integral encircling the simple poles on the real <a-axis to the path CuC along the 
branch cuts of 7 ( 0 ;) and taking principal values yields 



— PV f Tp ±(a ') { sin ( aa ) _|_ cos ^/ 4 T aa) \ 1 da' 

2m Jcuc l sin(aa') cos(n/A aa') J 7 ( 0 :') a' — a 



(4.11) 



= 2(l±z) Sm ( Qa ) , aeCuC. (4.12) 

a 

The solution of these Riemann-Hilbert equations read 

$±{a) = 2i(l d= i)M J ( 0) cos( 7 r /4 =p aa) [M ! (±a) + M 11 (±a)] (4.13) 

with the factorization 

M(a) — — — - = M 1 (a)M n (a) (4.14) 

cos( 7 r /4 — aa) 



on the two-sheeted Riemann surface of j(a). The factor function M 1 (a) is holo- 
morphic and without zeros on the cut sheet I of the Riemann surface of 7 (a) 
whereas the other factor M IJ (a) has corresponding properties on sheet II. Ex- 
plicit expressions of M I( ^ II \a) are given in Luneburg [25]. In matrix notation this 
procedure can be written as the factorization of two 2x2 Riemann-Hilbert matrix 
functions 



M(a) 



0 F(a) 
1 /F(a) 0 



with F(a) 



sin (aa)/a 
cos( 7 r /4 =f aa) 



(4.15) 



A Wiener-Hopf solution of this problem has been given by Luneburg and Hurd 
[27]. The method can easily be extended to Bragg angle incidence where (# 0 m ‘ 
— 7r < # 0 m < tt; sin^Qm = 7rra/2/ca, m integer}. The isolated Rawlins’ half-plane 
solution can be found from the solution of the grating problem letting a tend to 
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infinity yielding the familiar factorization of Rawlins’ problem, see Liineburg [25]. 
For arbitrary angles of incidence no solution has been found yet; the correspond- 
ing Wiener-Hopf matrix function is no longer of the Daniele-Khrapkov type, cf. 
Liineburg [28]. 



5. The bifurcated waveguide 



One of the simplest diffraction configurations that has been extensively treated 
by different modifications of the classical Wiener-Hopf technique is the bifurcated 
parallel waveguide problem with Dirichlet boundary conditions on the outer walls 
and on both faces of the inserted half-plane, see Fig. 6. Here the fundamental 
waveguide mode is assumed to be incident from the wider waveguide on the half- 
plane but incidence out of one of the smaller waveguide regions or several modes 
can be treated along the same lines. Also the Dirichlet conditions may be replaced 
everywhere by Neumann boundary conditions. Scattering of the incident mode 
at the edge of the inserted half-plane leads to the excitation of propagating and 
evanescent waveguide modes in all the three regions (A), (B) and (C). It should 
be noted that the half-plane is positioned asymmetrically inside the parallel-plate 
duct. A detailed analysis is presented in the Mittra and Lee’s textbook [48]. The 
general case of N equally spaced inserted half-planes has been treated by Igarashi 
in a series of papers [21]. The case with outer BC’s both being of the Dirichlet or the 
Neumann type but with Dirichlet and Neumann conditions on the inserted half- 
plane has been solved by Liineburg and Hurd [33] for the special case that a = b. 

Replacing the free-space Green’s function for the Wiener-Hopf solution of 
Sommerfeld’s classical half-plane problem by the Green’s function of a parallel 
waveguide this problem can be reduced to the solution of a scalar Wiener-Hopf 
equation for the semi-infinite Fourier transform of the jump of the normal deriva- 
tive of the field on the inserted half-plane. The problem can also be formulated as a 
doubly infinite set of linear algebraic equations for the infinite set of modal coeffi- 
cients inside the three waveguide regions. Imposing continuity of the fields and the 
normal derivatives at the adjacent regions the latter systems can be solved either 
by the residue calculus technique or by using a direct matrix inversion technique, 
cf. Mittra [47]. All these methods are explained in detail for this canonical example 
in the monograph by Mittra and Lee referred to above, see also the survey article 
by Liineburg [28] . This simple example has been chosen primarily to illustrate the 
applicability of the Riemann- Hilbert method to plane waveguide problems. For 
region (A) we choose a Green’s function that vanishes on the outer walls y = a 
and y = —b and whose normal derivative (^-derivative) vanishes at the interface 
x = 0 of the waveguide regions (A) with (B) and (C). From the general equation 
of the previous section follows 



G A {x,y\x’,y') = -^- 



sin[(a — y)a\ sin[(i/ + b)a] 
sin[(a + b)a] 



| e 27|x- 



_j_ e ij Ix+rc'l j ^ 

(5.1) 
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Figure 6. The bifurcated waveguide problem with Dirichlet boundary 
conditions 



G A {x,y\x',y') 



Am J 



with 7 = 7(0) = \/a 2 — k 2 or 

sin[(x + b)a] sin[(q - y')a\ f i7 | I+I 'n da 

sin[(a + 6)a] 1 ^ J 7 

(5.2) 

due to the symmetry of the Green’s function with respect to the dashed and 
undashed arguments. The first form will be used for — b < y < 0 and the second 
form for 0 < y < a. This is done in order to introduce the same (unknown) finite 
Fourier transforms in regions (A) and (B) and (A) and (C). Inside the waveguide 
region (A) the field can be expressed in term of the Green’s function G A as 

/ a q 

—v(0,y')G A (x,y\0,y')dy' (5.3) 

valid for — b < y < a, x < 0. vo is the incident modal field. For x = 0 it follows in 
particular 



<m(0 ,?/) = 2^o (0, y) - - ( 


£ sin[(a — y)a\'ipB(&) + sin [(y + b)a]i/;c(&) da 


(5.4) 


! sin[(a + b)a] 


7 


with the finite Fourier transforms 






1p B {oi) 


= f dV f V) sin [(y + b)a}dy 




(5.5) 


‘ tpc(a ) 


= /“7» ) 5 i„[(a -„)«]*. 




(5.6) 



Introducing the appropriate Green’s function for the waveguide regions (B) and 
(C) yields 

V B (0 = ( 5 . 7 ) 

2m J sin (ba) 7 






sin {ya) - .da 

— — ripe (a) — 
sin (aa) 7 



(5.8) 
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valid for — b < y < 0 and 0 < y < a, respectively. Closing the contour in these 
integrals provides the modal expansions of the various waveguides at the interface. 
Continuity of the fields at the interface x — 0 leads to 

1 f f TsinfCv + b)cd sinfm*)] T , x 

X : f ^ “ ry “TTT + a 

2m J y L sm [( a + b)a\ sm{aa) 



sin[(a - y)a\ 



2v o (0,y), 0 <y < a 



J_ / f r sin[(a — y)a\ _ sin(ya) l j 
2iri J \ sin[(a + b)a ] sin(6a) B 

(5.10) 

sin[(v + b)a] T , da ^ . 

+ • ' u ~ r — = 2t;o ( 0 ’ 

sin[(a + b)a\ J 7 

Replacing a — > a' in equation (5.9), multiplying the resulting equation by sin[(a — 
y)a] and integrating over the domain 0 < y < a yields 

1 f f rsin(6a / + aa) sin(aa) 1 - 
2m J \ sin[(a + b)a'] sin(aa') ° a 

(5.11) 

sin[a(a' - a)] - , A ) 1 da' __ . . 

+ -7-7— - 2uoc(a) 



where 



voc{a) := / v 0 {0, y) sin[(o - y)a]dy. 
Jo 



Similarly, replacing a — > a' in equation (5.10), multiplying the resulting equation 
by sin [(y + b)a] and integrating over the interval —b<y< 0 yields 

1 f ( sin (aa' + ba) sin(6a) - , 

2m J \ sin[(a + b)a'] sin (ba') _ B a 



sin[6(a' — a)] - , 1 da' N 

. / - -- = 2v 0B (a) 

sm[(a + b)a'\ J 7' a' — a 



where 



vqb(ol) := / vo(0,y)sm[(y + b)a]dy. (5.14) 

J-b 

With equations (5.11) and (5.13) we form the expression 

sin (ba) x equation (5.11) + sin (aa) x equation (5.13). (5.15) 

The partial contributions of one and the other equation resembles the procedure 
used by Mittra in his direct-inversion method [47] . The final standard form reads 

^ j *(»') {F( a) + F («')} ^ ~ = «(«) (5.16) 
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with the unknown function 



the excitation term 



e{a) 



and the kernel function 



sin(6a) sin(aa) ’ 



sin(ba)v 0 B (a) + sin(aa)i>oc(a) 



F(a) = 



sin[(a + b)a] 



sin[(a + b)a] 



(5.17) 



(5.18) 



(5.19) 



sin(ao:) sin (ba) ' 

Here a lies outside the contour integral j>. F(a) is a meromorphic function with 
poles on the real axis only, 4/ (a;) is the unknown and e(a) is the given excitation 
function. Comparing equations (5.4), (5.7) and (5.8) it should be noted that F(a) 
is the ratio of the denominator of waveguide region (A) and the product of the 
denominators of waveguide regions (B) and (C). 

The reduction of the integral equation equation (5.16) to a Riemann-Hilbert 
problem along the banks of the branch cuts of 7(a) and its solution is well known 
and has been carried out for a number of special cases. The shift of the path of 
integration from the contour j> of Fig. 2 to the contour F along the branch cuts 
of 7 relies on the edge condition. The resulting 2-vector Riemann-Hilbert problem 
has a matrix kernel M of the special form 



M(r) 



0 

F(t) 



F-'(r) 

0 



for r G T. 



(5.20) 



The meromorphic matrix M has vanishing diagonal elements. This is a direct 
consequence of the particular standard form of equation (5.16). Details, however, 
are outside the scope of the present contribution and we refer to Liineburg and 
Westpfahl [35] and Liineburg [25, 26, 27, 28]. 



6. Rawlins’ trifurcated waveguide 

Recently Rawlins discovered that the solution of two special trifurcated waveguide 
problems can be reduced to the solution of a 2 x 2 Wiener-Hopf equation with a 
matrix kernel function of the Daniele-Khrapkov form [55, 56]. One of these config- 
urations which are used by Rawlins for modelling exhaust systems is sketched in 
Fig. 7 for case 1. In the second configuration (case 2) the boundary conditions on 
the two inner half-planes are interchanged. It should be pointed out that the gen- 
eral trifurcated waveguide problem with arbitrary spacings between the inserted 
half-planes and the walls and between themselves has not found a closed form so- 
lution yet even for Dirichlet boundary conditions everywhere, cf. [50]. Introducing 
an appropriate Green’s function the fields in the different regions can be expressed 
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Figure 7. Rawlins’ trifurcated waveguide with Dirichlet (D) and Neu- 
mann (N) boundary conditions (Case 1) 



in the form: 



^ v ^ x 1 / f sin[(a — y)a] - , x 

^(o,») = 2» 0 (o,„) {- 

,7 r . .7 r xt / x cos[(v + a)a] - , da 

+ tan(— + aa) cos(- + aa)^c(a) H 77 : — > — 

4 4 cos( 2 aaj J 7 

(6 

with the finite Fourier transform 



f~ b d 

= J -^v(0,y)cos[(y + a)a\dy 

/ b ^ ^ 

— n(0, y) cos(— + ya)dy 

f a d 

tM a ) = J T^v(0,y)sm[(a- y)a\dy. 



Furthermore 



vb(0,v) = ~Y~. f (-a<y<-b), (6.5) 

2 m J sm[(a - b)a j 7 

1 /* 7r 7 r — dcx 

v c {0,y) = f ta,n(-~ +ba) cos(- +ya)tp c {a ) — (~b<y<b), (6.6) 

Z7T2 J 4 4 7 

M0,y) = ±i (<-<»<«)■ ( 6 . 7 ) 

27 tz J sm[(a - 7 
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Continuity of the field representations at the interfaces leads to the following y- 
triplet of equations 



1 

2m 



sin[(a — y)a\ cos [(6 + y)a] 



cos( 2 aa) 



+ / tan(j + aa) cos(y + ya)ip c (a) — 



+ 



2m J ' ~ v 4 

cos[(y + a)] 



sin[(a — 6 ) a] 
"4 



^e(a) — 
7 



(~a <y < -b) ( 6 . 8 ) 



Im J 



da 



, 0 X *M<*) — =2v 0 (0,y), 
cos (2 aa) 7 



2ni „ 

1 f sin[(a — y)a 



(9 s V’s(a) — 

cos (2 aa) 7 



2m 

h / H 

1 / cos [(y + a)] 

2m J 



k da 



^ + aa) + tan(^ + 6a) j cosQ + ya)^c(a)^ 
k da 



(0 \ V’D(a) — =2v o (0,y) {-b<y<b), 

cos (2 aa) 7 



(6.9) 



hh 



sin[(a — y)\ T , . da 
- — r-V’s(a) — 

cos( 2 aa) 7 



+ 



+ 



1 / / “7T x , 7T \ 7 / \ da 

— ^ tan(- +aa) cos(- + yaWc(<x) — , 



(b<y < a), ( 6 . 10 ) 



2iri 



cos[(y + a)a] ^ sin[(y — 6 )a] 



cos( 2 aa) sin[(a — 6 )a]J 



ip D (a) 



da 



2v O (0,y). 



+ Replacing a — ► a', multiplication of equation ( 6 . 8 ) by cos[(y + a)a], of 
equation (6.9) by cos (J+ya), and of equation (6.10) by sin[(a— y)a] and integrating 
over the respective ^-intervals leads to the following a-triplet of equations 



1 

2m 



-J 



cos[(a + b)a f + (a — 6 )a] sin[(a — b)a] 



cos (2 aa f ) 



1 I /X 1 

+ 2^r an( i +oa) 2 



sin[(a — 6 )a'] 



- , 1 da' 

'ipBia ) — — 

7 ' a' — a 



cos[| + 6 a' + (a - 6 ) a] cos[| + 6 a' - (a - 6 ) a] 



V’cCaO-T 

7 



Si/ 



a — a 

sin[(a — 6 ) (a' — a)] 



a' 



a 



cos (2 aa') 






^ 1 da' 
7 ' a' — a 



2f 0j B(a) 



(6.11) 



55 /< 



+ ; 



sinfWa:' - a)l r 7 . .. 7 . 1 do' 

— — jr [ip B (a') + 1>c(a'j\ 

cos(^ + aa') L J 

cos(f + 6 a) 



7 ' a' — a 



27ri J |_cos(|+ 6 a') 



+ tan( — + aa') sin[ 6 (a' — a)] 



- , /x 1 da' - , , 

x^>c(a ) — — = 2'ip oc (a), 

y a' — a 



( 6 . 12 ) 
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hi 



sin[(a — b)(a' — a)} - , /N 1 da ' 1 / .it 

— 1 7^-r, + 7T-- f tan T +aa' 

cos(2aar) y a — a 2m J 4 



cos[^ + ba f + (a — 6) a] cos[| + 6a' — (a — 6) a] 



a' — a 



a f + a 



^ c(ol 



da ' 

i 



(6.13) 



+ 



hi 



cos[(a + b)a f + (a — b)a] ^ sin[(a — b)a] 



cos(2 aa f ) 



'ipD(a') da' 



sin[(a — b)a']\ 7' a' — a 



with 



i>ob(<*) = / i>o(0, y) cos[(y + a)a]dy 

J — a 

r b tt 

voc(a) = j uo(0, y) cos(- + ya)dy 
% o(a) = Vo(0,y) sin[(a - y)a\dy. 



= 2 v 0 d((x) 

(6.14) 

(6.15) 

(6.16) 



Note the occurrence of a term proportional to l/(a' + a) in equations (6.11) and 
(6.13) with opposite signs. Adding the equations (6.11) and (6.13) these terms 
cancel and we obtain 



2 h${ 



cos[^ -\-aa-\-b(a' — a)] 



+ 



sin[(q— b)a] 1 
sin[(a— b)a'] j 



'*pB(a')+'ipp(a) da' 



27 ri J cos(^-+ao; / ) 1 sui[(a — t))a' \ J 7 

+ 2^ § tan (? + aa ') cos tf + ba> + (o - b ) a \hc{a')^^rr^ 

= 2{vq b(&) 4- v 0 d(®)}- 



(6.17) 



Similarly to what has been done in the case of the bifurcated half-plane, see equa- 
tion (5.15), we form the sum 



,7T 



cos( — + ba) x equation (6.17) + sin[(a — b)a] x equation (6.12) 



(6.18) 



and find the standard general form of equation (5.16) with the unknown function 

^c(ol) 



- = ip B (a)+ip D (a) 

sin[(a — b)a] cos( j + ba) ’ 

the excitation term 

cos(f + ba) [v 0 b(cO + ^ 0 £>(«)] + sin[(a - b)a]v oc {a) 



2e(a) = 



and the kernel function 



F(a) = 



cos(| -f aa) 

sin[(a — b)a] cos(^ + ba) 
cos(|+aa) 



(6.19) 



( 6 . 20 ) 



( 6 . 21 ) 



For b = a we have the case of undisturbed propagation with F(a) = 0 whereas for 
b = 0 we obtain the special case of a bifurcated waveguide with a symmetrically 
inserted Rawlins half-plane 

1 sin(aa:) 



F(a) 



V2cos(? +aa)' 



(6.22) 
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The second Rawlins’ trifurcated waveguide problem has the inner inserted half- 
planes interchanged and the pertinent kernel function of this problem assumes the 
form 



F(a) 



cos[(a — b)a] sin( j + ba) 
cos(| + aa) 



(6.23) 



For b = a it follows in this case 



F(a) 



tan(— + aa). 



(6.24) 



This describes the scattering characteristics of a waveguide with changing bound- 
ary conditions: D — » N on the upper wall and N — ► D on the lower wall. For b = 0 
we obtain 



F(a) 



1 sin(aa) 
V2 cos(~ + aa) 



(6.25) 



which again describes a symmetrically inserted Rawlins half-plane but with re- 
versed boundary conditions with respect to the outer walls. The cases correspond- 
ing to equations (6.22) and (6.25) have been solved by the Wiener-Hopf technique 
by Liineburg and Hurd [33]. 

The explicit solution of both trifurcated waveguide problems by the Riemann- 
Hilbert technique will not be presented here. Here we only wanted to demonstrate 
that the Riemann-Hilbert method is capable to handle these problems which have 
been solved by Rawlins using the Wiener-Hopf technique [55, 56]. The Wiener- 
Hopf technique requires the factorization of the 2x2 Fourier symbol matrices of 
the Daniele-Khrapkov form (ft(a) = y/k 2 — a 2 , 0 < arg n(a) < n) 



Gi(a) 



1 

sin[tt(<a)(5 + a)} 
k(o) cos [ tt(a)(6 — a)] 



n(a) sin[ft(a:)(6 + a)] 
cos [n(a)(b — a)] 

1 



(6.26) 



for case 1. For case 2 the function sin[. ..] and cos[. ..] in equation (6.26) are 
interchanged. 

The foregoing analysis can be extended to include discontinuous boundary 
conditions on the outer walls of the waveguide, i.e., for x > 0 and x < 0, respec- 
tively, in the present notation. There are essentially three different configurations 
for combinations of Dirichlet (D) and Neumann (N) boundary conditions. These 
are listed together with the pertinent kernel functions 



D — N 
D-N 
D-D 
N-D 
D-N 
N-D 



F(a) = tan(aa) 

F(a) = tan(2aa) 

7 r 

F(a) = tan(— + aa). 



(6.27) 
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Here, for instance, denotes a waveguide with Dirichlet conditions for x < 0, 
y = a and x > 0, y = — a and Neumann conditions for x > 0, y = a and x < 0, 
y = -a. 

For one inserted half-plane with either Dirichlet or Neumann conditions on 
the upper or lower side there are altogether 6 different half-planes involved yielding 
in principle 2 6 = 64 different combinations. Furthermore, a distinction has to be 
made whether the inserted half-plane is placed symmetrically or asymmetrically 
inside the duct. A number of cases has been investigated so far but the answer 
is still incomplete. What can be said, however, is the following: whenever such a 
waveguide problem leads to a scalar or to a 2-by-2 matrix Wiener-Hopf system of 
the Daniele-Khrapkov form it appears that it can be formulated also as a standard 
Riemann-Hilbert problem and vice versa. Hurd and Meister [19] investigated the 
general bifurcated waveguide problem including waveguide discontinuities with 
the boundary conditions dv/dx = ZiV (i = 1,...,6) on the six sections x > o 
and x < 0 and pointed out those problems that can be solved by the Wiener-Hopf 
method. 

In this context the bifurcated half-plane sketched previously leads to the 
Wiener-Hopf kernel function 



= Sin [( a + 6H 

sin(aa) sin (ba) 



(6.28) 



If the Dirichlet boundary condition (D) on the lower wall is replaced by the Neu- 
mann boundary condition (N) the kernel changes to 



F{a) = 



cos[(a + b)a\ 
sin(aa) cos (ba) 



(6.29) 



In some cases the analysis can be extended to a finite number of equidistant 
inserted half-planes, cf. [21] and [33]. The latter papers make use of the fact that 
the corresponding infinite grating problems can be solved for arbitrary angles 
of incidence where it should be reminded that for infinite grating problems the 
angle of incidence appears in the kernel matrix to be factorized. Letting a tend 
to infinity, a — > oo, or a tend to b, a — > 6, various other diffraction problems can 
be derived using the preceding solutions. A survey of waveguide problems with 
different impedance boundary conditions by the Wiener-Hopf technique is given 
by Hurd and Meister [19]. Finally it should be pointed out that the corresponding 
circular waveguide problems can be treated similarly, cf. Weinstein [65] for some 
of these problems. 



7. Diffraction by an infinite strip grating 

Diffraction of an incident plane electromagnetic wave cf)o(x,z\6o) and arbitrary 
angle of incidence 9o by the special infinite grating with strips and gaps of equal 
width and Dirichlet (or Neumann) boundary conditions on both sides is a classical 
problem in the mathematical theory of diffraction that has been a test problem for 
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Figure 8. Infinite strip grating with Dirichlet boundary conditions 



a variety of different solution techniques. The more general problem with strips and 
gaps of unequal widths has not found a closed- form solution yet. For approximate 
solutions obtained by truncating an infinite set of algebraic equations reference 
will be made to Agranovich et al. [1] and Shestopalov [60]. For arbitrary angle of 
incidence the Wiener-Hopf approach leads to the factorization of two decoupled 
2x2 symbol matrices Ki{a) (i = 1, 2) of the form 

K^a) = G\(a) + G 2 (a), K 2 (a) = Gi(a) - G 2 (a) (7.1) 



with 



^ / x 1 f . , / 7 X -r sinh[4a7(o)] _ ,1 

Gl(a) = A (a) \ smh ( d ) 7 + 7 ( a ) C U)| (7-2) 

G 2 (a) = Lh W 2) c«h[2« 7 (o)]/ + ^M<i/2)sinh[2« 7 ( Q )| | 

A(a) ( 7(a) J 

(7.3) 

and where d = Aiaat , , ao = k cos 0( h I is the 2x2 unit matrix and 



A(a) = cosh[4a7(a)] — cosh(d), C{a) 



0 1 

a 2 — k 2 0 



(7.4) 



The matrices Gi(a) (i — 1,2) are of the Daniele-Khrapkov form and can be factor- 
ized explicitly. For details see Lukyanov [36, 37], a recent reevaluation by Daniele 
et al. [10] and a survey article by Liineburg [28]. 

For normal incidence do — 0 this problem has been solved by Baldwin and 
Heins [2] as early as 1954 and independently by Weinstein [64] by scalar Wiener- 
Hopf technique using a dual integral equation formulation. This analysis has been 
extended by Weinstein [65] to Bragg angle incidence. 

Restricting all considerations to the unit cell {— 2a < x < 2a, — oo < z < oc} 
we obtain by means of alternative integral representations of appropriate Green’s 
function for the total field 

v(x, z\(j>i) = Vi(x , z\<f>i) + 7- / V’(a) cot[2a(a - a 0 )]e iax+IK(a)|2:| 

47T J K{a) 



(7.5) 
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where 



ip(a) 



r 1 

J-a 2 . 



~i;( x \0~) - ^ip(x\0+) 



c dx 



(7.6) 



is the finite Fourier transform of the discontinuity of the normal derivatives of the 
field across the strip in the unit cell (induced surface current) and hence is an entire 
function of a. The loop contour j> encircles the simple poles of 1/ cos[a(a — ao)] 
and 1/ sin[a(a — ao)] in the positive sense. Application of the Dirichlet bound- 
ary condition u(x|0=t) = 0 for — a < x < a, multiplication by exp{— iax} and 
integration over x from —a to +a leads to the following functional equation 



1 

8tt 




cos[a(a — a 0 )] 
cos[a(a' — ao)] 



sin[a(a — ao)] 1 1 da' 

sin[a(a' — ao)] / ft(a') (a' — a) 



sin[a(a — ao)] 
a — ao 



(7.7) 



where the points a lie outside the loop contour of integration. Due to the edge 
condition the functions ^(a) exp {±iaa} are holomorphic in the upper/lower a- 
half-plane and are of the order 0(a~ 2 ) as a — > 00 . 

A shift of the path of integration to a loop C around the branch cuts of «(a), 
combining the contributions on both sides (opposite signs but opposite directions 
of integration) along the contour T that goes from the branch point k to infinity and 
then to the other branch point —k. Taking into account the residue contribution 
at a' = a yields 



K 




cos[a(a — ao)] sin[a(a — ao)] 1 1 da' 

cos[a(a' — ao)] sin[a(a' — ao)] / ft(a') (a' — a) 



_ ^ sin[a(a - a 0 )] 
a — ao 

(7.8) 

Letting a — ► T from one side or the other leads to the singular integral equation 

pv _ 1 _ f 7 , a ,s f cos[a(o: - a 0 )] sin[a(a - a 0 )] \ 1 da' 

ni J r \ cos[q(o; / — ao)] sin[a(a' — ao)] / /t(a') (a' — a) 

(7.9) 

= aer 

a — ao 



on the open arc T. This equation can also be considered as a boundary value prob- 
lem on the two-sheeted Riemann surface of «(a), see Zverovich [68] and Meister 
and Penzel [44]. Introducing the Cauchy type integrals 



H ' {a) = h 

H 2 (a) = T [ fa') 

2m J r sm[a(a' — a)J Ac(a') a — a' 



cos[a(a' — a)] Ac(a') a — a' ’ 
1 1 da' 



(7.10) 



(7.11) 
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the following Riemann-Hilbert problem will be obtained from standard procedures 



M(a)H+(a) + H~{a) = R(a ), a G T (7.12) 



with the 2- vectors 



H(a) 



' ffi(a) ' 


T?( a ) — ^ 


tan[a(a — cto)] 


. H 2 (a) _ 


j -Ttyaj 

a — ao 


0 



and the coupling matrix 



Af(a) 



0 tan [a(a — ao)] 

cot[a(a — ao)] 0 



(7.13) 



(7.14) 



The matrix M (a) has zero elements in the main diagonal and meromorphic func- 
tions with product one in the secondary diagonal. The final solution reads 

u \ O .«(«o) / sin[o(a - a 0 )] , . r , m 1 1 

= 2i-- — - L(a) + cos a(a - aa 0 ) — r- } (7.15) 

L(a 0 ) l a - a 0 L(a) ) 

where 

L(a)=exp{-|^ ^ In [(a - ao) cot[»(a' - <,„)] ^ J“_ a } . (7.16) 

Identifying L(a) with L J (a), a function that is holomorphic on the upper (physical) 
sheet of the two-sheeted Riemann surface of /t(a) along the branch cut T, and 
denoting by L 11 (a) its analytical continuation into the second sheet of n(a) we 
note the relation 

L 1 (a)L n (a) = (a — ao) cot [a (a — a 0 )] (7.17) 

as another example of the factorization of a meromorphic function on the two- 
sheeted Riemann surface of n(a). Infinite product expansions and high-frequency 
asymptotic approximations are provided by Liineburg and Westpfahl [35]. 

It is quite interesting that the problem by this special strip grating for arbi- 
trary angles of incidence fa does not present any additional complications when 
compared with the case of normal incidence or more generally Bragg angle in- 
cidence. This is in remarkable contrast to the Wiener-Hopf method where the 
generalization from Bragg angle incidence to arbitrary incidence signifies a tran- 
sition from a scalar Wiener-Hopf equation to a vector Wiener-Hopf equation with 
a Fourier symbol matrix function of the Daniele-Khrapkov form. The canonical 
factorization of such matrices became effectively possible on the early 80 ’s after 
the publication of Daniele’s work [7, 8, 9] following basic ideas introduced by Heins 
[14] in 1950 and after the recognition in the western world of the pioneering work 
of Chebotarev [5] in 1956 and Khrapkov [24] in 1971. 

This special strip grating problem has been reconsidered as a matrix Wiener- 
Hopf equation by Daniele et al [10] and in terms of convolution operators on a 
finite interval by Bastos and dos Santos [3]. 
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8. Conclusions 

It has been shown that the Riemann-Hilbert method offers an alternative to the 
conventional Wiener-Hopf technique for solving parallel-plate waveguide problems. 
Apparently every problem that can be formulated as a 2 x 2 matrix Wiener- 
Hopf system of the Daniele-Khrapkov form can also be formulated as a standard 
Riemann-Hilbert problem. This is demonstrated for two new trifurcated waveguide 
problems recently solved by Rawlins. 

It is interesting that the standard Riemann-Hilbert form comprises scalar 
as well as 2 x 2 matrix Wiener-Hopf equations of the Daniele-Khrapkov form. 
Historically the special strip grating problem (strips and gaps of equal width) 
with Dirichlet conditions was solved first by the Riemann-Hilbert approach in 
1971 [35]. Khrapkov’s results [24] first became known in the west at the beginning 
of the eighties, complementing and extending Daniele’s findings [7, 8, 9] and [10]. 

The formulation of the boundary value problem for parallel-plate waveguides 
as a matrix Wiener-Hopf equation is usually straightforward and it is readily seen 
if the resulting kernel matrix is of the solvable Daniele-Khrapkov form or not. 
The formulation as a Riemann-Hilbert problem is much more tedious. It involves 
the proper definition of unknowns, the appropriate step from the coupled inte- 
gral equations in coordinate space to the complex transformation space and the 
weighted addition of the individual equations. At present these steps are guided 
by familiarity and experience. Unfortunately this lack of simple comprehensive 
guiding lines seems to restrict the dissemination of this approach. 
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The Integral Equation Method 
for Dipole Equilibrium 

Erich Martensen and Stefan Ritter 



Dedicated to the memory of Erhard Meister 



Abstract. The equations of dipole distributions being in equilibrium in a com- 
pact three-dimensional domain are treated by the integral equation method. 
It is shown that electric or magnetic dipole equilibria are governed by the 
eigenfunctions of the electrostatic integral operator or its adjoint operator, 
respectively. 



1. Dipole potentials and fields 

Let D cl 3 denote a compact domain with closed exterior D = R 3 \ D. We assume 
the boundary S of D consisting of at most a finite number of disjoint continuously 
curved closed surfaces (the components of S ) with unit normal n directed outward 
of D. Then we will be concerned with dipole distributions p £ [ C a (D )] 3 spread 
over D where the Holder exponent a £ (0, 1) is considered as a priori fixed. For 
such distribution p the scalar and vector potentials are given by 

$(z) = j- [ p(y) -grady- — - — rdV{y), x e R 3 , (1.1) 

4tt J d | y - x\ 

A( x ) = 7 - f P(v) x S rad s/1 — " — r^E(y), i£l 3 , (1.2) 

4?r J d I y - x\ 

and equipped with regularities [1,3] 

$ g C a { R 3 ) n c l+a (D) n C 1 +Q (l)), 

A £ [C a (R 3 )] 3 n [C 1 +a (D)] s n [C 1 +Ck (D)] 3 , 

respectively. 

We first consider p £ [ C a (D )] 3 to be complex. Since the potentials (1.1) and 
(1.2) are continuous on 5, their tangential derivatives are also continuous. Hence 

n x grad$|+ = n x grad$|_ on 5, (1.3) 

(1.4) 



n • curl A|+ = n • curl A\- on 5, 
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with *|+ and *|_ denoting the limiting values on the exterior or interior side of 5, 
respectively. For (1.1) and (1.2) we have 



grad#(x) + curlA(x) = (— graddiv + curl curl) ( — [ - — — . dV(y)\ , 

\47rJ D \y-x\ ) 

and by using the formula —graddiv + curl curl = —A we get 



grad # + curl A — 



p in D , 
0 in D. 



(1.5) 



Let p,p £ [C a (D)] 3 be a complex dipole distribution and its conjugate. Then, 
by linearity, the corresponding scalar and vector potentials are #, # and A, A, 
respectively. By integration of 



grad # • curl A = div (# curl A) in D, D, 



where the divergence is to be understood in the weak sense, and application of the 
(weak) Gauss theorem together with the conjugate of (1.4), it follows that 

f grad# • curl AdV = 0. (1.6) 

Jr 3 



If |grad# + curl A\ 2 is integrated over M 3 , then (1.5) and (1.6) lead to 



[ |grad#| 2 dF+ [ \cur\ A\ 2 dV = [ \p\ 2 dV. (1.7) 

Jr 3 Jr 3 Jd 

For a non-trivial complex dipole distribution p £ [ C a (D )] 3 the relative po- 
tential energy [2] is given by the Rayleigh quotient 



= Jr 3 [grad <I>| 2 dV = j D grad® ■ pdV 
J D \p\ 2 dV J D P-pdV 



where the transformation of the numerator is based on the conjugate of (1.5) 
together with (1.6). From (1.7) and (1.8) it is seen that A £ [0,1]. The dipole 
distribution p is in equilibrium (in D) if (1.8) becomes stationary. From this an 
isoperimetric variational problem arises. It is solved by all complex vector functions 
p £ [ C a (D )] 3 satisfying for some complex parameter A one of the two equivalent 
equations [6, 8, 9] 



grad # = 



1 + A 



curl A = 



1- A 



2 



P 



in D\ 



(1.9) 



note that the equivalence of both equations is immediately clear from (1.5). 

Now let p £ [C a (D)] 3 be a non-trivial complex equilibrium distribution sat- 
isfying (1.9) to complex A. Then the Rayleigh quotient (1.8) becomes 

A = ~e[o,i], 

i.e., A is real lying in the interval [—1,1]. Hence the equilibrium is stable if A = — 1 
and unstable if A £ (—1,1], the “degree” of instability increasing with A. Therefore 
beside the case A = — 1, equilibria with A close to —1 are of particular interest. 
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From the evaluation of (1.6) by means of (1.5) and (1.9) we find that 

[ |grad$| 2 dV = / |curl A\ 2 dV = — ~ [ \p\ 2 dV. (1.10) 

Jd Jd 4 Jd 

Finally observing from (1.9) that the real and imaginary parts of a complex solu- 
tion are forming real solutions to the same (real) parameter A, there is no restriction 
for the further proceeding if we confine ourselves to realp E [ C a (D )] 3 solving (1.9) 
to AG [-1,1]. 

Physically, a dipole distribution p in an appropriate material D may be re- 
alized by an (electric) polarization (SI unit: As/m 2 ) or a magnetization (SI unit: 
A/m). In case of equilibrium, p is called a permanent polarization or a perma- 
nent magnetization, respectively. The corresponding electric or magnetic fields 
are given by 

E — -£q 1 grad4> in D,D, (1.11) 

B = /j J ocm\A in D,D, (1.12) 

respectively, where £o is the permittivity and fi o the permeability of vacuum. 
With regard to (1.3) and (1.4), the tangential components of E and the normal 
components of B are continuous when passing through S. 

Electric or magnetic dipole distributions in equilibrium p in D are governed 
by the same equations (1.9). The corresponding electric or magnetic fields (1.11) 
or (1.12), however, differ essentially. Particularly, as seen from (1.9), the electric 
field (1.11) has the opposite direction whereas the magnetic field (1.12) has the 
same direction as p in D. With regard to this physical background, the equilibrium 
equations (1.9) will be treated by different integral equation methods. It results 
that the electric or magnetic dipole equilibria are represented by electric single 
layers or magnetic double layers on the boundary, respectively. An integral equa- 
tion approach for magnetic dipole equilibrium based on surface currents has been 
given in [6, 9]. 

Placing behind the limiting cases A = 1,-1 (these cases are characterized 
from (1.10) by vanishing exterior fields), we shall draw our main attention to the 
case A E (—1,1). For such A, according to (1.10), the exterior fields only vanish for 
the trivial solution p and, consequently, every possible exterior equilibrium field is 
obtained from exactly one solution p of (1.9). 

For the following it is useful to introduce the linear space P a (D) of all flux- 
free and circulation-free 1 dipole distributions p E [ C a (D )] 3 . Due to the theorem 
of Koebe-Bocher [4], such vector functions attain the additional properties that 
p E [C 1 ( D )] 3 with divp = 0, curlp = 0 in D valid in the strong sense. Let further 
Px{D) denote the linear space of all p E [ C a (D )] 3 solving (1.9) to the parameter 
A. Then there is obviously the inclusion 

P-(D)CP«(D), Ae(-1,1). (1.13) 

1 Flux-freeness or circulation-freeness of a vector function in R 3 is to be understood with respect 
to all closed surfaces or all closed curves , respectively, placed in the domain under consideration. 
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2. Electric dipole equilibrium 

We consider an electric single layer q E C a (S ) (SI unit: As/m 2 ) placed on the 
boundary S. The corresponding scalar potential 

$(*) = T- f r^KdS(y), x e K 3 , (2.1) 

47r Js I y - x \ 

has the regularity [1, 3] 

<F E C a (M 3 ) n C 1+a (D) n C 1+a (D). 

Lemma 1. Let Q a (S ) denote the linear space of all single layers q E C a (S) van- 
ishing in the mean over every boundary component of S. Then the linear spaces 
P a (D) and Q a (S) are isomorphic where the mapping is characterized by equal 
scalar potentials (1.1) for p E P a (D) and (2.1) for q E Q a (S). Furthermore, 
corresponding p and q are due to 

n • p = q on S. (2.2) 



Proof The mapping. For p E P a (D) integration by parts together with divp = 0 
in D yields 

[ p(y) • grad j, | — - — -dV(y) = [ { f? ){ f dS(y), x e R 3 . (2.3) 

j d i y ~ x \ Js I y — x \ 

From this the scalar potentials (1.1) and (2.1) coincide if the single layer q E C a (S) 
is defined by (2.2). From (2.2) it further follows that q vanishes in the mean over 
every component of S since p is flux- free. Hence q E Q a (S). - If g E Q a (S ) is the 
difference of two single layers which have the same scalar potentials as p E P a (D ), 
then (2.1) vanishes, and from the jump relation for (14) it results that q = 0 on 
S. Thus for every p E P a (D) there is exactly one q E Q a (S ) with equal scalar 
potential. 

Injectivity. If p E P a (D) and q = 0 have equal scalar potentials (1.1) and 
(2.1), so (1.1) must vanish and (2.3) holds with left-hand side 0. Then the jump 
relation leads to n • p = 0 on S. As divp = 0, curlp = 0 in D, and p in D is 
circulation- free, it follows that p — 0 in D. 

Surjectivity. For q E Q a (S ), by solving a vector Neumann problem for D , 
there is exactly one circulation- free vector function p E [C a (D)] 3 satisfying 

divp = 0, curlp = 0 in D, n • p = q on 5; (2.4) 

note that the necessary and sufficient integrability condition is fulfilled since q 
vanishes in the mean over S. As q also vanishes in the mean over every component 
of 5, we conclude from (2.4) and the Gauss theorem that p in D is flux-free. Hence 
p E P a (D ), and from (2.3) and (2.4) it follows that p and q have equal scalar 
potentials. So p is the original image of q. 
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Next we take into consideration the eigenvalue equation for the electrostatic 
integral operator T : C a (S) — > C a (S) [1], i.e., the integral equation 

Tqix) i l q(s] ^^ dSiv) = Xq(x) ’ xeS - <25) 

Due to Plemelj [7], all eigenvalues of T are real lying in the interval [—1,1]. 

Lemma 2. Let Qx{S) denote the linear space of all solutions q £ C a (S) of (2.5). 
Then there is the inclusion 

QJ(S)CQ“(S), A £(-1,1). 



Proof. For q £ Q"(5), A £ (—1, 1), the scalar potential (2.1) is harmonic in R 3 \ S. 
Then from the Gauss theorem, the limiting relations for (2.1), and (2.5) we find 
that 



( 9 $ if 

j s ^_ dS =2Ss (Tq ^ )iS = 



A + 1 



[ qdS = 0. 

Js 



Analogously, if there is any interior boundary component 5* of 5, we get 



i.e., q vanishes in the mean over every component of S and hence q £ Q a (S). 



Theorem 1. For A £ (—1,1) the linear spaces Px(D) and Qx(S ) are isomorphic 
where the mapping is characterized by equal scalar potentials ( 1 . 1 ) and ( 2 . 1 ). 



Proof. With regard to (1.13) and Lemmata 1 and 2, it is sufficient to show that 
under the mapping mentioned P“(D) has the image Qx(S ), A £ (—1,1). 

Let first p £ Px(D) have the image q £ Q a (S). From the coincidence of the 
scalar potentials (1.1) and (2.1), the limiting relations for (2.1), and (1.9) it follows 
that 



d<$> 

dn 



\{Tq + q) = t±!( n . p ) on S. 



Hence together with (2.2) the integral equation (2.5) is obtained, i.e., q £ Qx(S). 

Let, vice versa, q £ Qx(S) have the original image p £ P a (D ) C [C a (D)] 3 D 
[C 1 ( D )] 3 . As p in D is circulation- free, there is the representation 



p = grad (p in D 



(2.6) 



with ip £ C 1+OL (D) D C 2 (D ); further from divp = 0 in D it follows that cp in D_ 
is harmonic. If is the common scalar potential of p and g, then with regard to 
(2.1), (2.2), (2.5), and (2.6), 



ip := $ — 



1 + A 



-v 



in D 



2 



(2.7) 
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belongs to C 1+a (D), is harmonic in D , and due to 

^ = \(T q + q )- 1 -±±(n.p) = 0 on 5. 

Hence ip = const in D , and elimination of ip from (2.6) and (2.7) leads to (1.9). 
So we have p E P£(D). 

Remark. For q E Q\(S) with corresponding p E P\(D) Theorem 1 allows compu- 
tation of the scalar potential (1.1) - and just so the electric field (1.11) without 
knowledge of p by computing the scalar potential (2.1) for q. To compute p from 
q one can either solve the vector Neumann problem occurring in the proof of 
Lemma 1 or refer to the scalar potential (2.1) and the first equation (1.9). 



Example 1. For a ball D: \x\ < R, R > 0, the solutions of the integral equation 
(18) to A E (—1, 1) are well known as 

K = ~ 2l/ 1 + i ’ ^(x) = xeS, v — 1,2,..., 

K v being a spherical harmonic of order v. The scalar potentials (2.1) of the electric 
single layers q v on S are computed as 




in the exterior this corresponds to the potential of a 2^-multipole at the origin. 
The first equation (1.9) shows the underlying permanent polarizations 



-grad (x) = grad K„(x), x E D, z/ = l,2, 



For the lowest eigenvalue Ai = — | there is a constant permanent polarization pi 
in D. From (1.11) the corresponding electric field is E — — e^grad^i = —^o 1 pi 
in D , completed by a dipole field in D with continuous tangential components on 
S. Hereby a ball electret is modelled. 



3. Magnetic dipole equilibrium 

In this chapter we start from a magnetic double layer /x E C 1 ~^ a (S) (SI unit: A) 
distributed on the boundary S. The corresponding scalar and vector potentials 2 

^(x) = f[ f i(y)~-^ 1 dS(y), xeD,D, (3.1) 

47T j g; uriy | y x\ 

A (x) = 2- J fj,(y) (n(y) x Grad y ^ ^ ^ dS(y), x&D,D, (3.2) 

2 We denote by Grad the surface gradient. 
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own the regularities [1, 3] 

EC 1+a (D)nC 1+a (D), 

A e [C a (M 3 )] 3 n [C 1+a (D)] 3 n [C 1+a (D)] 3 , 

respectively 3 . For (3.1) and (3.2), similarly to (1.5), it is obtained that 

grad 4/ + curl A = 0 inD,D. (3.3) 

Lemma 3. Let M a (S ) denote the linear space of all double layers (x E C 1 ^ a (S) 
with properties 

(i) J s qofxdS = 0, qo E C a (S) being a non-trivial solution 4 ofTqo = —qo; 

(ii) gvad/x in D is flux- free, pt E C 1 ^ a (D)nC 2 (D) being the harmonic extension 5 
of ne C 1+a (S). 

Then the linear spaces P a (D) and M a (S) are isomorphic where the mapping is 
characterized by equal vector potentials (1.2) for p E P a (D) and (3.2) for /x E 
M a (S). Furthermore, corresponding p and (x are due to 

p = grad/x in D. (3.4) 



Proof. The mapping. Let p E P a (D) C [ C a (D )] 3 fl [C^D)] 3 . As p in D is 
circulation- free, there exists exactly one fx E C 1+a (D) H C 2 (D) satisfying (3.4) 
and normed by J s qofxdS = 0. Since p in D is flux- free, so grad/x in D is also, 
and pi in D turns out to be harmonic. Thus the restriction pt E C 1 ^ a (S) forms a 
double layer which belongs to M a (S). Carrying out an integration by parts, we 
have 

grad fj,(y) x grad v ^ y P dV(y) = j^iv) ( n G/) x Grad yj~^i) dS (v )> 

x e D,D; (3.5) 

thus with regard to (3.4), the coincidence of the vector potentials (1.2) and (3.2) 
becomes evident. - If p E M a (S) is the difference of two double layers which 
have the same vector potentials as p E P a (D), then (3.2) vanishes, and another 
integration by parts, using that S consists of closed surfaces, gives 

f l.xG^K,) x£K s\ S . 

Js I y - x\ 



3 On S the values of 4^, A are to be understood as one side limits. For A, especially, both limits 
coincide. 

4 Such solution qo on S is uniquely determined up to a non- vanishing constant factor. It has 
no zeros on the (only) exterior boundary component of S and vanishes on all interior boundary 
components of S (if there are any) so that, in particular, f s qo dS =£ 0 [5]. Physically qo describes 
an electric charge distribution (single layer) on S with constant scalar potential in D. 

5 Such extension, harmonic in D, is uniquely determined by a Dirichlet problem for D. For the 
regularity of the extension we refer to [1]. 
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Next the jump relation yields n x Grad fi = 0 on S', so Grad fi = 0 on S, and fi 
turns out with constant values on every component of S. Because of (ii) the normal 
derivatives on S vanish in the mean over every component of S . Together this 
leads to fi = const in D , and from (i) this constant becomes normed to 0. Thus 
for every p G P a (D) there is exactly one fi £ M a (S) with equal vector potential. 

Injectivity. If p E P a (D) and fi — 0 have equal vector potentials (1.2) and 
(3.2), then (1.2) must vanish, and partial integration together with curlp = 0 in 
D yields 



L 



( n x p)(y) 



dS(y) = 0 



m 



/s \y-A 

Again by the jump relation we conclude that n x p = 0 on S, and observing that 
divp = 0, curlp = 0 in £>, and p in D is flux- free we get p = 0 in D. 

Surjectivity. Let fi G M a (S ) have the harmonic extension fi G C 1+a (D). 
Then p G [C a (D)] 3 , if defined by (3.4), is flux-free according to (ii) and imme- 
diately circulation-free; it thus belongs to P a (D). From (3.4) and (3.5) it follows 
that p and fi have equal vector potentials, so p turns out as original image of fi. 



Now we consider the eigenvalue equation for the adjoint electrostatic integral 
operator T f : C 1 ^ rOC (S) — > C fl+a (5) [1], i.e., the integral equation 

Tt ‘ (x) '-=kj/ (y) ~L y «S; (3-6) 

adjoint ness of the operators T, T f means that 

[ ( Tq)fidS= [ q(T f fi)dS (3.7) 

Js Js 

for q G C a (S), fi G C 1+Q: (S'). Again according to Plemelj [7], all eigenvalues of T f 
are real lying in the interval [—1,1]. 

Lemma 4. Let M%(S) denote the linear space of all solutions fi G C 1+a {S) of (3.6). 
Then there is the inclusion 

MZ(S)CM a (S), X G (—1, 1). 



Proof. Let fi G M*(S), A G (-1, 1). Then (3.6), (3.7), and Tq 0 = -q 0 yield 

f qo(T'fi)dS — f (Tq 0 )fidS = (X + l) f q 0 pdS = 0 
J S J S J s 

and thus (i). Let fi have the scalar potential (3.1) which is harmonic in D. Then 
the limiting relations for (21) and (3.6) show that 

y\- = \{T'n- n) on S, 

and the harmonic extension of fi to D is performed by 



tf = 



A- 1 



fi in D. 



2 



(3.8) 
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From (3.3) we see that grad 'I' in D is flux-free and from (3.8) we see that grad p 
in D is also. Thus (ii) and herewith p E M a (S) is shown. 

Theorem 2. For A E (—1,1) the linear spaces P£(D) and M%(S) are isomorphic 
where the mapping is characterized by equal vector potentials (1.2) and (3.2). 

Proof. With regard to (1.13) and Lemmata 3 and 4, we only need to show that 
under the mapping mentioned P£(D) has the image M“(5), A E (—1,1). 

Let first p E P\(D) have the image p E M a {S). From the coincidence of the 
vector potentials (1.2) and (3.2) together with (1.9), (3.3), and (3.4) the scalar 
potential (3.1) satisfies 

grad = —curl A = — - — p — — - — grad p in D 
which is integrated by 

A — 1 . ^ 

w = — - — p + const m D. 

From the limiting relations for (3.1), the adjointness (3.7), and the condition (i) 
in Lemma 3 it follows that 

f s Qo (* |- - lyl^) dS = l J s 9o(T'm - A /J,)dS = J qo ^dS = 0 

by which the constant obtained before is determined to 0. Hence (3.8) arises where 
the limit to the interior side of S leads to the integral equation (3.6). Thus p E 
M\(S). 

Let, vice versa, p E M%(S) have the original image p E P OL (D). From the 
proof of Lemma 4 we see that the harmonic extension of p is due to (3.8). Now 
the negative gradient of (3.8) together with (3.3) and (3.4) yields 

, , 1- A . ^ 

curl A = p m D 

2 F 

where A has the meaning of the vector potential (3.2). But since A coincides with 
the vector potential (1.2), so p satisfies (1.9), i.e., p E P£(D). 



Remark. For p E M“(5) with corresponding p E P\(D) Theorem 2 enables com- 
putation of the vector potential (1.2) - and just so the magnetic field (1.12) - 
without knowledge of p by computing the vector potential (3.2) for p. In view of 
(3.3), the magnetic field (1.12) can be expressed in a more convenient manner by 
the scalar potential (3.1) for p like 

B = —po grad ^ in D, D. (3.9) 

Computation of p from p is done by (3.4) with p harmonically extended to D. This 
extension may be obtained from the scalar potential (3.1) together with (3.8). 




362 



E. Martensen and S. Ritter 



Example 2. For the ball D as before, the solutions of the integral equation (3.6) to 
A G (— 1, 1) are given by 



A, 



1 



2 -y, n v {x)=K v (x), xeS, ^ = 1,2,.... 

The scalar potentials (3.1) of the magnetic double layers //,, on S are computed as 

v+1 



^A x ) 



2u+l 



K v {x) 



x £ D, 



R 



2v+l 



K v {x), x £ D, 



>,v = 1 , 2 ,. 



V 2v + l \\x\J 

Then from (3.4) and (3.8) we find the underlying permanent magnetizations 

2 



Pv(x) 



-grad \Er(x) = grad K y (x), x G D, v = 1,2, 



For the lowest eigenvalue Ai = — ^ there is a constant permanent magnetization 
Pi in D. From (3.9) the corresponding magnetic field is B = —fi ograd^i = |/ioPi 
in D, completed by a dipole field in D with continuous normal components on S. 
By this a ball magnet is modeled which, for instance, is realized by the Earth. 



4. The limiting cases A = 1, — 1 

In the limiting cases A = 1,-1 the integral equation method is not available for 
solving the equilibrium equations (1.9). The solutions of (1.9), however, may be 
easily characterized as follows. 

Theorem 3. Let A = 1. Then the following two conditions for p G [C a (D)] s are 
equivalent with (1.9): 

(i) The vector potential (1.2) vanishes in M 3 ; 

(ii) p in D is circulation- free, n x p = 0 on S. 

Proof The second equation (1.9) states that curl A = 0 in D, and from (1.10) we 
have curl A = 0 in D. Together with (1.3) and (1.5) we obtain (ii). - From (ii) an 
integration by parts in the weak sense for (1.2) leads to (i). - The step from (i) to 
the second equation (1.9) is trivial. 

Example 3. Let D be a solid spherical shell. Then a radial electric dipole distribu- 
tion p in D with \p\ decreasing with the square of the reciprocal distance to the 
centre satisfies the condition (ii) in Theorem 3 and is therefore in equilibrium to 
A = 1. Such dipole distribution p in D, circulation- free and divergence- free but 
not flux- free, models an (extremely unstable) shell electret. From (1.9), (1.10), and 
(1.11) we get the electric field E — —s^ l p in D and E = 0 in D. 

Theorem 4. Let A = —1. Then the following two conditions for p G [ C a (D )] 3 are 
equivalent with (1.9): 
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(i) The scalar potential (1.1) vanishes in M 3 ; 

(ii) p in D is flux- free, n • p = 0 on S. 

Proof. The first equation (1.9) states that grad4> = 0 in D, and from (1.10) we 
get grad<f> = 0 in D. Together with (1.4) and (1.5) we are led to (ii). - From (ii) 
an integration by parts in the weak sense for (1.1) yields (i). - The step from (i) 
to the first equation (1.9) is trivial. 

Example f. Let D be a solid circular torus. Then an azimuthal magnetic dipole 
distribution p in D with \p\ decreasing with the reciprocal distance to the axis 
satisfies the condition (ii) in Theorem 4 and is thus in equilibrium to A = — 1. 
Such dipole distribution p in D, flux- free and curl- free but not circulation- free, 
models a (stable) ring magnet. From (1.9), (1.10), and (1.12) the magnetic field is 
B = flop in D and B = 0 in D. 

Remark. With the help of condition (ii) in Theorem 4 it is not difficult to construct 
a non-trivial equilibrium solution to A = — 1. Hence any dipole equilibrium to 
A £ (—1,1] is confirmed to be unstable. 
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Characterization of Multipliers 
in Pairs of Besov Spaces 

Vladimir Maz’ya and Tatyana Shaposhnikova 

Dedicated to the memory of Erhard Meister 



Abstract. We give necessary and sufficient conditions for a function to be a 
multiplier from one Besov space B™(R n ) into another B l p ( R n ) where 0 < l < 
m and p E (l,oo). We also show that the space of multipliers acting from 
the Sobolev space W™( R n ) into a distribution Sobolev space W~ k ( R n ) is 
isomorphic to W~ k nif (K n ) n f° r e ^her k > m > 0, k > n/p , or 

m > k > 0, m > n/p, where p E (1, oo) and p + p' = pp' . 



1. Introduction 

By a multiplier acting from one Banach function space Si into another S2 we call 
a function 7 such that 7 u E S2 for any u E Si. By M(S\ — > S2) we denote the 
space of multipliers 7 : Si — > S2 with the norm 

IItIIm(s 1 — *S2) = su p{||7 m IIs 2 : ll«llsi < !}• 

We write MS instead of M(S — > S ). 

A theory of pointwise multipliers was developed in our book [MS], where a 
complete bibliography and description of related results obtained before 1985 can 
be found. In particular, [MS] contains characterization of the spaces M {H™( R n ) — > 
Hp( R n )) with 1 < p < 00, where H k ( R n ) is the Bessel potential space. We also 
described multipliers M(B / /| n (R n ) ^ Wj,(R n )) in Sobolev (k integer )-Slobodetskii 
(k noninteger) spaces with 1 < p < 00 and both m and l being either integer or 
noninteger. 

We mention known results on multipliers preserving a certain Besov space. 
Necessary and sufficient conditions for a function to belong to MB l p ( R n ), 1 < p < 
00, 0 < l < 00, are given in [MS]. Recently a characterization of MB pq ( R n ) for 
l<p<g<oc,s>n/p, was obtained by Sickel and Smirnov [SS]. The spaces 
^ R n ) and MB^ 0?00 (R n ) were described by Koch and Sickel [KS]. 
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The main goal of the present paper is to characterize the space M(B™(Tl n ) — > 
B l p ( R n )) for m > l > 0, p £ (1, oo). 

A sufficient condition for inclusion into the space M(W™( R n ) - W~ k (R n )) 
of Sobolev multipliers can be found in Sect. 1.5 [MS]. Maz’ya and Verbitsky [MV2], 

[MV3] described the spaces M(W%( R n ) W 2 -1 (R n )) and M(W 2 1/2 ( R n ) -► 

1 /2 

Wi 1 " (R n )) recently, solving the problem of the form boundedness of the Schro- 
dinger and the relativistic Schrodinger operators (see [MV2] and [MV4] for further 
results in the same vein) . We conclude the present paper by showing that the space 
M(W™(R n ) -> W~ k ( R n )) is isomorphic to W“ u fc nif (R n ) n %7™ nif (R n ) provided 
k > m > 0, k > n/p' or m > k > 0, m > n/p, where p 6 (1, oo) and p + p' = pp’. 
This is a straightforward corollary of the above-mentioned sufficient condition from 
Sect. 1.5 [MS]. However, the result seems to be new even for n = 1, except for the 
case k — m = 1 treated in [MV4]. 

Let s = k + a, where a £ (0, 1] and A; is a nonnegative integer. Further, let 

A ^u(x) = u(x + 2 h) — 2 u(x + h) + u(x) 

and 

(C PtS u)(x) = (J |A ^V k u{x)\P\h\- n -P a dh) l/ \ 

where stands for the gradient of order k , i.e., VkU — {d^l • • . 9“”}, a\ H h 

a n — k. The Besov space B p (Tl n ) is introduced as the completion of Co°(R n ) in 
the norm 

\\C p ^R n \\ Lp + \\u;R n h p . 

Let {s} and [s] denote the fractional and integer parts of a positive number s and 
let 

(D p , s u)(x) = (| \A h V ls] u(x)f\h\- n -^ s Uhy /P , 

where Ahv(x) = v(x + h) — v(x). The fractional Sobolev space W p is defined as 
the closure of Cq° in the norm 

\\D p , s u\\ Lp + ||u|| Lp . 

(Here and in the sequel, we omit R n in the notation of norms, spaces, and in the 
range of integration.) For {s} > 0 the spaces B p and W p have the same elements 
and their norms are equivalent since 

(2 - 2 {s} )D p , s u < C p>s u < (2 + 2 {s} )D PtS u (1.1) 

which follows directly from the identity 

2 [u(x + h) - u(x)] = —[u(x + 2 h) - 2 u(x + h) + u(x)] + [u(x + 2 h) - u(x)]. 

In what follows the equivalence a ~ b means that there exist positive con- 
stants ci, C2 such that c\b < a < C 2 b. 

With any Banach space S of functions on R n one can associate the spaces 
Sloe = {u : r]u £ S for all 77 £ C^°} 
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Sunif = { U : SU P Hulls' < °°}> 

z G R J 1 

where rj z (x) = rj(x — z), rj G Cq°, 77 = 1 on B\. Here and in what follows B r (x) is 
the ball {y G R n : \y - x\ < r} and B r — B r ( 0). The space S^nif is endowed with 
the norm 

IMIs unif = sup ||ry 2 u|| s . 
zeu n 

The obvious consequence of the definition of the multiplier space M (Si — > S 2 ) 
is the embedding 

M(Si - S 2 ) C 5 2>unif . 

Let be the operator defined for any /iG R by 

A M = (-A + 1)^ /2 = F~ l (1 + |£| 2 Y /2 F, 

where F is the Fourier transform in R n and F~ l is the inverse of F. By Ji we 
denote the Bessel potential of order /, that is the operator A~ l . Throughout the 
paper we assume that m > 0 and use the notion of the (p, m ) -capacity cap p m (e) 
of a compact set e C R n which is defined by 

cap pm (e) = inf{||/||^ p : / G L p , / > 0 and J m /(x) > 1 for all x G e}. 

For properties of this capacity see [M], Ch. 7 and [AH], Ch. 2 and Sect. 4.4. In 
particular, it is well known that if 0 < r < 1, then 



ca P p,m(£r) 



for mp < n, 
for mp = n, 
for mp > n. 



and if e is a compact set in R n with diam(e) < 1, then 

f c(mes n e)( n_m P)/ n 5 for mp < n, 

ca P p,m(e)></ 2 n \!-p , 

> for mp = n. 



- mp)/n ^ f or m p < 

1 ~P 



The following assertion is the main result of this article. 

Theorem 1. Let 0 < l < m, p G (l,oo), and let 7 G B l p loc . There holds the 
equivalence relation 






\\Cp,a\e\\ Lp 

S1 ^ P [cap p ,m( e )] 1/p 



Mk.umf. m > 1 ’ 
MIl^, m = L 



where e is an arbitrary compact set in R n . The finiteness of the right-hand side 
in (1.4) is necessary and sufficient for 7 G M(B ™ — > B l p ). 

The relation (1.4) remains valid if one adds the condition diam(e) < 1. 

For mp > n the statement of the above theorem simplifies. Namely, the 
relation (1.4) is equivalent to 

IItII m(b™^b‘ p ) ~ ll7llfj‘ iUnif for m>l, (1.5) 
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and for Ip > n 

IItIImb' ~ l|Cp,/7llL p , uni f + hllw (1-6) 

From results of Kerman and Saywer [KeS] and Maz’ya and Verbitsky [MV1] 
it follows that the supremum in the right-hand side of (1.4) is equivalent to each 
of the suprema 

\\JmXQ(C p ^) P ] Q\\l p/(p _ 1) ( ^ 

SUp OY .niiP-i ’ (L7) 

{ Q ) IIQmTj QIIl p 

where {Q} is the collection of all cubes, \Q is the characteristic function of Q , and 



a:£R n hi(h>,/7) P (h 



(1.8) 



From (1.4), (1.7), and (1.8) one can deduce various precise upper and lower 
estimates for the norm in M(B ™ — » B l p ) formulated in more conventional terms 
(compare with [MS], Ch. 3). 



2. Preliminaries 



In this section, we collect some auxiliary assertions used in the sequel. 



Lemma 1. (see [St], Sect. 5.1) There holds the equivalence relation 

(2.1) 

where p G (1, oo) and a G (0, k). 

By H k , k > 0, p G (1, oo), we denote the space of Bessel potentials defined 
as the completion of Cq° in the norm 

\\u\\ H , = \\A k uh p . (2.2) 

The following relations are well known 



IMI M(B$-*L P ) 



\\i\\m(h£-*l p ) 

II7; e IU P 



II7; e llj 



- sup - — - — : , ~ sup - . p (2.3) 

e [ ca Pp,fc( e )] 1 / P e,diam(e)<l [cap Pi fe(e)] 1 /P 

(see [MS], Lemma 2. 2. 2/1, Corollary 3.2. 1/1, Remark 3.2. 1/1 and [AH], Sect. 4.4). 

Using estimates (1.2) for the capacity of a ball, one obtains the following 
relations from (2.3) 



IMI M(B^L P ) ~ IMUp.unif for P k > n » 

hll M(B^L P )>C sup r k - n/p \\r,B r (x)\\ Lp 

xGR Tl ,'re(0,l) 

hll M(B^L P )>C sup (log ^) (p_1)/p ||7; B r (x)||t p 

x€R n ,re(0,l) ' 



for pk < n, 



for pk = n. 



(2.4) 

(2.5) 

( 2 . 6 ) 
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Lemma 2 . Let 7 p denote a mollifier of a function 7 which is defined as 

7 p(x) = p~ n J K (p- 1 (x - Ob(£)d£, 
where K E K >0, and ||if ||li = 1- The inequalities 

\\1p\\m(B™-^B 1 p ) < IItII \\1p\\m{B™^B 1 v ), 



and 



are valid. 



\\1p\\m{b™^l p ) < \\i\\m{b™->l p ) < li^inf ||7 P || M ( B m_^ Lp ), 



sup 

e 



\\Cp,llp\ e \\ L p 

[cap p, m (e)] l7 P 



< sup 

e 



IIC'p.qiellLp 

[cap p, m (e)] l7 P 



Proof. The proof of two-sided estimates is the same as in Lemma 3.2. 1/1 [MS]. By 
Minkowski’s inequality 

J K(z)(^J (Cptfix - pz)) P dxj / dz 



[|Cp,z7/p; e \ \ l p 

[caPp^Ce)] 1 ^ 



< 



[cap Pj m(e)] 1/p 



< 






[cap p , m (£')] 1 / p 

where ^ = {x — pz : x E e, z E Bi}. 

Below we use the interpolation properties 

ym — k 



[cap Py m( e )Y /p 



and 



B" 



BH 



K” H r% /Lp 



(b?, B™~ 1 ) 



k/l,p 



(2.7) 

( 2 . 8 ) 

mb; < C II7II ° MB o ||7|I7b^ > ( 2 - 9 ) 

where p E (1, 00 ), a > p > 0, 0 < 9 < 1, and r = 0a+(l — 0)p. It follows from (2.3) 
and (2.8) that 7 e M(B™ B l p )nM(B™~ 1 -> L p ) implies 7 e M{B™~ k -> 
for 0 < k < l. Moreover, 



where l < k < m (see, [Tr], Th. 2.4.2). In particular, (2.8) implies 



\i-e 



I M(B™- k ^B l ~ k ) ~ ''ID' ll M(B™-*B‘ p ) IMI M(B^~ l ^L v ) 



for 0 < k < l < m and 



I MB'"* ^ chllLsf IMIlI 



(2.10) 

( 2 . 11 ) 



for 0 < k < l. 

In what follows we shall use five following assertions proved in the book [MS] . 
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Lemma 3. (see [MS], Lemma 3. 1.2/1) Let Ai be the Hardy- Littlewood maximal 
operator defined by 



M v(x) = sup — 

*>o mes n B t 




Also let Jr n+S ^ denote the Bessel potential in R n+S , s > 1. Then , for any nonneg- 
ative function f E L p (R n+s ) 



(4Z S s/ P f)^ °) < c (MFix)) 1 - 6 , 

where F(x) = || /(#, •); R s ||l p and 0 < 0 < 1. 

Lemma 4. (see [MS], Lemma 3.2. 1/3) For any nonnegative function (p E L pp j oc , 
p E (1, oo), and 0 < A < fi, there holds 



sup 



i/ ,{x)ix 

ca P P ,x(e) 



l/A / 

< c sup 

e 

V 



J ip tip (x)da 
ca P „,„(«) 



i/m 



( 2 . 12 ) 



Lemma 5. (see [MS], Lemma 3.1.1./1) For any positive a > 0 and /3 > 0 there 
holds inequalities 

(C P , a u)(x) < (JpC p>a A^u)(x), (2-13) 

(D p>a u)(x) < (J 0 D p>a A^u)(x). (2.14) 

Lemma 6. (see Lemma 3.9.1 [MS]). For 5 E (0, 1) and any k >1 there holds 

(2.15) 

Lemma 7. (see Lemma 3. 1.1/2 [MS]) For any a, (3 > 0 with a + (3 < 1 there holds 
\\Dp^ a Dp^u\\L p < c 



3. Lower estimates of the norm in M{B™ 

The following is the main result of this section. 
Lemma 8. Let 0 < l < m and p E (1, oo). Then 






MUoo < IItIImb*, 


for m = l 


(3.1) 


and 






W'YW M(B™~ l ->L p ) < C ll7ll 


for m> l. 


(3.2) 



Proof Let u E B l and let N be a positive integer. Clearly, 






N„nl/N 



< 



I MB 1 \\ u \\ B i 



1/N 



Passing to the limit as TV — » oo we arrive at (3.1). 
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Now suppose 0 < l < m. Let 7 P be the mollification of 7 G M(B™ — * B l p ). 
By Lemma 2, it suffices to prove (3.2) for 7 ^. To simplify the notation we write 7 
in place of 7 P . 

We consider two cases: m > 21 and 2 1 > m > 1. Assume first that m > 21. 
Let U G H™~ l+1 / p ( R n+1 ) denote an extension of the function u G B™ _z (R n ) to 

Rn+i suc j 1 that 

||I7;R n+ 1 || H m-i + i/p < c\\u] R n || jg m-« . (3.3) 

It is standard that the converse estimate 

\\u;K n \\ R m-i < c\\U ; R n+1 || m-i-i/p (3.4) 

holds for all extensions U. Let us represent U as the Bessel potential 
with density / G L p ( R n+1 ). By Lemma 3, 

\u(x)\ < 

where F(x) = ||/(x, •); R||l p - Therefore, 



\hu\\ Lp <c||/;R" +1 || i 4 m || |7r /(m -'l4G7/ P l/l)(^)lliT 0/m - 

The right-hand side does not exceed 



( / | 7 | ™~ l dx\ (rn-l)/mp 

A capp|(e) j ■ (3-5) 



Setting ip = I 7 I m ~ l , A = /, p = m — l in Lemma 4, we find that in the case 
m > 21 the supremum in (3.5) is dominated by 



c sup ■ 



l 



| 7 | p dx \ l / m P 



< cl 



11 l/m 



a e' Ca P p,m-l( e ) J 

Hence and by (3.5) 

n^in, < cii/ ; R" + Mi7riiTiii7 c ^^ t) ii^vpi/i<-. °)ilL7r l>/ ”'n 

Using first (3.4) and then (2.2) and (3.3), we obtain 






(n+1) 



R 



n+l | 



I l/m 



1 H % 



m + l/p 



c||/;R : 



n+ 1 1 



= c\\U;K 



n+ 1 1 



I H 



m — l 1 / p < c || u; R 77 



Thus, 



IM+ < c||7l| 



l/m 

M(B? 



+Lp) 



which implies (3.2) for m > 21. 



( m—l)/m || || 
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Suppose 2 1 > m> l. Let /x be an arbitrary positive number less than m — 1. 
By (2.10) with k = l — /i, 



I M(B% 






>B£) ^ 



l M(B™~ l -^L p 



fi/l 



Since m — l + ji > 2/q it follows from the first part of the proof that there holds 
inequality (3.2) with m and l replaced by m — l + /i and //, respectively, i.e., 



I M(J3J 



< c\ 



\M(B” 



Consequently, 



< cl 






+B$y 



v/i 



II r\\M(B?~ l -+L p ) ^ 

and (3.2) is proved for 2 1 > m > l as well. 

By Lemma 8 and (2.3), the following assertion holds. 

Corollary 1. Let 7 E M(B™ — > B l p ), 0 < l < m. Then 



Lemma 8 in combination with (2.10) and (2.11) implies 

Corollary 2. Let 7 E M(B™ — > B l p ), 0 < l < m. Then 7 E M(B ™ k — > B l p k ), 
0 < k < l, and 

IMI M{B™- k -*B l ~ k ) - 

The following assertion contains an estimate for derivatives of a multiplier. 

Lemma 9. Let 7 E M(B ™ > B l p ), 0 <1 <m. Then D a 7 E M(B™ —> B l p ~^) for 

any multi-index a of order \a\ < L The inequality holds 

II £> “t'II - c Ht'II 

Proof It suffices to consider the case |a| = 1, l > 1. Clearly, 

||wV7|| s <-i < IMIs' + hVull^-i 

< (lb'll m(b™^b‘ p ) + II7|Im(b“- i ^- i ))II u IIb? 1 ' 

This and Corollary 2 imply 

WuV'YW B 1 - 1 - c \h\\M(B?->Bi p )\\ u \\B? 
which completes the proof. 

Lemmas 8 and 9 imply the following 

Corollary 3. Let 7 E M(B ™ — > B l p ), 0 < l < m. Then, for any multi-index a of 
order \a\ < l, D a 7 E — » L p ) . The inequality holds 
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4. Proof of necessity in Theorem 1 

In this section we derive the inequalities 

sup } Cp,l ^\ e % P /p + SU P \\t,Bi(x)\\l p < c||7||M(£y-Bj,)> ™ l ( 4 -l) 

e [cap p,m(e)] 1/P i€R" p p 

and 

II 1 Lp I II II ^ II || (A f)\ 

T [cap p ,,(e)U/ P + llTlI^-- S ■ (4-2) 

The core of the proof is the following assertion. 

Lemma 10. Let 7 E M(B ™ — ► B l p ), where 0 < l < m and p E (1, 00). Then 

\\C p ,a;e\\L p ^ || I, tA 

T [cap p ; m (e)ji/P - c ^ll"(«p"*^)- (43) 

Proof. We use induction in l and start by showing that (4.3) is valid for l E (0, 1]. 
(i) Let l E (0, 1). We have 

||«C'p,j 7 ||l p < c(\\-yu\\ B i p + 

< c(II7||m(b--»b')I|w||b‘ + HiCp.Hkp)- ( 4 - 4 ) 

Consider first the case m = l. Clearly, ||7 C p? /^||l p < IItIUoo which together 
with (4.4) and (3.1) gives 

\\uCp,a\\L p < C IMImB'IMIb'- 

Therefore, \\C p jj\\ M ( B i ^l p ) < cIMImb* and, in view of (2.3), we obtain (4.3). 
Suppose now that l < m. By (2.13) 

||7^p,^IUp — II7|Im(£™ _z — >L P ) \\Jrn-lCp,lA u \\b™~ 1 ' (4-5) 

Owing to Lemma 1, the last norm does not exceed 

c||C^A m -k|| Lp < c||A m -k|| B « < c|M| B j» 
which in combination with (4.5) implies 

\\lC p ju\\L p — C ll7|lM(Bj a ~ i ^L p ) ll^ll^? 1 ' (4*6) 

Using (4.4), (4.6) and Lemma 8, we arrive at 

\\uC p< ij\\ Lp < c|| 7 ||m ( b--+b‘)IMIb-. 



||Cp>i7l|M(BJ»-.Lp) < c [['Til M(B™^B l p ) 
which together with (2.3) gives (4.3). 

(ii) Let / = 1. In view of the identity 

a| ( 2) (7u) = 7 A ( ^u + uA^ 2) 7 + A2/17A 2hU - 2 A h 'yA h u 



(4.7) 
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one has 

\\uC p ^\\ Lp < \\ru\\ B i + || 7 Cp,iu|| tp 

+ 4 J \&hl{x)^hu{x)\ p \h\- n ~ p dhdx^ 1 (4.8) 



for any u e Cq°. 

We proceed separately for m = 1 and m > 1. Let first m = 1. Using (2.15) 
with /c = 1 and 5 E (0, 1) together with (4.8) and (3.1), we find 



II«C p ,i7||l p < c 



MBJ + SUp 



\\C p ,sT,4l p 

[ ca P P /( e )] 1/p 







(4.9) 



In view of part (i) of this proof, the last supremum is majorized by c|| 7 || Mj b£. 
Hence (4.9) leads to the inequality 



sup 

e 



||Cp,i7;e||L p 

[cap p ,i(e)] 1 /p 



MB', + Il7ll MB0- 



(4.10) 



Since by Corollary 2 there holds IItIImb 6 < cIMIms 1 ? we arrive at (4.3) for m = 

1 = 1 . 

Next we estimate the right-hand side of (4.8) for m > 1. By (2.13), its second 
term is majorized by 



|| 7 ^m-lCp,lA u\\ Lp < c \\j\\m(B^ 1 ~ 1 -^L p ) II ^m-lCp^A 



m—l n 



< C I 



I m(b; 



+L P ) 



IICp.iA 



m— 1 



u \ \L V 



< cl 



MiB^-^Lp) II u \\bi < c ||7||m(B--.B1) \\u\\ B - 



(4.11) 



The last inequality in this chain follows from (2.1) and (3.2). We estimate the 
third term in the right-hand side of (4.8) using (2.15) with k = m > 1 and (4.3) 
with l = S < 1. Then this term does not exceed 



c sup 



1IQ>,<?7? e hp 

[cap P ,m-i+«(c)] 1/p 



< C 






>B*) 



Ml; 



(4.12) 



Furthermore, by Corollary 2 



Ill'll ^ c I|7 ||m(B^-*B1)- 

Hence, the third term on the right in (4.8) is dominated by c \\7 \\m(b™^bI)\\ u \\b™- 
This along with (4.8) and (4.11) implies 

||wC' P) i7||i, p < c||7||m(b™—bi)||w||bj* 

and thus (4.3) holds for l = 1. 
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(iii) Suppose that l is a positive integer and that the lemma is proved for 
7 G M(B™ —* Bp), where k is any positive integer not exceeding l — 1. Applying 
(4.7), we find 

i - l /-i 

\\uC p ,a\\ Lp < Ms' +c^|| |V j 7 |C^_^|| Lp + c EIIIVMpMIl, 

3=0 3 = 1 

+ cE(/ /|A h V j7 (a:)| p |A h V,_i_ j «| p |ftr n - I, dftdi) 1/P . (4.13) 

3= J 

By (2.13) with a = l— j,/3 = m — l+j we have 

(C p ,i-ju)(x) < (J m - l+j C p ^i-jA m ~ l+:i u)(x). 

Therefore, for j = 1, ...,/ — 1 and m > / , 

II j^\^P,l~j u \\L p ^ 3^11 M(B™~ l+j -+L P ) ll^rri— Z+jC^j—jA 

< c || Vj 7 || M (^m-i+i^ L ^) ||C p? /_jA +j ^||l p - (4-14) 

According to ( 2 . 1 ), 

\\Cp : i-jA. m ~ l+j u\\ Lp < ||A m -' + ^|| B ^ < c||u|| B ™. (4.15) 

By Corollary 3, 

3^\\M(H™~ l+j ^L p ) — C \\'7\\m(B™^B 1 p )i j = l,...,/ — 1, 171 > 1 . (4.16) 

For j = 0 by Lemma 8 we obtain 

||7Cp,^IU P < \\j\\m(b™^b 1 p ) IMIb™ • (4-17) 

Unifying (4.14)-(4.17), we find that for all j = 0, ...,/ — 1 and 1 < Z < m, 

II |Vj 7 |C p ,/_^|| Lp < c|| 7 ||m(B™^B*,)IM|b™- (4.18) 

For any j = 1 , . . . , l — 1 we have 

II IVHCW-nlU, < Csup , J C A^L%’ )V , r Hk- ( 41 «) 

From the induction assumption and Corollary 2 it follows that for m > l one has 
1 1 C n 7 4 7 i ell T. 

S e P [capp m _ J -(e)] 1 / p - c ^IIm ( b--^b'-) < c II7 |U(b^b« ) (4-20) 

which together with (4.19) implies 

II WMCp'i-j'rh, < c 1 1 7 1 1 m ( b™ — > b i p ) 1 1 ^ 1 1 b™ ? j = 1 , . . . , i - 1. (4.2i) 

Next we estimate the last sum in (4.13). Let 5 G (0, 1) be such that nn + 5 
is a noninteger. By (2.15) with 7 replaced by Vj 7 , u replaced by V/_i_jU, and 
k = m — l+j + 1 each term of the last sum in (4.13) does not exceed 

\\Cp,j+6T,e\\L p ,, /. 99 \ 

■|| v i-i-jU\\ B m-i+j+i. (4 .22) 



csup 



[cap P)m _ I+j+4 (e)] 1/ P 
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By the induction assumption and Corollary 2 this implies 

(J j |A/,V j 7 (*)r|A fc V l _ 1 _ J -tt|P|A|-"-' , dftda:) 1/P 

— C \\7\\M(B™~ l+j+6 ^Bl +6 )\\ U \\ B ™ — C ll^l I m(£™->B£)IM|b™* (4.23) 

Combining this with (4.21) and (4.19), we obtain from (4.13) 

\\uC p ^\\l p < c\h\\M(B™-+B l p )\\ u \\B™ (4.24) 

and thus (4.3) follows for all integer l. 

(iv) Now let l be noninteger. Suppose that 

IICWt; e\\ Lp ^ ii „ 

for all noninteger l G (0, A^) , where N is integer. Let N < l < N + 1. In view of 
the equivalence C Pi ij ~ ^p,/7 we have 

N N 

\\uD p ^\\ Lv < m b ,+c£|| \v n\ D P,i-A\L v + c Ell \ V M d p,i-j1\\l p - (4.25) 

j = 0 j=l 

Let t e (0, m — l + j) if m > l or m = Z, j > 0 and let t = 0 if m = l and j = 0. 
By (2.14) with a = l — j and (3 — t one has 

(jDpj—jv3)(x) < (JtD p j-jh u)(x). 

Hence 



II \V jl\ D p,i-ju\\ Lp < \\Vj / y\\M^ w ^- l + j ^L p )\\^tDp^-jA t u\\ w ^- l +j 

< C II ^ jlW M(B™' l+j ^L p ) II^P^-J'A u\\ w rn-l+j-t. (4.26) 

By definition of the operator D p j and the space W p , 

\\^p,l-j v \\w^ l ~ l+j ~ t = V W l p \\Dp,l-jV\\L p - 

We use Lemma 7 with a = m — l + j — t, (3 = {/} assuming t to be so close to 
m — l + j that 0 < m — t — [l] + j < 1 . Then 



\\Dp,m-i+j-tDp, { i}V [i]-jv\\ Lp < c\\D Pirn _ t _ [ q_ j V[ l ]- j v\\ Lp < c\\v\\ w n-t. (4.27) 



m—t 



We may also choose t in such a way that m—t is noninteger so that W™ 1 = 

Then (4.26) and (4.27) with v = A t u, together with Corollary 3 imply 

II jl\ D P,l-J U \\L p < C ||Vj7|| M ^m-Z+j^ L ^^||A t 7/|| jB m-t 

< c \\i\\m(b™^b 1 p )\\ u \\b™- (4.28) 

By the induction hypothesis, we have for j = 1, . . . , N 



\V j u\Dp^ j ^\\ Lp < c sup 



P P ,/-i7;e||L p 

[cap p ,m-j( e )] 1/p 



liv^n, 



< c 



I M(B; 



*B\ 



[-•7 INI bh 



(4.29) 
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which together with Corollary 2 implies 

II \^M D P ,l-jl\\L p < C ||7||m(B™-»B‘,)IM|b™- 
Hence and by (4.28) it follows from (4.25) that 

\\uD P: a\\ Lp < C \\ r y\\M(B™-+B l p ) IMIs™* 

The proof is complete. 

The following simple corollary contains the required lower estimate of the 
norm in M(B™ — ► B l ) in Theorem 1 . It also finishes the proof of necessity in 
Theorem 1. 

Corollary 4. Let 7 E M(B™ — > B l p ), where 0 < l < m and p E (1, 00 ). Then 

C ( e y [17l(e)]'/P + «£ ll7;B,Wllt -) £ < 4 ' 30 > 

For m = l the second term on the left should be replaced by 
Proof. Since 7 E M(B™ — > B l p ) it follows that 

hvh P < I|7|Im(b--,^)II^IIb- 

for any 77 E Cq 3 (B 2 (x)), tj — 1 on Z?i(x), where x is an arbitrary point of R n . 
Therefore, 

sup \\r,Bl(x)\\L p < c||7||m(B--BM- 

xeR n 

The result follows by combining this with Lemma 10. 

The next corollary contains one more lower estimate for the norm in the 

space -> B l p ). 

Corollary 5. Let 7 G M(B™ — > B l p ), where 0 < l < m, p G (l,oo). Then, for any 
k = 0, . . . , [1] there holds the inclusion C Pt i-kj G M(B™~ k — > L p ) and 

\\ C P,l-k7\\M(B™- k ^L p ) ^ ^ I|7|| M(B^— >B^) • 

Proof. By Corollaries 4 and 2, 

\\C p ,i-k / r,e\\ L .... ,, ,, , . 

7 P [cap pm _ fc ( e )]i/p - c H^IIm(b--^b‘-'=) < c||7||m(b™^)- (4-31) 

It remains to make use of (2.3). 



5. Proof of sufficiency in Theorem 1 

The aim of this section is to prove the upper estimate of \\^i\\M{B rri ^B l ) m (1-4). 
Lemma 11. Let 7 E B l p loc , p E (1, 00 ). Then for m > l 

11 11 z ( ||C p ,j7;e|| Ll> ||7.e||L p \ , r ^ 

e IItIIm,b "^ > s + N. (M) 

For m = l the second term should be replaced by 
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Proof. It follows from the finiteness of the right-hand side of (5.1) that 7 E £i, U nif- 
Let 7 p denote the mollifyer of 7 with radius p. From 7 E I/i, un if it follows that all 
derivatives of 7 P are bounded. Hence 7 P E M(B ™ — > F^). 

For integer l we find by (4.7) that there holds the estimate 



/-1 



/-1 



IItp^IIb* — II jip\^p,i-j u ^L p + II I j u \C'p,i-j'y P \\L p 



j = 0 



J=0 



z-i . , 

+ E(/ / I^V J -7p(*)nA fc V,_ 1 _ J -«|P|ft| 

j=o v J 



\ Vp\ 

- n ~ p dhdx J J. (5.2) 

(5.3) 



By Corollary 3, for any a E (0, 1) 

H^ 7 i^llM( J B^~ i+j ^L p ) — C W^p\\M{B 1 f l ~ l+j+a -^B 3 p +ot )’ 

In view of (2.10), for m > l the right-hand side in (5.3) does not exceed 

Combining this with (4.14) and (4.15) we obtain 

II \^j7p\C p ,i-ju\\ Lp < (e\\'yp\\ M (B?^B l p ) ^ c { e )\\1p\\m{b^- 1 ^l p ))\\ u \\b^^ ( 5 -4) 

where j — 0 , ...,/ — 1, and e is an arbitrary positive number. 

In case m = l inequalities (5.3) and (2.11) imply 

I|V,7pIIm ( b^l p ) - c ll7pllL J)/ H^pIImb^- 

unifying this with (4.14) and (4.15) for m = l we obtain 

II Nj7 P \Cp,i-ju\\ Lp < {e\\y p \\ M Bl +c(e)||7plUoo)ll w lls‘- ( 5 - 5 ) 

It follows from (4.19), (4.20), and (2.10), (2.11) that for j > 0 

II j u \Cp,l-j'y P \\L p < {£\\1 P \\m(B™-^B 1 p ) + c ( € )\hp\\M(B™- l ^L p ))\\ U \\ B ™’ ( 5 ‘^) 

if m > l and 

II M C P,i-jlp\\L v < (£||7pIImb‘ +c(e)||7p||L 00 ) IMIb‘ ( 5 -7) 

if m = 1. 

The third sum in the right-hand side of (5.2) is estimated by using (4.23) and 
(2.10), (2.11) and has the same majorant as the right-hand side of (5.6) for m > l 
or (5.7) for m = l. Thus, for m > l we find 

\hp U \\Bl < ( e \hp\\M(B™^Bl) + c ( £ )\\1p\\m(B™- 1 -*L p ) 



||Cp,z7p; e h P \ M I, 

+c sup t 7 - \\u Lm, 

e,diam(e)<l [™Pp,m( e )] /P ' 



(5.8) 



Similarly, for m = /, 



IMIm < (ehpWMBi + cOObplUoo + c sup 

P V P e,diam(e)<l [C&Pp 



\\Cp,a P ]e\\ L 



( 5 . 9 ) 
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For noninteger l the following estimate, simpler than (5.2), holds 

m-i [i}~ i 

< c ( II I ^ jlp\Cp,i-ju\\L p + || I ^7 j u \C Pi i-j'y p \\Lp J • 

3=0 j=0 

Combining (4.28) with Corollary 3 and (2.10), (2.11), we arrive at (5.4) and (5.5) 
in the same way as for integer l. We also note that (4.29) and (2.10) for m > l 
and ( 2 . 11 ) for m = l imply (5.6) and (5.7) for noninteger l. Reference to (2.3) and 
Lemma 2 completes the proof. 

The required upper estimate of || 7 ||mb£ m (1-4) is obtained in Lemma 11. In 
order to show that for m > l the second term on the right in (5.1) can be replaced 
by || 7 ||Li >uni f, we need several auxiliary assertions. Let 7 (x,y) denote the Poisson 
integral of a function 7 E Li, un if. 

Lemma 12. (see Lemma 5.1.2 [MS]) Let l be noninteger and let 7 E wf j oc . Then 



[°° 0M+ 1 7 (s,y) 

Jo dy^ +1 




< c ( D P ,a)(x )■ 



Lemma 13. (Verbitsky, see Sect. 2.6 [MS]) For any k = 0,1,... there holds the 
inequality 

| 7 (x)| < c(||7|| Ll unif + jf y k dy )• ( 5 . 10 ) 

The following two lemmas are similar to those due to Verbitsky as presented 
in Sect. 2.6 [MS]. 

Lemma 14. Let 7 E wf j oc , y E (0, 1]. Then 



d[l] + 1 ^y) <cv {l}-m-l 

aj/W+ 1 - y 



sup r m n/p \\D Pt ir,B r (x)\\ Lp . 

:GR n ,rG(0,l) 



Proof. We introduce the notation 

K= sup r m - n /P\\D Pt ir,B r (x)\\ Lp . 



xGR n ,r€(0,l) 



(5.11) 



Let r E (0, 1]. By Lemma 12 



/ / - ' fl ffii ’ V ^ P y p ~ 1 ~ m dy dt < cK p r n ~ mp . (5.12) 

JB r (x) Jo dy L Z J +1 

Applying the mean value theorem for harmonic functions we find for | < y < ^ 



d [l]+l l{x,y) n _i 

dy^ +1 






I % W + 1 1“ JB r{x )Jr/A\ d^ + 1 I ' ‘ 

By Holder’s inequality the right-hand side is dominated by 



which by (5.12) does not exceed cr^~ rn ~ l K. The proof is complete. 
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Lemma 15. Let 7 E W[ l \ oc . Then for all x E R n there holds inequality 

\ii x )\ 

< c(( sup r m -”/n| J Dp, i 7;^(x)||L p )' /m (^7W) (m -' )/m + ■ 

x xGR n ,rE(0,l) 7 



Proof. We put 



( 3 ll| + 1 7 (a;,p) for 0 < V < 1 

v (y) = i dyW^ > tor u < y S i, 

1 0, for y > 1. 



Then, for any R > 0 



dyfl+t ? ^ ' = / = + J v(y)y [l] dy. 



Applying Holder’s inequality, we find 



v{y)y [l] dy <cR.fJ (v(y)) p y p p{l} 1 dyj ' P . 



By Lemma 14, 



|d['] +1 7(:r ,y) j 



I + 1 

where K is defined by (5.11). Hence 



< cKyW' 



v(y)y [l] dy <c(r 1 (J (v(y)) p y p p{l} 1 dy S j 



+ R l ~ m K ). 



Putting here 



we arrive at 



R = if 1/m f / v( 2 /) V p{i}-1 d 2 / 



v(y)y [l] dy <cK l/m (f v(y) p y p pW l dy 



(m—l) /pm 



Combining this with (5.10) for k = [l] we arrive at 



l7(z)l <(K l/m (J v(l/) p y 






Reference to Lemma 12 completes the proof. 

Now, we are in a position to prove the principle result of this section. 
Lemma 16. Let 0 < l < m, p E ( 1 , 00). Then 



\\c P ,ir> e|k P 



:,diam(e)<l [cap p ,m( e )} 1/p 



+ 7 L, 
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Proof. By (2.12) with = \^ p \ ™~ l , A = ra — Z, /x = ra — e, where e is a positive 
number less than l such that both l — e and m — e are nonintegers, we find 



[hp\ p (x)dx / f I'Tpl 

sup — — < c sup [ — 



°(x)dx' 



m — l 
m — e 



e cap p ,m-i( e ) e [ cap pm _ £ (e) ) 

Owing to Lemma 15 with l replaced by l — e and m replaced by m — e 



(5.14) 



(m-e)p ( 

m ~ l dx < cl 



sup 

xeR n ,re(o,i) 



r m £ e\\D p ,i- £ 'y p ;B r (x)\\ Li 



l h ' 

P (rn-e)p \ 

x J \D Pt i^ p \ p dx+ IItpIIl^', mes„ej. 

I ( m — e)p _ j 

J \lp\ m ~ l (x)dx\ 



(l-e)P 
m — l 



Hence 



ca P P ,m- £ (e) 



sup r m £ p \\D Pt i_ £ j p -B r (x)\\ Lt 

rreR n ,rG(0,l) 



By Corollary 2 



x sup 



sup 



<c{ 

||-Dp,z— e7pi e\\ Lp 



l-e 

rri — s 



(5.15) 



< c||7 P 



. [cap pim _ £ (e)]i/p ^ 

= c II7 pIIm(b™“ £ ^b^') - c \\1 p \\ m ( b ™^ b 1 p )- 
Thus, the left-hand side of (5.15) has the majorant 



(( SU P r p \\D p j- £ j p ; B r (x)\\L p ) m £ \\jp\\ M ( B m_+ B i ) 

' a:€R ri ,rG(0,l) p p 

ich together with (5.14) implies the inequality 

jh P \ P (x)d- 



+ 



ll7pl|Li, unif ) 



ix\ !/p 



sup 



<c(d) sup r m £ p\\D P 'i- e j p ;B r (x)\\ Lp 

x£H n 7 re( 0 ,l) 



e \ ca P p,m-l( e ) J 

+^ll7pll M(B™-^B‘ p ) + C Il7pl|il,unif> 
where 5 is an arbitrary positive number. 

Next we show that 



(5.16) 



sup 

xeR n ,re(o,i) 



r m - £ -i|C, 1 _ £7p ;6 r ( I ) || Lp 



<c(a) sup r m p ||C' Pi ; 7 P ; B r (x)\\i p + a ||7pIIm(b™-*M) (5.17) 

xeR n ,re(o,i) 

where a is an arbitrary positive number. We note that by (1.1) D p ,/_ £ 7 P can be 
replaced by C p ^- £ y p . Let uo denote a positive number to be chosen later. Further, 
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let k = l — 1 and A = 1 for integer l and k = [l] and A = {/} for noninteger 1. We 
have 

f , f |Vfc7pfa + 2fo) - 2V fc 7 P (y + h) + Vkl P (y)\ p dh 

J B r (x) V JB„ r W n+p(A - e) 



< (wr) pe [ dy [ 

JB r (x) JB^r 



|Vfc 7 p(?/ + 2 h) - 2Vk7p(y + h) + V k l P {y)\ p 



\h\n+pX 



< (u)r) p£ \\Cp } i'fp‘, B r (x)\ 



Besides, 



f , f |Vfc7 p{y + 2ft) - 2Vfc7p(y + fe) + Vfc7pfa)l p dh 

IbAx) Jr*\b^ W" +p ( A - £ > 



<4/ W f d y f 

- V Br (x) |/l|”+P( A - £ ) J Br (x) JK»\B ur |/i|" +p(A - £) 



+(wr) p(£ A) ||Vfe 7 p;S r (a;) 



Further, we have 



L(x) dy L ~\b„ 

dh 



\V k7p (y + 2h)\ p 

|/j|n+p(A-e) ' 



< / |.|» +p(A - £ ) / |V*7p(*)l p d* 

Jn™\B wr Pi +Pi ^ JB r (x+2h) 

< ca^( e - A )r n - pm+pE sup r p(m- A )-n||v fc 7 p ; J g r ( a; )||P . 

cceR n ,rG(0,l) P 

By (2.4)-(2.6) the last supremum is dominated by 

which by Corollary 3 does not exceed c \\lp\\ v M ^ B m_^ B iy 

Clearly, the second term in the right-hand side of (5.19) is estimated in the 
same way. Similarly, the third term does not exceed 



pie-X) n-pm+pe 11 up 



CUJ ^ ’r 






Hence 



f , f Nkl P (y + 2h) - 2X7 k j p (y + h) + Vk1 P {y)\ p dh 

I B r (x) ^ Jn n \Bur |h| n +p( A “ e ) 



<cu p ( £ - x \ n - pm+p£ hp\\ p M{B? ^ B ‘y ( 5 - 2 °) 

Prom (5.18) and (5.20) we obtain 

r m-e-n/ PllDpti _ £lphp < c (^ r — \\ Cp ^ p - B r (x) \\ Lp + ^“ A ||7pI|m(B"^B< )) • 



Setting a = cw £ A we arrive at (5.17). 
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By (2.4)-(2.6) and (5.17), 

sup r m - £ ~p\\D Ptl - e 'y p ]B r {x)\\ Lp 

tcGR n ,'rG(0,l) 



< c(a ) sup 



\\C p ,g p ]e\\ Lp 

[caP P ,m(e)] 1/p 



+ a \hp\\M(B™->B l ), 



which together with (5.16) and Lemma 11 results at 

||Cp,z7pj e\\L p 

cap p , m (e)] 1 /p 



I|7pIIm(b™->bJ,) < c(sup 



ll7pl|L llUnlf ). 



(5.21) 



Estimating the right-hand side of (5.21) by Lemma 2 and using the equivalence 
(see, Proposition 2.1. 5 [MS]) 



cap p,m( e ) ~ £ cap p m (eng (j) ), 

3> 1 



where o is a covering of R n by balls of diameter one with multiplicity 

depending only on n, we complete the proof. 



6. The case mp > n 

For mp > n Theorem 1 admits a simpler formulation. 

Corollary 6. Let 0 < l < m, mp > n, and p e (1, oo). Then 

INI m(b-^b<) ~ sup (||C P! / 7 ; B\(x)\\l p + \\r,Bi{x)\\ Lp ). ( 6 . 1 ) 

XGR 71 

Form = l the second term on the right should be replaced by HyllLoo- 
Proof. The lower estimate of \\'y\\m(b™^>b 1 p ) follows from the relation 

ca P p,m( e ) ~ 1 (6-2) 

valid for mp > n and e with diam(e) < 1 , combined with Corollary 4. The upper 
estimate results from 

Il7ll M(B"*-.BM < IMImBJ, < c ( SU P 11^/7; e||L + I^IUoc) 

e,diam(e)<l 

< c sup (||Cp,* 7 ;£i(x)|| + H 7 ; #i(x)|| Lp ). 

The proof is complete. 

Remark 1 . One can easily verify that the right-hand side in (6.1) is equivalent 
to the norm of 7 in B l p ?unif . Hence M(B™ — > B l p ) is isomorphic to B l p nif for 
0 < l < m, mp > n, p e (1, 00 ). 
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7. The space M(W™ -> Wf k ) 

Let W™ denote the usual Sobolev space with p E (l,oo) and integer m, and let 
W~ k stand for the dual space (W k ,)* , p+p f = pp' . In [MS], the following sufficient 
condition for inclusion into the distribution space M(W™ — > W~ k ) can be found. 
We supply it with the proof for completeness and reader’s convenience. 

Theorem 2. (see Sect. 1.5 [MS]) (i) Let p E (l,oo), m < k. If 





7 = y^ D a 7 « 


(7.1) 




\a\<k 




with 


7 a G M(W k , -> W k r m ) n M(W™ L p ), 


(7.2) 


then 7 E M(W™ - 


- w~ k ). 





(ii) Let p E (1, oo) ? m> k. If 

7= E D a la 

\a\<m 

with 

7a G M(W? - W™~ k ) n M(W k , - V), 
then 7 e M(W™ -► W~ k ). 

Proof. It suffices to prove only (i) since (ii) follows from (i) by duality. 
Let u E Wff 1 , m < k. Since 

uD a 7a = cx a D x (j a D a ~ x u), C\ a = const, 

\<a 



we have 

\\iu\\ w -k < c \\'y a D a ~ x u\\ w ^x\-k 

|A|<|a|<fc 

— ^ ^ ^ Il'To: \\ M(W™- k +\ X \ Ill'll * (^‘3) 

|A|<|a| <k 

Applying the interpolation inequality 

\noi\\ M (wP~ k+lXl ^wl Xl ~ k ) — M(W™~ k ^W- k y^ a "M{W™->L p ) 

which follows from the interpolation property of Sobolev spaces (see [Tr], Sect. 
2.4) we obtain from (7.3) 

— C ( II'Tok II M(W™~ k ^Wp k ) IITq; \\ M (W™ L p )) Ill'll W™ • 

It remains to note that 



Il7«| 



M(Wp 



*W~ k ) ~~ H^oJI M{W k f -^W k ~ rn )’ 
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The following assertion shows that this theorem provides a complete charac- 
terisation of M(W™ — > W~ k ) which holds under some conditions involving k , ra,p, 
and n. 

Corollary 7. Let k and m be positive integers and let either k > m > 0 and k > n/p' 
or m > k > 0 and m > n/p. Then 7 E M(W™ — > W~ k ) if and only if 

7 e W p,und n W^ ni( . (7.4) 

In particular, if max{fc,ra} > n /2 then MiW™ — > Wf/ k ) is isomorphic to 

min{m,/e} 

Proof. It suffices to consider the case k > m > 0, k > n/p’ , because the case 
m > k > 0 , m > n/p results by duality. 

Necessity. It follows from the inclusion 7 E M(W™ — > W p k ) that 7 E W~ k nif . 
Since M(W™ — * W~ k ) is isomorphic to M(W k , — * Wp7 m ), we have 7 E 
as well. 

Sufficiency. It is standard and easily proved (compare with Sect. 1.1.14 [M]) 
that 7 € W“* nif n W p 7™ nif if and only if (7.1) holds with 7 Q € L p , unif n W£r™ i( . 
Since M(W — > W^r™) is isomorphic to I 4 / p , _ u r i ' i ' jf for p'k > n, it follows that 
7a e M(W* - W^- m ). 

It remains to show that 7 ^ E M(W™ — » L p ). We choose <7 and r to satisfy 
1 /g > max{ 0 , 1/p — m/n} > — e + 1/q, 

1/r > max{ 0, 1 fp> — (k — m)/n} > — e + 1 /r 

with a sufficiently small 6 . Since 1/p > 1 — fc/n, we have 1 /p > l/g + l/r. By 
Holder’s inequality 

ll7a«|U p , unlf < C ||7a||L r , unif ||w|U,, UIlif 

and by Sobolev’s embedding theorem 



ll7aW||L p>unif < C ||7a|| w fc ( -jn if ||w||vV" unif - 

This means that E M(W™ — » L p ). The proof is completed by reference to 
assertion (i) of Theorem 2. 

Remark 2. Note that by Sobolev’s embedding theorems C W~ k nif , k > m, 

if and only if either n < (k — m)p or 



n> (k — m)p , 



k — m 2 — p 
n ~ p 



Under these conditions, M(W ™ — ► W p k ) is isomorphic to W if kp' > n. 
Analogously, if m > k , mp > n and either n < (m — k)p f or 



then M(W™ 



, . x , m — k 

n > [m — k)p , > 

n 



W k ) is isomorphic to W 



p,unif ’ 



P- 2 
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We finish by stating a direct but important application of Corollary 8 to the 
theory of differential operators. 

Corollary 9. Let k and m be integers and let £ m +k(D) denote a differential operator 
of order m+k with constant coefficients. If either k > m andkp' > n, orm > k > 0 
and mp > n then the operator 

wp 3 u C(D)u + 7 (x)u e W~ k 
is continuous if and only if 
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Boundary Variational Inequalities 
in the Theory of Interface Cracks 

David Natroshvili and Wolfgang L. Wendland 



Dedicated, to the memory of Professor Dr. Erhard Meister 



Abstract. We formulate three-dimensional interface crack problems in terms 
of Signorini conditions. With the help of potential theory we reduce these to 
variational inequalities which are employed on the two-dimensional boundary 
of a domain occupied by two homogeneous elastic anisotropic bodies. For the 
boundary variational inequalities, we prove uniqueness and existence. For a 
corresponding boundary element Galerkin approximation we also show con- 
vergence and asymptotic error estimates. 



1. Introduction 

Signorini contact problems as well as crack problems have been extensively studied 
for homogeneous elastic bodies (see [1], [14], [15], [19], [23], [26] and the references 
therein). There, the main tools to investigate these problems are the theory of 
spatial variational inequalities and convex analysis. In this framework, uniqueness 
and existence theorems have been proved and regularity properties of the solutions 
have been established in various function spaces. 

The purpose of this paper is to formulate static three-dimensional interface 
crack problems in terms of Signorini conditions and to reduce these to boundary 
variational inequalities on the two-dimensional boundary surface of a domain oc- 
cupied by piecewise homogeneous elastic anisotropic material. Then also standard 
crack problems are particular cases of these interface crack problems. The corre- 
sponding spatial variational inequality (SVI) (see also [12]) will be reduced to an 
equivalent boundary variational inequality (BVI). Uniqueness and existence for the 
solution of the BVI will be obtained and a boundary element Galerkin procedure 
will be presented along with an a priori error estimate. 
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It seems to us that our analysis could be extended to time harmonic loading 
in combination with the solution’s explicit construction given by E. Meister and 
F.O. Speck in [29]; but this is yet to be done. 

The formulation of the interface crack problem in terms of Signorini condi- 
tions avoids overlapping of the contacting materials in the contrary to oscillatory 
asymptotic behavior of solutions near to the crack edges in the linearized modelling 
(see [2] and the references therein). A similar approach for the Signorini problem 
in the isotropic case was considered in [18], where an unilateral boundary value 
problem is reduced to a BVI in combination with a singular boundary integral 
equation. Related problems such as contact between elastic and rigid bodies with 
friction are discussed in [9], [10] and [11] (see also the references therein). 



2. The spatial variational inequality 

2.1. Notations and preliminaries 

Let two elastic homogeneous anisotropic bodies occupy two different compact re- 
gions Qi = flf C R, i = 1,2, with boundaries Si = By = R 3 \ 
we denote the corresponding exterior domains. For the corresponding elasticity 
constants C^j pq we assume symmetry [15]: C^j pq = C[ 



pqkj = c jkpr We consider 



linearized elasticity, where the stress } and the strain tensor are related 

by Hooke’s law, 

<45(“ W ) = c kjp q £ pq ( u(i) )> £ k] ( u(i) ) = 2-1 ( d kuf + dj u( k) > 
k = 1,2,3, i = 1,2. 

Here denotes the respective displacement vector and dk := 

0 ^. We shall employ the Einstein summation convention, unless stated otherwise. 
The subscript T denotes transposition. The symmetric form 

e«) („<•>, „<•>) : =4> (»<•>) 4> („<■>) =c«„42(„"))45(»'") 

defines the density of virtual work. Then the density of potential energy corre- 
sponding to the displacement field is (wW,w^) . The energy density is 

supposed to be positive definite in the symmetric variables (cf., e.g., 

[15]), i.e., 

E® (u (d ,u (i) ) > eg (u w ) eg (u w ) , i = 1,2, (2.1) 

where are positive constants. By T^(d x ,n(x)) we denote the stress operator 
acting on a surface element of Si associated with the exterior unit normal vector 
n — (ni,ri 2 ,n 3 ), which defines the stress vector 

T (i \d x ,n(x))u {i \x) ^ = <rg (« (0 ) rij{x) = C^ jpq nj[x) d q u^\x) . 
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By £T a (fi+), Hfi )C (Q, i ) and H oc (dflf) we denote the real Sobolev-Slobodetski 
spaces with a G R (see, e.g., [25], [35]). For an open submanifold S* C 5*, we 
denote by H a (S*) the subspace H a (S*) := {p | <p G H a (Si ), supp </? C 5*}, 
while H a (S*) denotes the space of restrictions of functions from H a (Si) to S* : 
H a (S*) := {r\s*(p | ip G LT^fySi)}, where r\s* stands for the restriction operator 
to 5*. 



2.2. Formulation of the contact problems 

Let the domains ffy and Sfy have a common boundary part S c C Si for i = 1,2, 
where the elastic bodies ffy and CI 2 may have contact. Moreover, let Si \ S c be 
divided into the two disjoint parts S? and , where all the three subsurfaces 5 C , 
S? and S^ have positive measures, satisfying 

^nsf = 0, (S 1 \S~ c )n{S 2 \S~c) = Q. 



The union ify Uf^ can be considered as a piecewise homogeneous anisotropic body 
with the interface S c . Then the weak, variational form of the generalized interface 
crack problem reads as follows: 

Problem (P) Find a pair of vector functions G iLfyffy) x 

satisfying 

o 

(i) the equilibrium equations in Qi for all G H and i = 1,2, 




• dx + 




dx — 0 ; 



(2.2) 



(ii) the Dirichlet condition 



u 



W 



(x) 



+ 

= 0 



for x G S[* ; 



(2.3) 



(iii) the Neumann condition on S q 



N 
i ’ 



,,1 + 



1>) =(gW,ip) s „ for all ip £ H^(S ^ ) ; 
J Sf / 



(iv) the interface conditions on S c , 
1 + 



u^^(x) • n^(x) 



+ 



i/ 2 )(x) • n^ 2 \x) 



1 + 



< 0 for all xE.S c 



v) >0, for all v G H 2 (S c ) with v < 0; 



= 0 ; 



T (1) u (1) -n (1) 


+ 




+ 

+ 


u ( 2 ) . n ( 2 ) 


- 


Sc ’ 




s c 


- 



c / 5 C 



^ T (i) u (i) - n (i) (T (i) u w • nW j + ,ip^ = 0 
for all ip € H 5 (S c ) with ip ■ = 0 . 



(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 
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The symbols [ • ] ± denote the traces on Si from Q,f. By (x) we denote the 
unit outward normal vector to Si at the point x e Si, and /W = (fi\ f 2 \ f^) T £ 
L 2 (Qi) and = (g[ l \ g 2 \ # 3 ^) T £ H~i(S^) are given vector functions. By 
(• , ’) s c and (• , -) s n we denote the duality brackets between the spaces H~^(S C ) 

and H%(S C ), and H~^(S^) and H^(Sj^), respectively, which extend the L 2 (Si) 
scalar products. 

Conditions (2.3) show that the bodies are fixed along the subsurface SiUS®, 
while (2.4) shows that the bodies are subjected to some assigned surface stresses 
on S? U Sf . 

The Signorini conditions on the interface part S c describe a generalized con- 
tact interaction of the two elastic bodies fii and ft 2 without friction [14] since the 
tangential stresses vanish on S c . Condition (2.5) shows that there is no penetration 
along S c due to (2.8), while (2.7) along with (2.5) and (2.6) implies that at each 
point of S c either there is a gap between fli and fi 2 , where normal stresses vanish, 
or there is active contact between the two bodies on the regions of coincidence (cf. 
[15], [23]). 

If not stated otherwise, we assume that the surfaces Si are C °° -smooth and 
dS f , dSj * , and dS c are C°°-smooth curves. 

Note that, for «W e H 1 ^) and (A^(d)u^) k := djC^dquf G the 

trace belongs to the space H 5 (S,), while, in general, [T (,) (d, ri' ! )) i/ 1 - ] 

is a functional belonging to H~?(Si) determined by duality (see, e.g., [25], [28]) 
from 




Note that if G i7 2 (f^), then all the boundary and interface conditions of 
Problem (P) can be understood in the classical sense, i.e., pointwise. 



2.3. Existence and uniqueness 

Since the variational formulation of the contact problem turns out to be a classical 
minimization problem, let us set 



H(fii,ft 2 ) := jl7 = (u (1) ,u (2) ) T | u (i) G [u (i) ]^ D =oJ, 

K(Qi,ft 2 ) := \u €H(fii,fi 2 ) I U (1) -n (1) ] + + [u ( 2 ) -n ( 2 ) l + < ol . 

I L J S'c L J S c J 



Further, for arbitrary U , V G H(fii,fi 2 ) we put 
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Evidently, H(fii,fi 2 ) is a Hilbert space with the scalar product (2.10), and 
K(fti,ft 2 ) is a closed, convex, nonempty cone in 
We introduce the bilinear form 



B(U,V) :=B (1) (u (1) ,tj (1) ) + E (2) (u (2) ,v^ on (H(ni,n 2 )) 2 (2.11) 

with 

B (i) (it (i) ,v (i) ) := J E (<) (u (i) ,v (i) ) dx. (2.12) 

With Korn’s inequality for both the bilinear forms (see, e.g., [14], [32]) it 

follows that B(-, •) is continuous and coercive on (H(f7i,^2)) satisfying 

\B(U,V)\ < ci ||£7|| H ( nij n 2 ) H^ r |lH(n 1 ,n 2 ) and 
B(U,U)>c 2 \\Uf H{nuQ2) 

with ci,c 2 > 0. From Green’s formula we get 
2 



(2.13) 



B(U, V) = - { j aW ( d)u (i) ■ v « dx-^ T (i )u (i) 

i= 1 o 



« 



} (2-14) 



for arbitrary 17, V G H(ni,fi 2 ) and A^\d)u^ 
on H(fli,fi 2 ) the continuous, linear functional 



G L 2 (ni). Further, we introduce 



nv) :=V( 



^ l 

i = 1 



,w 



s" 



j / (i) • x (,) dx} 



(2.15) 



and the energy functional 

J(U) := iB(C/,C/)- ^(£7) for£7GH(fii,fi 2 ), 
to formulate the following minimization problem: 



Find the minimum Uo G K(fii, fi 2 ) of the energy functional 

J ™ = uA W J{U) ' (216> 

This quadratic minimization problem (2.16) is equivalent to the spatial variational 
inequality (see, e.g., [14], [17]): 

Find U G K(f2i,fl 2 ) such that 

B(U, V — U)> T{V — U) for all 7 gK((1i,(1 2 ). (2.17) 

Clearly, the variational inequality (2.17) is the equivalent to Problem (P). The 
unique solvability of the SVI in (2.17) follows from the coerciveness property of 
the bilinear form £?(•,•) on (H(fii,fl 2 )) 2 and the general theory of variational 
inequalities in Hilbert spaces [36, Section 25.8.] (see also [8], [14], [17, Ch. 1, 
Theorems 2.1 and 2.2]). Thus, there holds the following assertion. 
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Theorem 2.1. Let G £2(^2) and G H~ 1 ^ 2 (S^) be given. Then the SVI 
(2.17) has a unique solution which also defines the unique solution to the interface 
crack problem (P). 



3. Reduction to the boundary 



3.1. Potential operators 

From now on we assume that the volume forces are zero, i.e., /M 
spatial variational inequality (2.17) takes the form 



0. Then the 



B(U,V-U)>J2 

l—\ 



(0 






1 + 
s? 



(3.1) 



Our goal is to reduce the SVI (3.1) to a boundary variational inequality which 
lives on the manifold S 1 US 2 only. Since (d x )u^ ( x ) = 0 in the displacement 

field can be represented in terms of boundary potentials for iG^ (see [24] ) : 



u {l \x) = 1 ) (x) - DL^ 






+ 
J Si 



(x) 



(3.2) 



where DL W and SL <1> denote the double- and single-layer potentials, respectively, 



DL { 



°W(*) == J [T (t) (dy,n®(y)) r»(® - y) ] T h{y) dS y , 

Si 

i} (h)(x) := J r (i) (x - y) h(y) dS y for x e R 3 \ 



(3.3) 



Here h is some vector- valued density function, and T^ is the fundamental matrix 
of the operator A^\d x ) (see e.g. [30]), 



r (i \x) 




x G \ {0}, 



where A^(£) = C^ pq fjf q and a(x) = [a^] 3x3 is an orthogonal matrix associated 
with x, with the property a T x = (0,0, |x|) T , and 77 = (cos <p, sin <p, 0) T . 

The properties of the potentials in (3.3) and corresponding boundary integral 
and pseudodifferential operators in the Holder (C fc+a ), Bessel potential (H p ) and 
Besov ( B p q ) spaces are studied in, e.g., [6], [7], [13], [21], [24], [27], [28], [31], (see 
also [3], [4], [5], [34], where the coerciveness properties of the boundary operators 
and also the case of Lipschitz domains are considered) . 

In what follows, we need some of these well-known results which we now shall 
recall. 
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Theorem 3.1. [24], [30] Let k > 0 be an integer and 0 < 7 < 1. Then the operators 

SL {i) : C fc+7 (5i) -» C' fe+1+7 (fif) , DL {i) : C k+1 (Si) -> C k+1 (ttf) (3.4) 

are bounded. For any g G C k+1 (Si) and any x G Si, the following “jump relations” 

are valid: 

'5L«( 5 )(x)] ± = V ( - l) g(x), (3.5) 

(d x ,nW{x)) 5L«( 5 )(x)] ± = [±±J 3 +£W*] S (a;) (3.6) 

‘dL^X*)]* = [t|/ 3 + /C«] 5 (x), (3.7) 

r«(^,n«(x)) DL«( ff )(x)] ± = -P« 5 (x), fc>l, (3.8) 

where for x £ Si and Si smooth, V^g(x) and lC^h(x)are defined by Cauchy 
principal value integrals in (3.3), and where 

D (z) g(x) := - lim T w (d z , (x))DL {i) {g){z) . (3.9) 

3z^x£Si 

/C^* zs the adjoint to /C^. 

Theorem 3.2. [3], [4], [7], [22], [34] For s 6 R, the operators in (3.4) can 6 e 
extended by continuity to bounded linear mappings: 

SL (i) : #-*($) fr + 1 (fi+) and [#-*($) H^(Qr )] , 

: H s+ i(Si ) -> JT+W) and [H s+ *(Si) - fff+ 1 («“)] • 

The jump relations (3.5) -(3.8) on 5* remain valid for these extended operators. 

Theorem 3.3. [7], [22] Let k > 0 be an integer, 0 < 7 < 1, and s G R. Then the 
operators 

V<‘> :C fe+7 (S)) — > C fe+1+7 (5i) and H s ~i(Si) -*■ #"+*($)> 

: C fe+7 (5j) -> C ,fe+7 (5 i ) and TF+^S;) -► ff i+ 3(5i) , 

: C k+1+ ~< {Si) ^ C k+ ~< (Si) and H s+k (Si) — > H 8 ~^(Si) 

are bounded. In addition, the following solvability properties are valid: 

i) The operators 4=^/3 4- K,^ and 4=^/3 4- /C^)* are mutually adjoint singular 
integral operators of normal type with index zero and also are strongly elliptic 
pseudodifferential operators of order zero. The operators and are 
strongly elliptic self-adjoint pseudodifferential operators of order —1 and +1, 
respectively. The operators ^3 — and |/3 — /C^* are invertible. 

ii) T/zese operators satisfy the following Calderon projector identities: 

= i / 3 — (£W) 2 ; x»(i)vW = i/ 3 -(/cW*) 2 . 



(3.10) 
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iii) The operators and are non-negative , i.e., 

(v^h, hj >0 for all h £ (Si) with equality only for h = 0 , 
'D^9i9/ > 0 f or 9 £ (Si) with equality only for 

g £ ^ft(Si) = { [a x x] + b]+ | a , b £ M 3 } , (3.11) 

i.e., the 6-dimensional space of the traces of rigid motions. 

iv) The kernels 0/^/3 + /C^ and are grren &?/ ^(S*)* 

Theorem 3.4. [3], [4], [16], [22] Le£ / £ Hi (Si) and h £ H~i(Si) be related by the 
boundary integral equation 

|/ 3 +/C (i) l f = V {i) h. 

Then there exists exactly one displacement field £ H 1 (fi+ ) which satisfies the 
equilibrium equations (d)u^(x) = 0 in , and has on Si the Cauchy data 
= /> [T^ (d,n^) + = h. Moreover, thenV^f= [\h — /C^*] h. 

Further, H^(Si) := {(/? £ H r (Si ) | (ip,x)si = 0 for all x £ ^(S^)} is a closed 
subspace of any of the Hilbert spaces H r (Si) with r £ M. 

Theorem 3.5. [3], [4], [21], [34] 

i) There exists a positive constant such that 

(v (i W) c for all ip G H~%(Si). 

\ f Si ti 2 

ii) pW (jTi(Si = P* 2 (Si), where is given by (3.9). There exists a posi- 
tive constant 5^ such that 

s > 4 s) \\<f\\ 2 H i {Si) for all ip e Hf(Si) 
and V^ l) : Hi (Si) — * #* 2 (Si) is an isomorphism. 

We will also need some mapping and coerciveness properties of the Steklov- 
Poincare operator defined by 

r i r i-i r i ( 3 - 12 ) 

= D W + p 3 + /C w * V w p 3 + £ w 

in view of (3.10). 



M (i) := [v (i) l \\h + K (i) = \h+K {i) *\ V (i) 
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Lemma 3.6. [16], [20], [34] The operator : H^(Si) — » H~i(Si) is a bounded, 
positive, self-adjoint and strongly elliptic pseudodifferential operator of order +1 
with 



ker = kerD^ = ker 



|/ 3 + /C« 






There exists a positive constant 






such that 




> for all if G Hi {Si). 



Moreover, 

M (i) (H*(Si)) = Hi 1 (Si) 

and the mapping : Hi {Si) — > H t 2 {Si) is an isomorphism. 



3.2. The boundary variational inequality 

For every solution of the homogeneous differential equation in f^, we recall 
the Steklov- Poincare relation between its Cauchy data, 



\h + IC (i) 






,1 + 



= y(0 



J Si 



(3.13) 



which implies [u^]^ with the Steklov-Poincare operator 

M (i) . 

In order to formulate the boundary variational inequality, we introduce the 
trace space 

H {S U S 2 ) ■■= j*= (<^ (1) ,^ (2) ) T | ^ €Hl{S?\JS c ) 

and the cone 

K(S u S 2 ) := {$ e H(5i, 5a) I <P {1) • n (1) + ¥> (2) • n (2) < 0 a.e. on S c } . 

For the pairs $ = {p^ , <p ( - 2 ' ) ) T and 4/ = € H(Si,S 2 ) we define the 

scalar product 

<*'*>"<*•*> ■■={« (I} ^')„ i(St +{« m ^ , )„ ilSl> 

and the induced norm ||^||h(S'i, 5 2 )» respectively. 

By employing the Steklov-Poincare operators, we define the bilinear form 



:=^2{M {l) <p (h) i) {l) ) Si for eH(SuS 2 ) ■ 



(3.14) 



i = 1 



Due to Lemma 3.6, the bilinear form Bf, •) is bounded and coercive, i.e., 

|S($,^)| < ||^||h(Si,5 2 ) H^IIh(5i, 5 2 ) an< ^ (3.15) 

B($,*)>k 2 ||*|Ih (Si> s 2) for all $,$eH(5 ll S 2 ) (3.16) 
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with some positive constants ^ 1 ,^ 2 - Further, let (cf. (2.15)) 

where and G fH(Sf U5 C ). 

Now we formulate the following boundary variational inequality: 

Find 4> £ K(S'i,S f 2 ) such that 

B ($,«-$) > - $) for all $ G K(S u S 2 ) . (3-18) 

Then the following theorem establishes the relation between the spatial and the 
boundary variational inequalities. 

Theorem 3.7. The spatial variational inequality (3.1) is equivalent to the boundary 
variational inequality (3.18) in the following sense : 

(a) If U — (u^\u^) T is a solution of the SVI (3.1), then 
$ := ( , [' u ^ 2 ^ 5 2 ) solves the BVI (3.18), and 

(b )if$:= is a solution of the BV7(3.18), then U = 

with wW f or x £ Qi represented by 

«W(: r) = SX (i) (Al (i V (i) ) (x) - DL® ([^ (i) ] s ) ( x ) (3-19) 

solves the SVI (3.1). 



Proof, (a) Let U = (u ( - 1 \u^) T e K(fti, ft 2 ) be a solution to the SVI (3.1), 
and := . By the representation formula (3.2) and the corresponding 

Steklov-Poincare relation (3.13), can be represented in the form (3.19). For 
arbitrary V = (f/ 1 ), i/ 2 )) T £ K(fli,f22) we have 4/ = £ 

K(5'i,S , 2). Now, from (3.1) with the help of Theorem 3.4, and equalities (2.11), 
(2.12), (2.14) and (3.13) we get for U and every V £ K(f2i,f2 2 ): 






B(U, V-U) = Y^ ^ [T {i) u {i) ] * , 



= ( a < ( W* - > £ (#, - P ( ' 



From this inequality, the statement (a) follows since the trace operator 
r : K(fli,fi 2 ) —> K(5i, 52) is surjective and, thus, (3.20) holds for arbitrary 

* = ty (1 >,i& (2) ) T £K(5 i,5 2 ). 

(b) Now, let $ := (tp™ ,tp<- 2) ) T solve the BVI (3.18) and U = (u^,u^) T 
be given by formula (3.19). By Theorem 3.4 we then conclude that ]^ = tp^ 
and [T« u (d]+ =^(0^,(0. 
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Clearly, for arbitrary 4/ = (t/^L^C 2 ))" 7 E K(5i, 52) there exists V = 

such that V E K(fli,Jl2) and = ip^ . Note that to any ip^ the corre- 



sponding vector is determined up to any element from the space H 1 (Q{). By 
virtue of Theorem 3.4 and equation (2.14), we derive the relation 

2 



B ($, * - $) = ]T V°, ^ (0 - } = B(U , V - 17) 



2=1 



2=1 1 2=1 



7 W 






- + 

- S? 



As a consequence, we obtain the statement (b) since V involved is an arbitrary 
element of the cone K(fii, f^)- □ 

Now we collect the previous results of Theorems 2.1 and 3.7 to formulate the 
main existence result for the BVI (3.18). 



Theorem 3.8. The BVI (3.18) is uniquely solvable . If $ := <^ 2 )) T is a solu- 

tion to (3.18), then U — (u^\u^) T given by (3.19) solves the interface problem 
with f^ = 0 and given g^ E 



Remark 3.9. Assume that E L 2 (S^) and let $ be the corresponding solution 
of the BVI (3.18). Then one obtains the estimate 



$00 


< k 2 1 ( 


5 (1) 


+ 


</ 2) 




H(Si,S 2 ) V 




i2(S") 





3.3. Some remarks concerning domains of less smoothness 

Now we discuss whether our treatment of the interface crack problem (P) remains 
valid if the smoothness conditions on Si are relaxed. 

3.3.1. First, let us assume that 

S i ec r+1 ' 1 , dSP,dS? l ,dS c €C r+1 ’ 1 (3.21) 

where r > 0 is some integer. In this case we can still apply the presented approach. 
Note that for such surfaces, the spaces H s (Si ), H S (S*) and H s (S*) are well defined 
provided \s\ < r + 2 and S* E {S? , 5^, S c } (see [32]). To formulate the interface 
problem (P) we have to employ the regularity E C r,1 (Si) of the normal vector 
fields. We also need the following technical property related to the product rule. 

Lemma 3.10. Let S * E {Sf,Sf,S c } and <p E fH(S*), ip E x G 

C 0 ’ 1 ^). Then(p X eH^(S*) and iP X E H~* (5*). 



In fact, all the arguments in Subsection 2.2 remain valid. Moreover, the map- 
ping properties of the potential operators and corresponding boundary operators 
described in Theorems 3. 2-3. 5 and Lemma 3.6 remain valid in Bessel potential 
spaces in the range — r — 1 < s < r + 1. Therefore, if (3.21) is assumed, then 
Theorems 3.7 and 3.8 remain valid as before and assure the equivalence of the 
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BVI (3.18) and the interface problem (P) along with the corresponding existence 
and uniqueness results. 

3.3.2. Now, let us require that Si are just Lipschitz surfaces and S?, 5^, and S c 
are Lipschitz submanifolds with Lipschitz boundaries, i.e., 

Si e C°’\ dSP, dS? , dS c e C 0 ' 1 . 

In this case, the domains are Lipschitz domains (see, e.g., [32]). Note that now 
the fields of normal vectors to the surfaces Si satisfy the inclusions £ 
Loo(Si). Then for ^ H 1 ^) we have £ H^(Si) and £ 

H~i(Si). However, in general, [-u^]^ • ^ H^(Si) and + £ 

(Si) and conditions (2.6)-(2.8) are not well defined. Therefore difficulties arise 
for Lipschitz domains, even in the weak interpretation of the interface conditions 
( 2 . 6 )-( 2 . 8 ). 

Nevertheless, the functional T{y) in (2.15) and the spatial variational in- 
equality (2.17) still is well defined. The bilinear form H(-, •) is bounded and coer- 
cive on (K(f2i, SI 2 )) 2 , i.e., the inequalities (2.13) are satisfied. Consequently, the 
spatial variational inequalities (2.17) and (3.1) are still uniquely solvable. 

On the other hand, the properties of potential operators and the correspond- 
ing boundary operators in Bessel potential spaces as in Theorems 3. 2-3. 5 and 
Lemma 3.6 remain valid within the range — \ < s < This case was treated in 
[3], [28]. Therefore the boundary variational inequality (3.18) is well defined. As be- 
fore, Theorem 3.7 holds and establishes the equivalence between the SVI (3.1) and 
the BVI (3.18), providing the existence and uniqueness results for the BVI (3.18). 

Note that in the case of Lipschitz surfaces, of course, the operators V^, KS l \ 
/CW*, and ©W are generalized, strongly singular integral operators, rather than 
pseudodifferential operators (see [3], [4], [5], [34]). 

With the same arguments as in Section 2 we can show that if u ^ and u ^ 
are defined by the SVI (3.1) or by the BVI (3.18) (see Theorem 3.7), then condi- 
tions (2.2)-(2.5) of the interface problem (P) are fulfilled, but we cannot conclude 
anything concerning the conditions (2.6)-(2.8) (due to the above-mentioned non- 
smoothness property of the normal vector n^). However, if Si is Lipschitz and 
piecewise smooth such that S c £ C 1,1 and £ C 0,1 (S c ), then with the help 
of Lemma 3.10 we can show that the conditions (2.6)-(2.8) are satisfied as well. 
This proves that under the above additional restriction, i.e., when Si is a piecewise 
smooth Lipschitz surface with a smooth component 5 C , the interface problem (P) 
(with /W = 0), the SVI (3.1), and the BVI (3.18) are equivalent to each other 
according to Theorems 3. 7-3. 8. 

The traditional Dirichlet and Neumann boundary value problems in isotropic 
linear elasticity for the limiting case s = are considered in [5] on the basis 
of harmonic analysis techniques. There the Fredholm properties of the operators 
±|/ 3 + /C^ and + /C^* and their invertibility in ^(S^) are established. 

However, in the case of general homogeneous anisotropy and s = even the 
Fredholm properties of these operators are still not justified. 
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4. Galerkin approximations 

We now use H/^Si,^) C H(5 i,S 2), a family of finite-dimensional subspaces 
with diminishing meshwidth h given by a sequence of boundary discretizations, 
and define by 



K„(Si,S 2 ) :={*/,= eU h (S 1 ,S 2 )nK(S 1 ,S 2 )} 

convex, closed, nonempty finite-dimensional subcones. Then an element $>h £ 
K/i(*Si, S 2 ) defines an approximate solution of the BVI (3.18) if 

~ *h) > H^h ~ $h) for all 9 h £ K h (S u S 2 ) (4.1) 

with B and T given by (3.14) and (3.17), respectively. 

Existence and uniqueness for the approximate solutions to the BVI (4.1) are 
due to convex analysis and follow from Theorems 2.1 and 2.2 in the monograph 
[17]. Thus, for every h > 0, the BVI (4.1) has a unique solution <fv 

Theorem 4.1. Let 4> £ K(Si,52) be a solution to the BVI (3.18) and $h £ 
K/ l (5'i,S , 2) be a solution to the BVI (4.1). 

Then, due to Ceea ’ s lemma, we have the a priori error estimate 

II^ - ^IIh(Si,s 2 ) (4*2) 

£ ,^L S „ {“*- + B <*- ** - - *>} • 

where Co is a constant independent of $, and . 

Proof. For the proof use coerciveness (3.16), insert ^ h € K^, use continuity 
(3.15) and employ the variational inequalities (3.18) and (4.1); finally, exploit 
linearity of T . □ 

The continuity of B and of T implies the following consequence. 

Corollary 4.2. Let and be as in Theorem 4.1. Then 



II* -‘Mh ( S l ,S 2 ) 

- Cl *„ € k I $ 1 ,5 2 ){ II$ ”^ II «( S 1’ S 2) + II*IIh(Si,S 2 )II*/i - *I|h(Si,S 2 ) 



E 9 ,a 



i — 1 



\H~ 2 (Sf ) 






where c\ is a positive constant independent of <f>, 4^ and . 
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To the memory of Professor Erhard Meister 



Abstract. We consider the limiting absorption principle for a self-adjoint sec- 
ond order difference operator on the discrete half-space 12+ — {x G l n : x n > 0}. 
A characteristic feature of difference operators considered in the paper is the 
fact that their coefficients stabilize at infinity to functions depending on the 
single variable x n - Such a statement is often needed in applications, for exam- 
ple, in problems involving the propagation of waves in perturbed stratified 
media and their difference approximations. 



1. Introduction 

The main aim of the paper is the limiting absorption principle for self-adjoint 
second order difference operators acting in functional spaces on the discrete half- 
space 1+ = {x E Z n : x n > 0}. Note that the difference approximation is a very 
important and effective tool for the numerical analysis of problems of the acoustic 
waves propagation in perturbed stratified fluids (see for instance [22]). A char- 
acteristic feature of difference operators considered below is the fact that their 
coefficients stabilize at infinity to functions depending on the single variable x n . 
Such a statement is often needed in applications, for example, in problems involv- 
ing the propagation of waves in perturbed stratified media (see for instance [2], 
[22], [19], [20] and references given there). The limiting absorption principle and 
spectral properties of operators of boundary value problems for partial differential 
operators describing the acoustic wave propagation in perturbed stratified media 
were studied in many papers (see for instance [3], [4], [7], [17], [18], [19] and refer- 
ences cited there), but similar questions for the difference models of such problems 
have not been studied earlier. Note that there are essential technical distinctions 
between the continuous and discrete cases. 

The other aim of the paper is the proof of the applicability of the finite 
sections method [9] for the numerical solution of problems under consideration. 

The paper is organized as follows. Section 2 of the paper is devoted to the 
spectral decomposition and limiting absorption principle for a difference acoustic 
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operator which is characterized by the sound speed and density depending on the 
single variable x n only. In Section 3 the limiting absorption principle and Fredholm- 
ness of perturbed operators are studied. Section 4 is devoted to the applicability 
of the finite section method [9] for the approximation of difference equations on 
Z+ simulating the process of wave propagation in a perturbed stratified medium 
by a finite system of linear equations. 



2. Difference acoustic operator in a stratified half-space 

2.1. Notations 

We denote the discrete half-space by Z+ = {x = (aq, . . . , x n ) £ Z n : x n > 0}. If a 
is a positive function on Z™ we denote by Z 2 (Z™, a) a Hilbert space with the scalar 
product 

(u,v)i 2( Z n a) = ^2 a(x)u(x)v(x). 

xezi 

If a(x) = {x ) S , where (x) = (1 + l^l 2 ) 1 / 2 ,# G K we will use the notation Z 2 (Z") 
and l 2 {ZD for S = 0. We set 

where Tj is the shift operator 

Tjf{x) = f(x - ej),ej = (0, . . . , lj , ... ,0), t* f{x) = f(x + ej). 

We will use the difference analogs of the gradient and the divergence: 

n 

V = (Vi, . . . , V n ) , V* • <7 = (V*,g) = ^ V*#j. 

3 = 1 

In what follows, if X and Y are Banach spaces, then B(X,Y ) denotes the space 
of bounded linear operators acting from X into Y with the uniform operator 
topology. 

2.2. Formulation of the main results of the section 

We consider a difference acoustic operator 

A 0 u+{x) = c 0 (x n )p 0 (x n )S7* ■ (Po 1 (®n)Vu + ( x)),x G Z", (2.1) 

where u+ is the extension by zero on Z n of a given function u on Z™ . We add the 
condition on the boundary Z n_1 to the operator Aq 

u(x f , 0) = 0,x' = (xi, . . . ,x n -i) £ Z n_1 . (2.2) 

We suppose that Co , po are positive- valued functions on Z^ depending on the 
variable x n only, and such that 

Cm = min c 0 (x n ) > 0, p rn = min po(x n ) > 0. 

x n >0 x n >0 

Moreover co(x n ) = c + ,po(^n) = P+ for x n > h > 0. 
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We denote by Ho, n the subspace in l 2 (Z r f,c 0 2 p 0 1 ) of functions satisfying 
the condition 

w(x / ,0)=0,x / GZ n - 1 . 

It is easy to check that the operator Ao generated by difference expression (2.1) 
and boundary condition (2.2) is a self-adjoint and nonnegative operator on Ho, n - 
We will denote the resolvent of Ao by i?o(C) = (Ao — CO -1 * 

The following theorems are the main results of this section. 

Theorem 1. 

(i) The spectrum of Ao coincides with the segment [0,4c+n]. 

(ii) For each point A E [0,4c+n] \A = £ , where A is a finite set, there exists a 
uniform limit on each segment in 8, 

R^( A) = lim i? 0 (Ad=ie:), 

£—► + 0 

in the topology of #(/ 2 (Z™), l 2 _ 5 (Z r f)), 5 > 1/2. Moreover Ro(X) is a Holder 
function on £ with values in B(l 2 (Z r f),l 2 i s (Z r f)), 5 > 1/2. 

Remark 2. The set A will be indicated below. 

Theorem 3. Let A E £, 5 > 3/2, / E / 2 (Z™) and let one of the following conditions 
hold: 

3(i? o yA)/,/) Hon =0. (2.3) 

Then the other condition holds also, and 

R+(X)f = Rq (A)/ € l 2 (Z n + ). 

Moreover for each segment [a,b\ C £ there exists a constant C > 0 such that 
-P] ||i?J(A)/|| p(z „ ) < C'||/||;2 (Z n ) 

for all functions f satisfying (2.3). 

2.3. Difference operator on the half-axis and its spectral properties 

We associate with the operator Ao a difference operator on Z+ = {y e Z : y > 0} 
depending on a parameter fi E C 

Lo{n)v(y) = cl{y)p 0 {y)V* ■ {pq 1 (j/)Vu+(i/)) + pcl(y)v+{y), y € Z+ (2.4) 
with the boundary condition 

v(0) = 0. (2.5) 

As above v+ is the extension by zero of the function v given on Z + . 

Below we will give some spectral properties of the operator L(/i) following the 
paper [15], see also the books [1], [10]. These properties are similar to the property 
of the Sturm- Liouville problem on the half-axis (see, for instance, [13], [5]). Note 
that the detailed analysis of the Sturm- Liouville problem on R connected with 
wave propagation problems in stratified fluids was presented in the book [20] . 
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It is easy to obtain the following estimate 

4 ^ IMIho.i ^ (MmK v) Ho .i ^ ( 4 + /*) 4 IMIh 0 ,i ( 2 ‘ 6 ) 

which implies that the spectrum of Lo(aO belongs to the segment [c^/i, (4 + fi) c+] . 

We will describe the structure of eigenfunctions and generalized eigenfunc- 
tions of the self-adjoint operator Lo(/i) in a convenient form in what follows. The 
definition of generalized eigenfunctions of a self-adjoint operator can be found 
in [5],%but we need a concrete form of generalized eigenfunctions, which will be 
presented below. 

Let if = if(y, a, /i) be a solution of the equation 



L o(v)ip(y, <*> M) = mMs/, a,n),y £ [0, h ] (2.7) 

satisfying the initial conditions: 

ip(0,a,fi) = 0, ,a,n) = 1 



where 

A (a, /a) = (4 sin 2 a/2 + /i) c+, a e [0, 7 r]. (2.8) 

Such a solution exists, is unique and depends analytically on the parameters 
a, /i. Let a G (0, 7r), /i E [0, oo). Then the general solution of the equation Lq(/x)^ = 
A(a, jj)if for y > h has the form 

*Kv,a,n) = C + (a,/i)e to (»- h > (2.9) 

where C±(a,/j) can be found from the conditions: 

tp(h,a,fi) = C+(a,n)+C-(a,fj,), 

V>(/* + l,a,n) = C+(a,n)e ia + C-{a,y)e~ ia . 



It implies that 



C±(a,n) = ± 



if(h + 1, a, /i) — if(h, a, jii)e Tta 



( 2 . 10 ) 



2z sin a 

The function if(y,a,^) is real-valued and, for y > /i, can be written in the form 






We set 



where 



if(h, a, /i) cos a(?/ — h) 

ib(h + l,a, n) - ip(h, a, u) cos a , lX 

+ — ^ — v - ■ sin a(y -h) 

sin a 



Vo (y,a,n) 



1 






( 2 . 11 ) 



(ip 2 (h,a,fx)) + 



if(h + 1 , a, /i) — if(h, a, //) cos a 
sin a; 



2 



1/2 



( 2 . 12 ) 
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By means of simple calculations one can check that the family ipo(y, a, / 1 ) has 
the following properties: (i) it satisfies 

u(a,n) = (u(-),y>o{-,y,a OWi € L 2 (( 0, 7r)) 

for every u G Ho,i, (ii) the system /f),a G (0,7r) is orthonormal in Ho,i, 

that is, for every / G C^°((0,7r)), 

( [ a , n)da, I*)) = /(/?),/? G (0, it) 

\Jo / H 0) i 

Thus the family (*,<*, /x),a G (0,7r) is a system of generalized eigenfunctions of 
Lo(/x) according to the definition in the book [5], Section 1.2. 

Let a — i(3,l3 > 0. Then the function (/?(•, i/3, /x) defined on Z + as 







0 <y< h > 

C + {iP,y)e~^ v - h \y > h 



is an eigenfunction of Lq(/x) if and on ly if is a solution of the dispersion equation 



CL (i/3, /x) = ^(/M = /(/» + = 0. (2.13) 



This equation has a finite number of positive solutions /3j(p),j = 1, . . . , fc(/x) such 
that the eigenvalues of Lo (/x) are given by the formulas 

A j (fj) = A (i/3j , n) = (-4 sinh 2 fy /2 + /x) c+ 
and the normed eigenfunctions of Lq (/x) are: 



where 






1 f ip(y,i0j,n),y G [0,/i] n Z, 
M j(y) l C'+( i /5,M)e _ft(y_ ' l) ,y G (fc.oojnz, 



Mi (A*) = 



a 

X Co 2 (m)p 0 (m) |^(m,i^i,/i)| 2 + c+ 2 p+ 

v m=0 



? AO 

1 — 2/3j(/x) 



1/2 



The next proposition (see [15]) describes the spectral properties of Lq(/x). 



Proposition 4. 

(i) The operator Lo(/x),/x G [0, oo) has an absolutely continuous spectrum fill- 
ing the segment [c+/x, (4 + /x) c+] . Moreover , if a G [0,7r], £/ien A(o;,/x) = 
(4 sin 2 a/2 + /x) G [c+/x> (4 + /x) c+] is a point of the absolutely continuous 
spectrum . 

(ii) The operator Lo(fi ) , /x G [0,oo) /ias a finite set of points of the single discrete 
spectrum A^(/x), j = 1, . . . , fc(/x) such that 

c 2 m y < Ai(m) < • • • < A fe (/i) < 4/i. 

(iii) {v^i (’, /x), • • • , <£&(*, /x)} 6e £/ie orthonormal system of eigenfunctions of 
L{{jl), and {</?o(q Ab a), a ^ (0,7r)} tfte orthonormal system of generalized 
eigenfunctions of Lo(fi). Then the system 

{¥>!(•, m),- • ■ > A 4 )} j {yo(') y,0'),a G (0,7r)} 
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is complete in Ho,i. It means that, if u G Ho,i and 

u 0 (fi,a) = (u,if 0 (fi,a)) Hoi , ( 2 . 14 ) 

Ujifx) = {u,(pj(fi)) Hoi , j = 

then 




(the Parseval equality). 

It follows from Proposition 4 that the mapping 

: H 0 ,i — > L 2 ((0, 7r)) © C fc 

defined by the formula (2.14) is a unitary operator. 

We say that pj is a critical value of the parameter /a if 

\im Bj(fi) = 0 . 

Hence if p — > pj + 0 then Xj(p) — > fi+Vj and Mj(/i) — » oo. It means that, if 
p — > fXj+ 0, the eigenvalue A j{p) is absorbed by the end of the continuous spectrum. 

It follows from (2.13) that the critical values fij are nonnegative solutions of 
the equation 

^(h + 1, 0, fi) - ^( h , 0, fi,) = 0. 

Note that Xj(fi) G oo)) since it is a simple eigenvalue of the operator L(/jl) 

with C °° -dependence on the parameter (see, [11]). 

It is easy to check that F'^( 0, fij) ^ 0. Hence, applying the theorem on implicit 
functions, one can prove that 0j(/a) belongs C°° in a neighborhood of the point 
Pj. It implies that the eigenvalue A j(p) can be continued to a function of the class 
C“([/ij,oo)). 

Then, applying the well-known mini-max variational principle for increasing 
enumeration aq < • • • < otN < • • • of all eigenvalues of a self-adjoint operator A 
in a Hilbert space H (see, for instance [12], Theorem 4.22 ), which states that 

. ( Ax,x) h 

a; tv = max mm — — , 

s N xes N (x,x)h 

where Sjy is an Wdimensional subspace of H , we obtain that A j(p) is a function 
which increases monotonically on (fij,o o), that is Xj(p) > 0 on (fij, oo). 

But we will suppose that the following stronger condition is fulfilled: 

Aj-(m) > 0,M G [/ij,oo). 
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Note that 



M j x ( m ) ~ c + 



2/W 

p + ip(h,0,Hj) 



1/2 

, n -> Mi + 0. 



Thus 



where f ipj{y, fj) G C°°([/Xj, oo)) for each y e . Moreover for each d > 0 there 
exist positive constants Cj such that 



sup 

[c£,oo) 



dipj{y,p) 

dfi 



— CjV- 



Proposition 5. Let u G Z|(Z+),<5 >1/2. Then for each b > 0 there exists a number 
C > 0 such that: 

(i) 

sup K(a, p)\<C Hullin', ; 

AiG[0,6],aG(0,7r) 6 + 

(ii) 

sup \uj(/i)\ < C \\u 

(iii) 

sup | u 0 (a 1 ,n)-u 0 ( a " , p) \ 

/iG [0,6] 

< C(sin~ 7 a' + sin -7 a”) \ot - a"| 7 IKU^p , 
a', a" £ (0,7r) ,0 < 7 < min {1,6 - 1/2}; 

(iv) LetVj(p) = (u+(-) p))ho } 1 . Then 

MlO ~Vj(p")\ < C'|p'-/i"| 7 ||u + || ; 2 (z „ ) ,p',M" e 6], 

0 < 7 < min {1, 5 — 1/2} ; 

(v) For every b > 0 and £ > 0 there exists a number C £ > 0 such that 

sup \u 0 (a,n') - Uo(oi,fj.")\ < C £ \p' - p"\ \\u\\q {z n) ,p',n" G [0,6] . 

Proof. Statements (i), (ii) follow easily from the estimates: 

sup \<p 0 (y,a,fj)\ < oo, sup |</>j(y,/z)| < oo, j = 1, . . . , k. (2.15) 

x [0,7r] x [0,6] Z^x[/itj,6] 

Let us prove (iii). By differentiating (2.11) with respect to a we obtain the 
estimate 

< -~-,y £ Z”,a € (0,7T) . (2.16) 

sina ^ 

Applying the relations (2.15), (2.16), the Lagrange formula and interpolation we 
obtain the estimate (iii); 



sup 

uG [0,61 



dip 0 {y,a,p :) 



da 
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Statements (iv) and (v) also are proved by applying estimates (2.15) together 

with 



sup 

o:G[e,7r— e],//G[0 ,b] 

sup 

yez 7 } ,ne[iij,b) 



dipo(y,a,(jt) I 



da | 



dfx 



the Lagrange formula and interpolation. 



< C s y, 

< c, 



□ 



2.4. Diagonalization of the operator Aq 

We use the notations: 

m = 4^ sin 2 »(£) = 4 £ sin 2 

k=l k = 1 

The real number t is called a critical value of the trigonometric polynomial /i(£) 
if t — /i(a) and (V/i) (a) = 0. Note that the polynomial /x(£) has a finite set 
/C = {0, 4, 8, ... , 4 n} of critical values. 

Let 



/Cj = {0, 4, 8, . . . , 4 (n — 1)} D {/i G M : /i > fij] , 

A 0 = {0,4c1,8c+,...,4nc 2 + } ,Aj = = 1,...,N 

where N = max {j G Z+ : jij > 4 (n — 1)} , and let A = U^L 0 Aj. 

Note that A zs the set in the statement of Theorem 1. 

We will use the following notations: 

O 0 = (-7r,7r)" -1 x (0,71-) , 

= jf' = (£i,...,£n-i) G (-• 7T,7r)" -1 : /}(£') > /ij,j = 1, . . . , Ar} , 

MO = c 2 +n(0, MO) = j = i,...,N. 

We define a unitary operator 

$0 : Ho,„ - H 0 = ®f =0 L 2 (^) 

acting as 

$o(/) = (/o,/i,...,/iv), 

fo(0 = (2tt) _ V (/(C',-).^o(-,?n,M(0)) Hoi > 

/?■(£') = (2tt)-V (/(^.•)»v , j(-»A(0)) Hoi 



where 
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and /(£',-) is the partial discrete Fourier transform of / 

/(£',•) = (F^/ueV) 

x'ezn-l 

It is clear that <3>o = 4/ ^/)F x /_,^/ is a unitary operator and 

i 0 = ($0 A 0 nmo = (x 0 (o/o,xi(c')/i( 0 ,---^iv(o/iv( 0 ) • (2-17) 

Thus the operator *Ao : Ho, n —> Ho, n is unitarily equivalent to the opera- 
tor Aq = ©jLo^O j : Ho — > i?o, where *4oj are the operators of multiplication 
by the real- valued functions Xj,j = 0,1,..., AT, that is, formula (2.17) gives a 
diagonalization of Aq. 

2.5. Proofs of Theorem 1 and Theorem 3 

Now we are in a position to prove Theorem 1 and Theorem 3. 

2.5.1. Proof of Theorem 1 

Proof, (i) Note that the closure of the set of values of xq is the segment [0, 4c+n] . 




Let Xj r = c\nj. Then 

0 < Af < A j(fi) < c+/i. 

Setting fi = /!(£') in these inequalities we obtain that 

0 < Af < Xj{£) < c+jS(f') < 4c+n. 

Hence all values of Xj(£') are situated on [0,4c+n]. 

(ii) Let E = [0,4c^_n] \A, x £ Cq°(M), 0 < x(t) < 1 and x equals 1 in a small 
neighborhood of the segment [a, b\ C £, and equals zero outside another small 
neighborhood of [a, b\ , (j) = 1 — x- Then 



Ro{\ ± ie) = x(-4o)-R 0 (A ± is) + 4>(A 0 )Ro{\ ± ie). 

It is evident that for A € [a, 6] 

lim 4>(A 0 )Ro( A ± ie) = <t>(Ao)Ro(\) 

£—>•0 

in the topology of S(/ 2 (Z” ), )). Moreover <p(Ao) R q(\) is a C°°-function on 

[a, 6] with values in F(1 2 (ZIJ:), l 2 5 (Z” )), <5 > 0. 

Let f,ge 1/2. Then 



{x(Ao)Ro(X±ie)f,g) H ^ n 



d ° X(t) (Aoo(t)f,g) 



L 

N r 

•§/. 



H 0 ,n 



dt 



t — (A ± ie) 
dj Xif) {•Aoj W/j 5 , )H 0 ,r 

A cr 



(2.18) 



t — (A =fc ie) 
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where do = 4c5j_n, dj = Aj(4(n — 1)), j = 1, . . . , N, 



(A )0 {t)f,g) Ho , n = J 



fo(09o(0da 0 (t) 
r 0 (t) l(Vxd)(OI ’ 

ro(£) = g fio • ><o(0 = t } , 



(2.19) 



dao(t) is the Euclidean measure of the (n — l)-dimensional surface To (t), 



(Aoj(t)f, 9)u 0 ,n 



m) 



Jvjit) l(Vx i )(£')l 
{een J :v j (e) = t}, 



( 2 . 20 ) 



and dcfj(t) is the Euclidean measure of the (n — 2)-dimensional surface T j(t). 

The integrals in (2.18) are Cauchy type integrals and, if their densities are 
Holder functions, then there exist the limits in (2.18) for e — > 0 and these limits are 
Holder functions, see for instance [14]. Hence the statement of Theorem 1 follows 
from the next proposition. □ 



Proposition 6. Let f,g e l?(Z!f.),5 > 1/2. Then 

(i) 



sup 

t 



(x(t)Aoj{t)f,g) H 0 , n ^ C WfWi^z 7 }) ll#llz 2 (zin > ^ — 0,1,..., 



(ii) there exists a constant C > 0 such that for arbitrary t* ,t n G [a, b] 
((x(t')A 0j (t f ) - x(t ff )Aoj(n) f,g) H ^ 

— C\t f — t" | 7 ||/||/2( Z n) ||^||/2( Z n) , 

j = 0, 1, . . . , TV, 0 < 7 < min {1/2, 5 — 1/2} . 



( 2 . 21 ) 



(2.22) 



Proof. 1) First we consider the case j = 0. It follows from the condition: / G 
Z|(Z™ ), 5 >1/2 and Proposition 5 (i) that the function / 0 has a restriction (/o) 
on the plane {£ G QoAk = t} and the following estimates hold: 



sup 

r€[ — 7T,7 t] 



L 2 ([— 7T,7r]' 



2 X [0,7r] ) 




& = l,...,n-l, (2.23) 



SUP ||7nr(/o)|| 

rG[0,7r] 



L 2 ([- 



< 






(2.24) 



The first one (2.21) follows from (2.23), (2.24) by means of a local rectification of 
the surface Tq (t). 

Let us prove (2.22). Denote by ^ a function in Cq°(M) with supp ^ = 
[e,7 r — s] , where 6 > 0 is small. Applying Proposition 5 (i), (v) we obtain the 
estimate 



WWn) (7 hr' (/o) -7 kr" (/o)) IL 2([ _ T , ff] r 
0 < 7 < min{l,£ — 1/2} , t',t" G 



- 2 x[0,jr]) - C \\f\\q(ZD \ T> r T > 

(2.25) 

(— 7T, 7T), j = 1, . . . ,n — 1. 
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The same relation holds with respect to £ n 

||^( T 'b°r' (jo) - (jo) || L 2 ([ _ 7rj7r] n^i ) < C WfWq^n) I t' - r" I 7 ; (2.26) 

r',r" £ ( 0 , 7 r ),0 < 7 < min {1,5 — 1/2} . 

Let 

1p(^n)fo^)go(0 da o(t) 



(<>(*)/, <?) Hon / roW |(Vx 0 )(OI 

(2.22) for (AQ 0 (t)f,g\ , supp^ C [e, 7 r — e] follows from (2.23)- 

V /H 0 ,n 

\Aoo(t)f,g) if the support of 
V / Hn.n 



Then estimate 
(2.26). 

Let us establish the Holder conditions of 

xp is situated in a small neighborhood of 0 or 7 r. 
We set 



MO 


= c\mo = t, 


£(£') 


= p,s» 


F(0,t,p) 


, , n-1 / 

= (2tt) 2 ( 


/(CV 


Wo(’ 


t 


> c + p, p > 0, 






G(0,t,p) 


= (27T)-^( 


W,- 




t 


> C+P, p> 0. 







1 1/2 



(2.27) 



Note that if t is not a critical point of xo(£), then p is not a critical point of 
MO) for p € [c + 2 t — £, c + 2 t], where £ > 0 is small enough. Then the surface = 
{£' : //(£') = p} for such p is smooth and V/i(£') / 0 , £' £ 5 p . A straight application 
of Proposition 5 gives the following estimates 



II ^(*> ^ p) II L 2 (S P ) — C ll/llj^Z™) ^ > 1/2- 
i|F(^ / ,p)-F(.,t",p)|| L2(5p) 



(2.28) 

(2.29) 



— ^II/II/2(Z^) 



\t' - t " | 7 (|c + V - p\ 7 - |c + V - p| 7 ) 



where t" e {t : 0 < c^ 2 t — p<^}, 0 < 7 < min { 1 , S — 1 / 2 } with a constant C 
depending on e > 0 . 

Fix now a function xj) £ Co°(R) with support in a small neighborhood of 0. 
Then 

( A ^ (t) f n\ — f ^(Mfo(^) 9 o^)d(To(t) 

\ oo[ )L9 )u 0 , n ~ Jr °^ K v "o)(OI 



= r 1 d P f 

J C , 2 t — £ j S 



r il>(Z n )F(?,t,p)G(?,t,p)d(T p 



|V*o(OI|V/2(£')l 



(2.30) 



where da p is the Euclidean measure on S p . We can choose e > 0 small enough 
such that V/2(£') / 0 if {£' £ S p : p £ [c+ 2 t — £, c+ 2 t] } . 
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Applying formula (2.29) we obtain estimate (2.22) for \AQ 0 (t)f,g) with 

V /H 0 ,n 

supp^ C [0,£] from (2.30). 

In the same way we obtain estimate (2.22) for ( Aq 0 (£)/, g ) with supp ^ C 

V /Ho,n 

[7T-£,7T). 

2) Let j > 1. We denote by the operator of restriction on the plane 
{£ E = T } • The following inequality 



Tfer (/i) 



L 2 ([-7T,7r] n 2 ) 



<G| 



z 2 (z™) ’ ^ > 1/2? j — l,...,n 1 



(2.31) 



is a consequence of Proposition 5 (ii), (iv), and it implies estimate (2.21). 
Let 

m') = (/«V) ,^(-,A(O))h 0>1 .g ! j -(O = (^O.^FAOW 

Then the property (iv) of Proposition 5 implies that 



ll'iFj)-! lAFj) 



L 2 ([-7r,7r] n 2 ) 



<C| 



I 



0 < 7 < min {1,5 — 1/2} , t',t" E (— 7r,7r), k = 1, . . . , n — 1 
and the same estimates hold for Gj . 

We have /,(£') = VW))f;K'), where & £ C 00 ([/*,-,&]) and #(/*,■) = 
0 7^ 0. It yields that f3j satisfies the Holder condition with the exponent 
1/2, and 



7 ir '( fj ) 7 ir "( fj ) 



L 2 ([- 



F} n ~ 2 ) 



< c 



T — T 



.n 1 7 



ll/llz 2 (Z5 



0 < 7 < min {1/2 , 8 — 1/2} .r', r" E [ — 7r, 7r] , fc = 1, . . . , n — 1. 

Similar relations hold for g. 

The final result (2.22) follows from these estimates by means of a passage to 
the local coordinates on the surface Tj(t). □ 



2.5.2. Proof of Theorem 3 



Proof. Applying the Plemeli-Sockhotski formulas (see [14]) for Cauchy type inte- 
grals in (2.18) we obtain that 

N 

3(*o (A )/>/)h 0 ,„ = ±7t^(A,(A )/,/) H o ,„. (2.32) 

3=0 

It follows from (2.32) that ^s(Rq (A)/, /) H 0 , n = 0 if and only if 9(i£g (A)/, /) H 0 , n = 
0. Let / E Zf (Z+) where 5 > 3/2. Then we can prove as above that (Aoj(t)f, /) H n 
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is a differentiable function, and 

Ho ,„< C ll/llf|(z ?) > (2.33) 

((A’ 0j (t')-A> 0j (t"))f,f) n ^ (2-34) 

< C \t' — t”\ J Il/H^gn) , 0 < 7 < min {1, 8 — 3/2} . 

Let (Aoj(\)f, /) Ho = 0. Then, because (Aoj (£)/, /) Ho > 0 for all £, we obtain 
that (A' 0 j(\)f, /) = 0. It follows from (2.33), (2.34) that 



MtyW - Ay(A)/> /) Ho n < C |t - A| 1+ ^ 

Further, by the Parseval equality 

, 2 r d 3 x 2 (0 (Aoj(t)f, /) H dt 

\\x(A 0 )Rt(X)ft o =E ^ 



^ ^ J \cr 

j=0 JX o 



i* - Ar 



(2.35) 
, A e [a, 6] , A§ r = 0. 



Applying (2.35) we obtain that 

||x(A,).Ro ± (A)/||h o n < C \\f\\p s( z V , 5 > 3/2, 

and hence 

ll^o ± (A)/|| Ho n <C||/|| ;i(z )5 5 >3/2. 



□ 



In conclusion of this chapter we will give some results without proof, which 
are standard corollaries of Theorems 1 and 3, see for instance [21], p. 43. 



Proposition 7. Let Eq(X) be a canonical spectral measure of Ao- Then Eq(\) is 
weakly differentiable on the set E. If f E Z|(Z™),5 >1/2 then 



d(E 0 (X)f,f) Ho , n 

dX 



^(i? 0 + (A)/,/) Ho 

7 r 




\fj\ 2 dcr j(X) 



We define the operator Fo (A) for functions / E Z|(Z™), 5 > 1/2, by the 
formula 

FoWf = (i, lr,(A,)" 0 . 

Proposition 8. The operator 

F 0 (X) : l*( Zl) -+ H 0 (X) = ®S A) L 2 (r,(A), Kf 1 daj(X)) 
is bounded if 5 > 1/2. 



Proposition 9. The space Ho = 0 jL Q L 2 (flj ) is a direct integral 

r® 

H 0 = / H 0 (X). 

J [o,4c^n] 
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The operator Fq can be represented in the form 



and 



/•© 

F 0 = / F 0 (X)d\, 

J [o,4c^nj 




\\Fo(X)f\\l o{x) dX,fel 2 s (Z n + ),5>l/2. 



3. Limiting absorption principle for a perturbed 
difference acoustic operator 

We consider a difference acoustic operator of the form 

Au(x) = (?{x)p{x)V * • p~ 1 {x)Vud r {x) 1 x G Z+, (3.1) 

with the boundary conditions 

u(x',0) = 0,x'e Z”- 1 . (3.2) 

We suppose that c and p are bounded real- valued functions on Z™ such that 

inf p(x) > 0, inf c(x) > 0 

z™ z™ 

and 

\p(x) - po{x n )\ < C(1 + |x|) _<5 °, 

\c{x) — c 0 (x„)| < C{1 + |^|) — <5 °, > o. 

We denote by H the subspace in / 2 (Z™, c~ 2 p~~ l ) of functions satisfying the 
boundary condition u(x f , 0) = 0,x' G Z n_1 . Further we denote by A the operator 
generated by A and boundary condition (3.2). It is easy to check that A is a 
self-adjoint operator on H. 

Note that the operators A — $1 and Ao — E C are connected by the 

following relation 

A-sI = Q(Ao- d) + V(s) (3.3) 

2 

where and 

CqPO 

VX^+Or) = c 2 pV* • (p _1 - Pq 1 ) Vti+(x) + ^($ - 1 )w+(x), x G Z+. 

It is easy to see that V(s) is a bounded operator from Z 2 ( Z+) into / 2 +5 q ( Z+) and, 
since Z 2 +(5o (Z+) is embedded compactly in Z 2 (Z+), the operator V(s) : Z 2 (Z+) — > 
Z|( Z™ ) is a compact operator. This implies the following result. 

Theorem 10. The essential spectra of A and Ao coincide. 
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Formula (3.3) yields the following relation between the resolvent Rq(s) and 
R(g) of the operators Ao and A 

RoO) = R(s)Q(<;), R(s) = Ro(OQo(0, (3.4) 

where 

Qo(?) = * + now, Q(c) = $ _1 (/ - V{<i)R(c)). (3.5) 

It easy to check that 

Qo(OQto = Q(c)Qo(c) = I. (3.6) 

In formulas (3.4)-(3.6) the spaces Ho and H are identified as spaces with the 
same elements. 

Definition 11. Let A G £. We denote by A), S > 1/2 the space of functions 
defined on Uf represented in the form 

u+ = R+( \)v, V e Zf(Z") 

with norm 

II W +IId + ,«(A) = 11-^0 ■ 

Theorem 12. Let A G £, S € (1/2, So/2), So > 1. Then: 

(i) the operator A — XI : Zf (Z+) D+,s(X) is a Fredholm operator of index zero, 

(ii) the operator A has at least a countable set a p (A) C £ of eigenvalues. The 
limit points of the set a p (A) are contained in the set A only, 

(iii) the limiting absorption principle holds on the set £\a p (A), that is in the space 
£?(Z 2 (Z+), /^(Z™)) there exists the limit 

R ± (X) = lim^ R( X ±ie), A G £\a p (A), 

and R ± ( A) is a Holder function on £\a p (A), 

(iv) the singular spectrum of the operator A has no points in £\a p (A). 

Proof, (i) Relation (3.3) implies that 

A - XI = $ (Ao - XI) + V(X), Xe£. 

Note that, if A G £ , the operator Ao — XI : D+ : $(X) — > /|(Z™) is invertible 
with inverse R + ( A) and the operator V(X) is compact in the spaces Z 2 (Z™) and 
D +t6 (\),5e (1/2, 6o/2). 

Thus A — XI is a sum of an invertible operator and a compact operator that 
implies the statement (i). 

(ii) We will show that a solution u+ G D+ i( 5 (A) of the equation 

(*4. — XI) u-\- = 0, A G £ , (3*7) 

in fact, belongs to Z 2 (Z™). 

Indeed, equation (3.7) is equivalent to the equation 

(I + K+(X))v = 0, v e Zf(Z”) 



(3.8) 
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where K+( A) = 4> 1 V(X)Rq (A), i/ + = Rq'(A)?;. It follows from (3.8) that 

{R+(\)v,v) Ho n = - (i? 0 + (A>,$-V(A)i?+(A)t;) Ho n . 

The operator <f> -1 V(A) is self-adjoint on Ho, n hence 

Z(R+(\>,v) Hon =0. (3.9) 

We denote by >3/2 the subspace in Z|(Z") consisting of the functions 

for which (3.9) holds. Let 



jq(A) = (l + |*|) £ /MA), e = So - 8. 

By Theorem 1, K e + ( A) € £(Z);(Z+), Z|(Z£)), S > 1/2, and by Theorem 3, #+(A)v G 
Z 2 (Z") if v G Z|(Z"), <5 > 1/2 and 

K ± (A)/||, I „,,<C||/||« 



sup I 

\e[a,b\CS 



It implies that K+( A) G B(/°f +1 (Z+), Z| +1 (ZIJ.)), S > 1/2. The Riesz-Thorin inter- 
polation theorem [6] yields 

K%{ A) € S(Z^(Z”),Z^(Z”)), <5 > 1/2, 0 < 6 < 1. 

Hence K+(\) acts from f^(Z+) in l^+ £ ( Z+), 7 > 1/2. So we have proved that 
each solution of equation (3.8) belongs to /f( Z+), 5 > 1/2. But it follows from 
equation (3.8) that v G Zf +e ( Z+). By iteration of these arguments we obtain that 
v G Z°f +1 (Z+), 5 > 1/2. Moreover the estimate 

ll v ll/2 +l (z^) — C IMIz^z™) » ^>1/2 (3.10) 

is uniform on each segment [a, 6] C £ . 

Hence by Theorem 3 the solution u+ = (A)v of equation (3.7) is such that 
v G /f +1 (Z^), 5 > 1/2, and 

IWW»ll P(z:l <CM,| + ,a ; ,. (3.H) 

and estimate (3.11) is uniform on [a, b] C £. 

Let A j G £ be a sequence of eigenvalues of A converging to a point A G £ 
and Aj, A G [a, 6] C 5, and let u + j be the corresponding sequence of eigenfunctions. 
Equation (3.7) is equivalent to the equation 

(A)$ -1 V(A)u+ = 0. (3.12) 

Let u+j = i?o~(A)vj with norms ||iz+j || z2 = 1. Then Vj = —$~ 1 V(X)u+j. 

The function Vj G if +1 (Z+),5 >1/2 and 

^(-Rd'( A )^> u i)Ho,„ =0. 

It follows from (3.10) and (3.13) that 



W v jh 2 s+1 (z r i) — ^ ^ > 1 / 2 * 



(3.13) 
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Applying (3.11) we obtain that || / u +J || /2 ( Z n) < C. The compactness of the em- 
bedding l 2 ( Z+) in l 2 _ 5 { Z+) implies that the sequence u+j has a precompact subse- 
quence in l 2 _ s { Z+). Let the sequence u+j be such a subsequence. Then the sequence 
Vj is precompact in Z| +1 ( Z™ ). Hence by estimate (3.11) the sequence u+j is precom- 
pact in H. Since A is a self-adjoint operator in H the sequence u+j is orthogonal, 
hence Hindoo ||it + j|| H = 0. But 

1 = || U+j II l 2 _ 6 (Z™_) — C \\ U +j II H — * 

This contradiction proves statement (ii). 

(iii) The proof of (iii) is based on the next proposition, which can be shown 

following the proof of Theorem 14.5.2 in [8]. □ 

Proposition 13. Let A E £ , and tq, . . . , v r be a base of the space of solutions of the 
equation 

c I + K+(\))v = 0,vel 2 s (Z n + ). 

Then the system of functions u + j = Rf (X)v 1 is a base of the space of solutions in 
D+,§(\) of the equation 

( A — A/) 'u.j- = 0, u-f- E D-\-^s{X^j . 

The equation 

(A-\I)u+ = f, fel 2 s (Z n + ) 
is solvable in D+^(X) if and only if 

(/ 5 u +j) h = 3 = 1? • • • ? 

Proof We will continue the proof of (iii). Proposition 13 implies that if A E 
£\a p (A), then / -J-AT+(A) is invertible on Z|(Z™ ). Since K + { A) = lim £ ^ 0 K(\ + ie) 
in the space B(l 2 ( Z+),Z|(Z™)) then 

(I + K+( A)) -1 = lim (I + K{ A + ie))- 1 . (3.14) 

£— >0 

It follows from (3.4), (3.5), (3.14) that for sufficiently small e > 0 
R{ A + ie) = Ro(\ + ie)(I + K( A + ie)) -1 ^ 1 . 

Applying Theorem 1 we obtain that there exists the limit 

lim R( A + ie) = R{ A + i0) = f#(A)(J + ^(A)) - ^” 1 

£ — >0 

in the topology of 0 (Z|(Z™), Z^ 5 (Z™)) ,1/2 < S < So/2. It follows from Theo- 
rem 1 that R( X + i 0) is a Holder operator- function on £\a p (A ) with values in 
B(l 2 (Zl),l 2 _ s (ZD). 

(iv) By Theorem XIII. 20 in [16] the operator A does not have points of the 

singular spectrum in £\a p (A). □ 
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The following theorem gives some sufficient conditions for the absence of 
eigenvalues of A in £. 

Theorem 14. Let the following conditions be satisfied : 

(i) there exists a number h E N such that c(x) = c + ,p(x) = p+ for x n > h; 

(ii) 

| c(x) - c 0 (x n ) | < e~ 0 \ x 1,0 < x n < h,(3 > 0; 

(iii) there exists a function a E /°°(Z^) such that 

p(x) — a(x)po(x n ), \a(x) — 1| < Ce~^ x I, 0 < x n < h, /3 > 0. 

Then cr p (A) fl £ = 0. 

Proof The idea of the proof is the following. Let A E £ and u+ E H be a solution 
of the equation (^4 — A I)u+ = 0. Then estimates (i), (ii) provide that the partial 
Fourier transform u(t; f ,x n ) is a real analytical function with respect to £' E R n_1 
for each x n E Z+. Let x n > h. Then 

u(C,x n ) = +C 2 {C)e- ix ^’\ 

where a{C) = 2arcsin — /2(£') c +) £ (— 7r, 7r) n_1 . Hence w(£',x n ) = 0 if 

x n > h and A > p(£')c+. Since u(£',x n ) is an analytic function with respect to 
for each x n , we obtain that &(£',x n ) = 0 for all £' E R n_1 if x n > h. Hence 
u+(x',x n ) = 0 for all x n > h and x' E Z n-1 . 

It is easy to see that the initial conditions 

Uj r (x\ h T 1) = u(x\ h + 2) = 0 
for solutions of the homogeneous difference equation 

(. A — XI) u+{x) = c 2 (x)p(x)V * • p -1 (x)V u+(x) — A u + (x) = 0, x E Z™ , 

imply that u+(x) = 0 for all x' E Z n_1 , x n < h. Thus u+(x', x n ) — 0 for all points 
x — (x',x n ) E Z+. □ 



4. Finite section method 

We consider here the question of the applicability of the finite section method (the 
reduction method) for the solution of the infinite system on Z+ 

(A - XI) u+(x) = c 2 (x)p(x)V* • p _1 (x)Vu + (x) - X u+(x) = /(x), (4.1) 

x E Z£; u(x', 0) = 0, x f E Z n_1 . 

We suppose that all the assumptions of Section 3 for c and p are satisfied. 



Q rn — 

(x) = 



{x E Z™ : \xj \ < m, j = 1, . . . ,n} , 

f U+(x), X E Qm, 

\ 0, X ^ Qmn- 



Let 
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Theorem 15. Let 1/2 < 5 < <5 0 ,A G £\cr p (A), / G / 2 (Z™). Then, for any s > 0 
and m G N, the equation 

(A (A + is ) /) Ujyiiaf) — f m (x), X G Qrni 'U j m\dQ rn 0 (4-2) 

ftas a unique solution u^. 

If u+ = R + (X)f is a solution of problem (4.1), £Aen 

= lim lim u £ m (4.3) 

£ — > 0 ra— >oc 

in the sense of the convergence in the space l 2 _ 5 (Z™ ). 



Proof. Let u + be a solution of the problem 

(A - (A + is) I) u £ +{x) = /(x),xGZ”, (4.4) 

u+(x', 0) = 0, a/ G Z n_1 . 

where / G ^(^+), 1/2 < 5 < 5 0 , A G f \a p (A). By Theorem 12 (iii) 



lim u+ — u € + l2 



= 0 . 



Since A — XI is a self-adjoint operator on H we obtain that 
3((A - (A + ie))u + ,u + ) H = £ ||u+||h , £ > 0. 



(4.5) 



Thus A — (A + is) I is an accretive operator on H. It implies that the equation 
(4.4) has an unique solution in H for any /. Moreover (see, [9], p. 32), for any 
fixed e > 0 and for any me N, equation (4.2) has a unique solution and 



lim u £ + 

ra— -> oo ' 



— U 






= 0 . 



(4.6) 



Since / 2 (Z^) C l 2 i § (Z 1 ] t _),5 > 0, formulas (4.5), (4.6) yield (4.3). □ 



References 

[1] F.V. Atkinson, Discrete and Continuous Boundary Problems , Academic Press, Inc., 
New York, 1964. 

[2] L.M. Brekhovskih and O.A. Godin, The Acoustic of Layered Media , Nauka, Moskow, 
1989; English transl. Springer- Verlag, Berlin, 1990. 

[3] M. Ben-Artizi, Y. Dermenjian, J.-C. Gulliot, Acoustic waves in perturbed stratified 
fluids: a spectral theory , Comm. Partial Dif. Eq., 14, (1989), 479-517. 

[4] A. Boutet de Monvel, D. Manda, Spectral and scattering theory for wave propagation 
in perturbed stratified media , J. Math. Appl., 191, (1995), 137-167. 

[5] F.A. Berezin, M.A. Shubin, The Schrodinger Equation, Izd. Moscow Univ., Moscow, 
1983. 

[6] Y. Bergh, J. Lofstrom, Interpolation Spaces, An Introduction , Springer- Verlag, New 
York, 1976. 

[7] Y. Dermenjian, J.-C. Gulliot, Theorie spectrale de la propagation des ondes acous- 
tiques dans un milieu stratifie perturbe, J. Diff. Equat., 62, No. 3, (1986), 57-72. 




422 



V. Rabinovich 



[8] L. Hormander, The Analysis of Linear Partial Differential Operators , Vol. 3, 
Springer- Verlag, New York, 1985. 

[9] R. Hagen, S. Roch, B. Silbermann, C* -Algebras and Numerical Analysis , Marcel 
Dekker, Inc., New York, 2001. 

[10] A. Jirari, Second Order Sturm- Liouville Difference Equations and Orthogonal Poli- 
nomials , Memories of AMS, No. 542, 1995. 

[11] T. Kato, Perturbation Theory for Linear Operators , Springer- Verlag, New York, 
1976. 

[12] M. Dimassi, J. Sjostrand, Spectral Asymptotics in the Semi- Classical Limit , Cam- 
bridge Univ. Press, 1999. 

[13] V.A. Marchenko, Spectral Theory of Sturm- Liouville Operators , Naukova Dumka, 
Kiev, 1972 (in Russian). 

[14] N.I. Muskhelishvili, Singular Integral Equations. P. Nordholf, Groningen, 1953. 

[15] E.M. Nikishin, Discrete Sturm- Liouville operator , Trudi Sem. im. Petrovskogo, 10 , 
(1984), 3-76. 

[16] M. Reed, B. Simon, Methods of Modern Mathematical Physics, Vol. IV, Academic 
Press, New York, 1978. 

[171 R. Weder, Spectral and scatterinq theory in perturbed stratified fluids, J. Math. Pures 
Appl, 64, (1985), 149-173. 

[18] R. Weder, The limiting absorption principle at thresholds, J. Math. Pures Appl., 67, 
(1988), 313-338. 

[19] R. Weder, Spectral and Scattering Theory for Wave Propagation in Perturbed Strat- 
ified Media, Appl. Math. Sci, Vol. 87, Springer- Verlag, 1991. 

[20] C.H. Wilcox, Sound Propagation in Stratified Fluids, Appl. Math. Sci., Vol. 50, 
Springer- Verlag, 1984. 

[21] D.R. Yafaev, Mathematical Theory of Scattering, St. Petersburg, 1994. 

[22] V.Yu. Zavadskii, The Finite Difference Method in Wave Problems of Acoustics, 
Nauka, Moskow, 1982 (in Russian). 

Vladimir Rabinovich 

Instituto Politecnico Nacional 
ESIME-Zacatenco 

Depto. de Telecomunicaciones, Edif. 1, 2do piso 
Av. IPN, Mexico, D.F., 07738 

Mexico 

e-mail: rabinov@maya . esimez . ipn .mx 




Operator Theory 

Advances and Applications, Vol. 147, 423-455 
© 2004 Birkhauser Verlag B asel/S wit zer land 



Fredholmness of Convolution Type Operators 

Vladimir S. Rabinovich and Steffen Roch 



Dedicated to the memory of Erhard Meister 



Abstract. We study the Fredholmness on L P (D) of operators of convolution 
type. Here D is an unbounded measurable domain in and an operator A 
on L P (D ) is of convolution type if it is constituted by operators of the form 
aC(k)bI where C(k) is the operator of convolution by the -function 

k and where a and b are bounded and uniformly continuous functions. The 
domains under consideration include, for example, curved layers, curved cylin- 
ders, and cones with angular or cuspidal edges. The criterion for the Fred- 
holmness of the operator A is formulated in terms of limit operators of A. 



The topic of this paper is the Fredholmness of compressions of operators of 
convolution type. An operator of convolution type is an operator on L P (R N ) which 
belongs to the smallest norm-closed subalgebra of L(L P (R N )) which contains the 
identity operator, all compact operators, and all operators of the form aC(k)bI 
where C(k) is the operator of convolution by the L 1 (IR j?v )-function k and where a 
and b are bounded and uniformly continuous functions on For an unbounded 
measurable subset D of M N , the compression of the operator A onto D is the 
operator 

B := X dA X dI\l P (d) : L P (D) -> L P (D) (0.1) 

where X d is the characteristic function of the set D. 

There are many papers which are devoted to the Fredholmness of compres- 
sions of operators of convolution type for concrete classes of coefficients a, b and 
concrete domains D\ see, e.g., [2, 3, 5, 6, 7, 14]. For example, the multidimensional 
Wiener-Hopf operators 

Xd(iI + C{k))x D l\ L r> ( D) : L-P(D) U>(D) 

where 7 £ C and k £ L 1 (R N ) are considered in [3] for D being a half-space and in 
[14] in case D a cone in R N with smooth cross section, whereas the quarter plane 
case is the topic of [2, 5, 7]. Operators on 3D wedge shaped domains are studied 
in [6]. 
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We will consider the Fredholm problem for these operators, for example, in 
case when D is a curved layer, a curved cylinder, a cone with angular or cuspidal 
edges, or the epigraph of a certain function. In each of these cases, our solution 
to the Fredholm problem will be as follows. We associate with the operator B 
in (0.1) its so-called operator spectrum. This is a family of operators on L p { R N ) 
which describes the behavior of the operator B at infinity. Then the main result 
says that the operator B is Fredholm if and only if each operator in its operator 
spectrum is invertible, and if the norms of these inverses are uniformly bounded. 
Moreover, it turns out that in many cases (for example, if the coefficients a, b 
are slowly oscillating functions) the operators in the operator spectrum are much 
simpler objects than the operator B itself. This fact allows us to study their invert- 
ibility effectively. It will also turn out that the condition of uniform invertibility 
is redundant in many cases. 

We will prove these Fredholm criteria by having recourse to the results of 
[8, 9]. In these papers we considered band-dominated operators on discrete l p - 
spaces of sequences with values in a Banach space X. We showed that a band- 
dominated operator is invertible at infinity (in case X has finite dimension this 
simply means that the operator is Fredholm, i.e., that its kernel and cokernel have 
finite dimension) if the operators in its operator spectrum are uniformly invertible. 
Thus, the proof of the desired Fredholm criteria for compressions of operators of 
convolution type rests on two basic steps: we prove that a suitable discretization 
of that operator leads to a band-dominated operator on an discrete P-space, and 
we compute its operator spectrum. 

The paper is organized as follows. In its first two sections we recall some 
basic definitions and facts on operators of convolution type as well as on band- 
dominated operators. Then we study discretizations of operators of convolution 
type. In particular, we show that the discretization of every convolution type 
operator B is band-dominated and that this discretization is invertible at infinity 
if and only if B is Fredholm. Finally, we specify the general Fredholm criterion to 
the concrete cases mentioned above where the operator spectrum can be explicitly 
computed. 

Throughout this paper, we let 1 < p < oo, q := p/(p — 1), and N a positive 
integer. 



1. Operators of convolution 

In this section, we collect some basic facts on convolution operators on L p -spaces. 
Theorem 1.2 goes back to [15], and the compactness of commutators of operators 
of multiplication by slowly oscillating function with convolution operators has been 
verified in [1]. Our presentation follows [11] where the results mentioned in this 
section are proved in the more general context of operators on locally compact 
groups. 
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Let k G L l (R N ) and u G L P (R N ). Then Young’s inequality implies that the 
convolution 

(k*u)(x):= / k(x — y)u(y)dy, x G (1.1) 

J R N 

belongs to L P (R N ), and that < \\k\\i ||^|| p ([10], IX.4). Hence, the operator 

C(k)u k * u of convolution by k G acts boundedly on L p ( R N ), and 

l|C(fc)|| LW < llfelli- ( 1 . 2 ) 

Let C p denote the closure in L(L P (R N )) of the set of all convolution operators 
C(k) with kernels k G L 1 (R N ). Then C p is a closed and commutative subalgebra 
of L(L p (R n )) without identity. Its maximal ideal space can be identified with R N 
(with its usual topology) in such a way that the Gelfand transform C of C G C p 
coincides with the Fourier transform of k if C = C(k) (see [14]). Consequently, an 
operator 7 / + C in the unitization Cl + C p of C p is invertible if and only if 

inf | 7 + C(0l>0. (1.3) 

Note that 7 -j- C is just the Gelfand transform of 7/ + C in Cl + C p . 

A semi- commutator is an operator of the form aC(k) or C(k)al where k is in 
L 1 (M Ar ) and a G L°°(R N ). The functions a for which the semi-commutators aC(k) 
and C(k)al are compact for every function k G L l (R N ) can be characterized as 
follows. 

Definition 1.1. Let Qsc{^ N ) refer to the set of all functions a G L°°( R N ) such 
that 

limsup / \a(t + s)\ ds = 0 

t— XX) J M 

for every compact subset M of R N . 

For example, the class QscO^ N ) contains all functions a G L°°(R N ) with 
lim ess su P | a .| > _ R |a(x)| =0 

and, in particular, all compactly supported functions. The characteristic function 
of the set U n >2 [n — n + ~] C R is an example of a function in Qsc{^ N ) which 
does not vanish at infinity. 

Theorem 1.2. The following conditions are equivalent for a bounded measurable 
function a: 

(a) the operators Bal and aB are compact on L P (R N ) for every B G C p and 
every 1 < p < 00 , 

(b) a G Qsc(^ N ), 

(c) There is a bounded open set D C R N such that lim^oo f D | a(t + s) \ ds — 0. 
Consequently, Qsc(^ N ) is a closed ideal in L°°(R N ). 
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The next goal is to characterize those functions a G L°°(R N ) for which the 
commutators aC(k) — C(k)al are compact for every function k G L 1 (M iV ). We 
start with defining two related subclasses of functions in L°°(R N ). 

Definition 1.3. Let SO(R N ) denote the set of all bounded continuous functions a 
on R N such that, for every compact subset M of R N , 

lim sup | aft) — aft + h)\ = 0. 

£_ >°° heM 

The class SO(R N ) is a unital commutative C* -subalgebra of BUC( R N ), the 
algebra of the bounded and uniformly continuous functions on R N . Functions 
in SO(R n ) are called slowly oscillating on R N . Examples of slowly oscillating 
functions are provided by the continuous functions which possess a finite limit at 
infinity and by the differentiable functions the derivative of which tends to zero at 
infinity. 

Definition 1.4. A function a G L°°(R N ) belongs to the class Qc(R N ) if, for every 
open and bounded subset M of R N , the function 

t^ (aft) — a(t + s)) ds 

Jm 

lies in Qsc(R N )- 

The following result does not only solve the commutator problem; it moreover 
verifies the relation between the classes Qsc(R N ), SO(R N ) and Qc(R N )- 

Theorem 1.5. The following assertions are equivalent for a G L°°(R N ): 

(a) the operators Bal — aB are compact on L P (R N ) for every B G C p , 

(b) the function a belongs to Qc(R N ), 

(c) the function a belongs to Qsc(R N ) + SO(R N ). 

As a consequence one gets that Qc{R N ) = QscO& N ) + SO(R N ) is a unital 
commutative C* -subalgebra of L°°(R N ) and that Qsc(R N ) is a closed ideal of 
that algebra. Moreover, one can show that the intersection Qsc(R N ) H SO (R N ) 
consists of all continuous functions which tend to zero at infinity. 

2. Band-dominated operators on /^-spaces 

Given a complex Banach space X , consider the Banach spaces l p ( Z N ,X) and 
Z°°( Z N , X) of all functions / : Z N — > X such that 

\\f\\p : = E \\f( x )\\x <0 ° and ll/lloo := sup \\f(x)\\x < OO, 

x£Z n xeZN 

respectively. Let E stand for one of the spaces l p (Z N , X) with p G (1, oo). Every 
function a G l°°(Z N , L(X)) gives rise to a multiplication operator on E on defining 

(af)(x) := a(x)f(x), x G Z N . 
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We denote this operator by al. Evidently, al G L(E) and \\aI\\ L ^ = |H|oo- 
Finally, for a G Z^, let V a refer to the shift operator 

(Vaf)(x) := f(x - a), xeZ N , 
which also belongs to L(E ) and has norm 1. 

Definition 2.1. A band operator on E is a finite sum of the form J2 a where 
a G Z N and a a G l°°(fL N , L(X)). A band- dominated operator on E is the norm 
limit of a sequence of band operators. 

The band-dominated operators on E form a closed subalgebra of L(E) which 
we denote by Ae- One can show that an operator A G L(E) is band-dominated if 
and only if, for every function ip G BUC( R^), 

lim \\A(f t ,rI ~ 0t,rA.\[L{E)) — 0 uniformly with respect to r G R N 
where, for r, t, x G R^, 



<Pt,r( x ) := ~ r) and <pt(x) := ip(tx) := . . . , t N x N ) 



and where a refers to the restriction of the function a : W N 
and the following facts we refer to [8, 9]. 

For n > 0, define P n : E — > E by 




if \x\oo < n 

if \x\oo > n, 



set Q n := / — P n , and let P refer to the family (jP n ). 



C onto Z N . For this 



Definition 2.2. An operator K G L{E) is V- compact if 

HlTQnll ->0 and ||Q n l^|| 0 as n —> oo. 

By K(E , 'P) we denote the set of all P-compact operators on P, and by L(P, P) 
the set of all operators A G L(P) for which both AK and KA are P-compact 
whenever K is P-compact. 

It turns out that T(P, P) is a closed subalgebra of L(P), K(E , P) a closed 
two-sided ideal of L(P, P), and P(P, P) C C L(P, P). Operators A G 
L(P, P) for which the coset A + P(P, P) is invertible in the quotient algebra 
L(P, V)/K(E , P) are called V -Fredholm. If A is a finite-dimensional space, then 
L(E , P) = L(P), A(P, P) is the ideal of the compact operators on E, and the 
P-Fredholm operators are just the Fredholm operators in the common sense. 

Let H stand for the set of all sequences h : N — > which tend to infinity. 

Definition 2.3. Let A G L(P, P) and h G The operator A^ G L(E) is called 
the limit operator of A with respect to h if 

lim ||(V_ h(n) i4U( n) - A h )P m || = lim \\P m {V_ h{n) AV Hn) - A h )\\ = 0 (2.1) 

n— >-oo v v y n— »■ oo v y v y 



for every Pm G P. The set a op (A) of all limit operators of A is called the operator 
spectrum of A. 
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Let finally refer C r jf ch to the set of all operators A G L(E , V) enjoying the 
following property: every sequence h £ TL possesses a subsequence g for which the 
limit operator A g exists. Set A r ^ ch := Ae H C r ^ ch . Then the main result of [9] can 
be stated as follows. 

Theorem 2.4. An operator A G A r ^ ch is V -Fredholm if and only if all of its limit 
operators are invertible and if 

sup{||(,4/ 1 )~ 1 || : A h € o- op {A)} < 00 . (2.2) 

The condition of uniform invertibility can be weakened by employing local 
techniques. To describe some typical ideas and results we have to introduce some 
more notations. Let S N ~ X denote the unit sphere {77 G : \r]\ = 1} where \rj\ 
stands for the Euclidean norm of 77. Given a ‘radius’ R > 0, a ‘direction’ 77 G S N ~ 1 , 
and a neighborhood U C S N ~ X of 77, we set 

Wr : u '•= { z £ % N \z\ > R and z/\z\ G [/,} (2.3) 

and we call Wr,u a neighborhood at infinity 0/77. A sequence h G TL is said to tend 
into the direction of 77 G S N ~ l if, for every neighborhood at infinity W of 77, there 
is an 777-0 such that h(m) G W for all m > m 0. 

Definition 2.5. Let 77 G S N ~ 1 and A G L(E , V). 

(a) The local operator spectrum (J^A) of A at rj is the set of all limit operators 
Ah of A with respect to sequences h tending into the direction of 77. 

(b) The operator A is locally invertible at 77 if there are operators B, C G L(E , V) 
and a neighborhood at infinity IT of 77 such that 

BA\wI = XwAC = xwl 

where xw refers to the characteristic function of W . 

Theorem 2.6. Let A G A r ^ ch and 77 G S N ~ 1 . Then the operator A is locally invert- 
ible at 77 if and only if all limit operators in (A) are invertible and if 

sup{||(2U) -1 || : A h € <r v (A)} < oo. 

Corollary 2.7. An operator A G A'^ ch is V-Fredholm if and only if all of its limit 
operators are invertible, and if 

sup{||(^/ l ) _1 || : A h G cr v (A)} < oo for all p G S^ -1 . 

This result is indeed a generalization of Theorem 2.4: It does not require that 
the suprema are uniformly bounded with respect to 77. 



3. Band-dominated operators on I/(M N ) and their discretizations 

P-Fredholmness. We start with adapting the notion of 'P-Fredholmness introduced 
in the previous section to the context of L p -spaces. 

Let P n stand for the operator of multiplication by the characteristic function 
of the cube [—77, n\ N acting on L p ( R N ), and set V := (Pn)^ and Q n := I — P n . 
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Further we introduce the set K(L P (R N ), V) of the P-compact operators, i.e., of 
the operators K E L(L P (R N )) such that 

lim || KQ n \\ = lim ||Q n iq = 0, 

n—+oo n— > oo 

and the set L(L P (R N ), V) of all operators A E L(L P (R N )) such that AK and KA 
are 'P-compact whenever K is 'P-compact. Then L(L P (R N ), V) is a closed unital 
subalgebra of L(L P (R N )) which contains K(L P (R N ), V) as its closed ideal. Fur- 
ther, since both the operators P n and their adjoints converge strongly to the iden- 
tity operators on L p ( R N ) and L q ( R N ), respectively, one gets that K(L P (R N ), V) 
contains the ideal K(L P (R N )) of the compact operators on L p ( R N ) (but the ideal 
K(L p (R n ), V) is strictly larger than K(L P (R N )) since the operators P n are not 
compact). 

Our earlier definitions of generalized Fredholmness, invert ibility at infinity 
and local invertibility at infinity specify as follows to the present context. 

Definition 3.1. The operator A E L(L P (R N ), V) is V- Fredholm if the coset A + 
K(L p (R n ), V) is invertible in the quotient algebra L(L P (R N ), V)/K(L P ( R N ), P > ), 
that is if there exist operators F?, C E L(L P (R N ), V) such that 

BA- I E K(L p (R n ), V) and AC - I E K(L P (R N ), V). (3.1) 

Equivalently, an operator A E L(L P (R N ), V) is “P-Fredholm if and only if 
it is invertible at infinity in the sense that there exist an m E N and operators 
B,C E L(L p (R n ), V) such that 

B A Q jji — Qm and Cf m A C — Qm • 

Local invertibility. There is also an adequate notion of local invertibility at an 
infinitely distant point r] E 5 7V_1 . Given R > 0 and a neighborhood U C S N ~ 1 of 
? 7 , we set 

Vr,u •= {% G R n : \x\ > R and x/\x\ E U} 

and call Vr,c/ again a neighborhood at infinity ofrj. Then an operator A is called 
locally invertible at r\ if there exist a neighborhood V at infinity of rj and operators 
B,C e L(L p ( R n ), V) such that 

BAxvI = Xvl and xv^C = xvl • 

Shifts and limit operators. For a E X N , we consider the operator 

U a : L p (R n ) -f L p (R n ), ( U a f)(t ) := f(t - a) 

of shift by a. In accordance with the definitions from Section 2, we call the operator 
Ah a limit operator of A E L(L p (R Ar ), V) with respect to the sequence h E H if 

lim || (U—h(rn)AUh(rn) ^■h,)-P rn || lim || Pm {f^ —h{rn)^^h{rn) ^/i)|| — 0 

for every P m E V. The set a op (A) of all limit operators of A is the operator spectrum 
of A. Further we denote by C r p lch the subalgebra of L(L P (R N ), V) which consists 
of all operators with rich operator spectrum. The latter means for an operator 
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A £ L(L P (R N ), P), that every sequence h e W has a subsequence g such that the 
limit operator A g with respect to g exists. 

Discretization. Let xo denote the characteristic function of the cube Io := [0, 1)^, 
and set X := L p (Io) and E := l p ( Z N ,X). Then the mapping G which maps the 
function / £ L p ( R N ) to the sequence 

Gf = ((Gf) a ) aeZ N with (Gf) a := X oU- a f (3.2) 

is an isometry from L P (R N ) onto l p (Z N , X), the inverse of which is given by 

G _1 : U = (u a ) a€ ZN U a u a x 0 (3.3) 

a€Z N 

where the series converges in the norm in L p ( R N ). Thus, the mapping 

r : L(L P (R N )) L(l p ( Z N ,X)), A h-> GAG' 1 

is an isometric algebra isomorphism. Obviously, T(P m ) is the projection P m , and 
T (U a ) is the shift V a , both introduced in Section 2. 

Proposition 3.2. The isometry T maps the ideal K(L P (R N ), V) onto K(E , V) and 
the algebra L(L P (R N ), V) onto P(P, P). 

Proof. Since 

II K - KP n || - \\T(K - KP n ) || = \\T(K) - T(K)P n \\ 

and || K - P n K\\ = ||r(AT) - P n T(K)l we get r(K(L?(R N ), V)) = K(E, P). 
Similarly, the second assertion follows if one takes into account that an operator 
A £ L(L p (R n )) belongs to L(L P (R N ), V) if and only if 

||PfcAQ n || — > 0 and ||<2 n APfc|| ^0 as n — > oo 

and that an analogous result holds for operators on E. □ 

A consequence is that an operator A £ L(L P (R N ), V) is P-Fredholm if and only if 
T(A) is P-Fredholm. A similar result holds for the local invertibility at g £ S^ -1 . 
However, here the situation is a little bit more involved since, if V C R N is a 
neighborhood at infinity of 77, then F(xvl) 7^ Xvnz N I m general. Nevertheless, 
the local invertibility of A at g is equivalent to that of T(A), which can be seen 
as follows. Given a neighborhood V C at infinity of 77 , there is evidently a 
neighborhood W C Tj N at infinity of 77 such that T (xvl)xwl — XwP Thus, if 
BAxvI = XvG then 

T(B)r(A)T(xvI) = r(xv/), 

and after multiplication by xwl from the right-hand side we get 

r(B)T(A)xwI = XwG 

whence the local invertibility at 77 of T(A). The reverse implication follows similarly. 

The next result shows that also the limit operators behave nicely under dis- 
cretization. 
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Proposition 3.3. Let A £ L(L p (R iV ), V) and h £ H. Then the limit operator Ah 
of A exists (with respect to V) if and only if the limit operator (T(A))/ l ofT(A) 
exists (with respect to V{V) = V), and 

r(4 fc ) = (rCA))/,. (3.4) 

In particular , A belongs to C r p ch if and only ifT(A) belongs to C r ^ ch . 

Proof. Let the limit operator Ah of A exist, i.e., let 

lim || {U— h(n)AUh(m) Aft,).P m || 6m || Pm {U —h{n) AUh(m) ^/i)|| = 0 

for all m. Since T(U a ) = V a and T(P m ) = P m , and since T is an isometrical algebra 
isomorphism, we conclude that 

Jim ||r ((U-h(n)Al/h( m ) - A h )Pm) || = n lim \\(V_ h{n) T(A)V h{rn) - T{A h ))P m \\ = 0 

and, analogously, Pm(\\(V_h(n)F{A)V h (m) ~ r(A/*))|| -> 0 for every m. Thus, the 
limit operator of T(A) with respect to h exists and (3.4) holds. The reverse impli- 
cation follows analogously. □ 

In particular, an operator B belongs to the operator spectrum of A if and only 
if the operator T(B) belongs to the operator spectrum of T(A). An analogous 
relation holds for the local operator spectra. 

Band-dominated operators on L P (R N ). The following definition is motivated by 
the characterization of band-dominated operators on l p (Z N , X) mentioned in Sec- 
tion 2. 

Definition 3.4. An operator A £ L(L P (R N )) is band- dominated if, for every func- 
tion ip £ BUC{R n ), 

lim || Aip t: rl — Tt,rA\\ L ( LP (j&N^ = 0 uniformly with respect to r £ R N . (3.5) 

The set of all band-dominated operators in L(L P (R N )) will be denoted by and 
we write B T p ch instead of B v H C r p ch . 

Clearly, B p and B p lch are closed unital subalgebras of L(L P (R 7V )), and the 
set i^L^R^), V) is a closed two-sided ideal of both algebras. The latter can be 
checked, for example, by means of the following proposition. 

Proposition 3.5. T (B p ) coincides with the algebra Ae of the band- dominated op- 
erators on E = l p (Z N , L p (Iq)), and T(B p lch ) — A r ^ ch . 

Proof. If A G B p then, for every function ip £ BUC( R N ), 

lim || [A, ipt,rI]\\L(LP(R”)) =0 

(with [., .] referring to the commutator) and, consequently, 

Jim ||[r(A), r(iphrI)}\\ L{E) = 0 



(3.6) 
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uniformly with respect to r G R^. We claim that 

lim \\<p t ,rl - r(^,r/)IU(£;) = 0 (3.7) 

uniformly with respect to r G R^. Indeed, 

SUp \\(<p tir I -r((p tir I)\\ L ( E) = SUp SUp SUp \<f> t ,r (<*) “ (F(^,r/) a )(^) | 
reR N reR N aeZ N xeh 

= sup sup sup — r)) — <p(t(x + a — r))| 

re R N aez N xeh 

< sup sup | (p(tf3) — cp(t(x + (3))\ — > 0 
peR N xeh 

as t — > 0 due to the uniform continuity of </?. By (3.7) and (3.6), 

lim ||[r(^), <Pt, r I]\\L(E) = 0 

uniformly with respect tor 6 M' v . Thus, T{B P ) C Ae- The reverse inclusion follows 
analogously. The second assertion is a consequence of the first one, together with 
Proposition 3.3. □ 

As an immediate consequence of Theorems 2.4 and 2.6 and of Propositions 3.3 
and 3.5 we finally get the following result. 

Theorem 3.6. Let A G B T ^ ch . Then the operator A is 

(a) locally invertible at point rj G S N_1 if and only if all limit operators Ah G 
cTrj(A) are uniformly invertible. 

(b) invertible at infinity if and only if for every rj G S N ~ X , all limit operators 
Ah G a 7] ( A ) are uniformly invertible. 

4. Fredholmness of convolution type operators 

Now we will apply the results of the preceding sections to examine the Fredholm 
properties of operators on L p { R^) which are constituted by convolution operators 
with kernels in L 1 (R N ) and by operators of multiplication by functions in suitable 
subclasses of L°°(R N ). 

4.1. Operators of convolution type 

Given a subalgebra £ of L°°(R iV ), we let A(£, C p ) denote the smallest closed sub- 
algebra of L(L p (R n )) which contains the identity operator, all compact operators, 
and all operators of the form 

aKbl where a, b G £ and K G C p , (4.1) 

and we call the elements of A(L°°(R N ), C p ) convolution type operators. Thus, every 
convolution type operator can be approximated as closely as desired by operators 
of the form 

A := 7 1 + ^ ^ aijKijbijl + T 



(4.2) 
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where a^-, bij G L°°(R N ), Kij G C p , 7 G C and T is compact, and where the sum 
and all products are finite. 



Proposition 4.1. A(L°°(R N ), C p ) C 

The proof is based on the following norm estimate which is known as Schur’s 
lemma ([16], Appendix A, Proposition 5.1). 

Proposition 4.2. Let l be a measurable function on ~R N x R N with 



Mi := sup 



zeR N 

Then the operator 



/ I l(x,y)\dy 

JRN 



< 00 and M 2 := sup 

yeR N 



[ I l{x,y)\d: 

JRN 



X < 00 . 



(Lu)(x) := / l{x,y)u(y)dy , 



X G 



piV 



acts boundedly on L P (R N ), and ||T|| L ( L p(irjv)) < M^ q M^ p . 

Proof of Proposition f.l. The algebra B p contains the ideal V) and, 

hence, the ideal of the compact operators. Clearly, this algebra also contains all 
operators of multiplication by a bounded measurable function. Thus, and since B p 
is a closed algebra, the result will follow once we have shown that B p also contains 
a dense subset of C p . Actually, we will check that 

lim sup || [i p t ,hl, C(fc)]|| =0 (4.3) 

t ^° he R N 

for every function k G L 1 (R iV ) with compact support and every <p G BUC( R N ). 
For definiteness, let the support of k be contained in a ball with center 0 and 
radius R. Since 

{[ft, hi, C(k)]u)(x) = / {<p t ,h(x ) - <ft,h{y)) k{x - y)u(y) dy, 

JRN 

Proposition 4.2 implies 



\\[^ h I,C{k)]\\ L{LP) < 



|i sup | <p t ,h(x) - <pt,h(y)\ 

x, yeR N :\x — y\<R 

|i sup \<p(t(x - h,)) - <p(t(y - h))\. 

x , yeR N :\x — y\<R 



For \x — y\ < i?, we have 

\t(x — h) — t(y — h ) | < \t\R — > 0 as t 
Since ip G BUC(R N ), we obtain (4.3). 



□ 



A striking property of operators of convolution type is that their P-Fredholmness 
coincides with common Fredholmness. 

Proposition 4.3. An operator in A(L°°(R N ), C p ) is Fredholm if and only if it is 
V -Fredholm. 




434 



V.S. Rabinovich and S. Roch 



Proof. Let J refer to the closed ideal of A(L°°(R N ), C p ) which contains all opera- 
tors in C p and all compact operators. It is easy to check that, whenever J £ J, the 
operator JPk is compact for every k. Indeed, every operator J £ J can be approx- 
imated as closely as desired by a sum of a compact operator T and of products of 
operators of the form aKbl where a and b are bounded measurable functions and 
K £ C p . Then TPk is compact, and the compactness of aKbPk = aKPkbl follows 
from Theorem 1.2. 

Since Pk fails to be compact, we have / ^ J , and the algebra A(L°°(R N ), C p ) 
decomposes into the direct sum Cl + J. In particular, every operator A in this 
algebra can be uniquely written as 7 aI + K a where 7 ^ £ C and K a £ J , and it 
turns out that the mapping A 1 — > 7 ^ is a continuous algebra homomorphism. 

In the next step we will show that 

j n k(l p (r n ), v) = k(l p (r n )). 

The inclusion D follows from the definitions. If, conversely, J E JC\K(L P {W. N ), V), 
then JPk is compact for every k as we have just seen. On the other hand, since 
J £ K(L P (R N ), V), one has || J — JPk\\ — > 0 as k — > 00 . Thus, being the norm 
limit of compact operators, the operator J is compact. 

Since K(L P (R N )) C K(L P (R N ), V ), it is clear that every Fredholm operator 
is also P-Fredholm. Let, conversely, A £ A(L°°(R N ), C p ) be a P-Fredholm oper- 
ator. Then there are an operator L f £ B p and an operator T £ K(L P (R N ), V) 
such that L'A = I + T. We claim that 7 a 7 ^ 0. Contrary to what we want, 
assume that 7 ^ = 0. Then A £ J. Choose m > 0 and n £ Z N such that 
\\PmU-nTUnPmW < 1/2 (which can be done since T can be approximated by 
an operator of the form PkT as closely as desired). Then, by Neumann series, the 
right-hand side of 



P JJ 

1 —n 



L'AU n Pm — Pm + PrnU- n TU n Pm 



is an invertible operator on the range of P m , whence 

Pm = ( Pm + P m U-nTU n PmY X PmU-nL'AU n Pm- (4.4) 

Since U n PmU- n is the operator of multiplication by a compactly supported func- 
tion, the operator AU n P m = A(f/ n P m L r _ n )t/ n and, hence, the operator on the 
right-hand side of (4.4) are compact. But Pm is not compact, and this contradic- 
tion proves the claim. 

Now write A as 7 aI + Ka and set L := KaL' + I. Then 

LA - iaI = IaL'A - AL'A + A- j A I = (7 aI ~ A)(L f A - I). 

Since L'A — I £ K(L P (R N ), V) and 7 ^/ - A — Ka £ J the operator LA - 7 ^/ 
is compact. Similarly, one shows that AR — 7 a I is compact for a certain operator 
R £ B p . Hence, and because of 7 ^ ^ 0, the operator A is Fredholm. □ 

Corollary 4.4. A(L°°(R N ), C p ) n K(L P (M N ), V) = R'(L p (R iV )). 
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There are operators in A(L°° (R N ) , C p ) which do not possess a rich operator 
spectrum. The next result identifies a subalgebra of ^l(L 00 (R Ar ), C p ) r\B^ lch which 
contains sufficiently many interesting operators. 

Proposition 4.5. A(BUC( R N ), C p ) C B r ^ ch . 

Proof. It is easy to see that every compact operator T belongs to B r ^ ch and that 
the limit operator Th exists with respect to every sequence h G TL and is equal to 
zero. 

Next, let a G BUC(R N ), and let h be a sequence which tends to infinity. 
The family of all functions x t — > a(x + h(m )) is bounded and equicontinuous on 
every compact subset M of R N . Hence, by the Arzela-Ascoli theorem, there are a 
subsequence g of h and a continuous bounded function ah on R N such that, for 
every compact M C R^, 

lim sup \a(x + g(m)) — ah(x)\ = 0. 

Thus, the operators U_g^ rn ^aU g ^ rn ^ of multiplication by the function x i— > a(x + 
g(m)) converge *-strongly to the operator of multiplication by the function ah . 

Let A be an operator of the form (4.2), but with a^, bij G BUC. As we have 
just seen, given a sequence h tending to infinity, we can choose a subsequence g of 
h such that the operators U^g^aijUg^ and U-g^bijUg^ converge *-strongly 
to certain multiplication operators ( a^)^/ and (bij) hi, respectively. Then 

U— g(rri) AUg(m) Pk 

(y/ T ^ ^ j | (JJ— g(m)Q'ijUg(m)) P-ij (JI— g(m)^ijPg(m)) T P— g(m)PPg(m) )Pk 

'jPk T y ^ | \ (U—g(m)&ijUg(m))KijBk(U—g(rri)bijUg(rn)) 4“ U Lg(j n fTU g(m)Pk 
converges in the norm to 

7 P k + Y^Yi( a ij) hK ijP k ( b ij)h)I = (7 1 + { ai j)hKij{b i:j ) h I)P k 

for every Pk and that the operators KijPk are compact due to Theorem 1.2). 

Hence, all operators of the form (4.2) with a^-, G BUC possess a rich op- 
erator spectrum. Since the operators of this form lie densely in A(BUC( R^), C p ), 
and since B r ^ ch is a closed algebra, this yields the assertion. □ 

4.2. Fredholmness 

Due to Proposition 4.5, the operators in A(BUC(R N ), C p ) are subject to Theorem 
3.6. In combination with Proposition 4.3, we obtain the following result. 

Theorem 4.6. Let A G A(BUC(R N ), C p ). Then A is 

(a) Fredholm (i.e., locally invertible at infinity) if and only if all limit operators 
of A are uniformly invertible. 

(b) locally invertible at the infinitely distant point g G S N_1 if and only if all 
operators in the local operator spectrum cf^A) are uniformly invertible. 
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Corollary 4.7. An operator A £ A(BUC( R N ), C p ) is a Fredholm operator if and 
only if for each point rj £ S N ~ 1 , all operators in (Jrj(A) are uniformly invertible. 

We are going to specialize these results to operators with coefficients in certain 
subalgebras of L°°(R N ). 

Slowly oscillating coefficients. Since slowly oscillating functions are uniformly con- 
tinuous, one has A(SO{ R N ), C p ) C A(BUC(R N )> C p ), and Theorem 4.6 and its 
corollary apply to operators in the algebra A(SO(R N ), C p ). Limit operators of 
operators in A(SO(U N ), C p ) are of a particularly simple form which allows us to 
check their invertibility effectively via (1.3). 

Proposition 4.8. Every limit operator of an operator in A(SO(R N ), C p ) lies in 
C/ T C p . 

Proof. Every operator in A(SO(R N ), C p ) can be uniformly approximated by oper- 
ators of the form (4.2) where a^, bij £ SO( R N ). If K e C p then, clearly, the limit 
operator Kh exists with respect to every sequence h £ 7Y, and Kh = K. Further, if 
T is compact, then the limit operator Th also exists with respect to every sequence 
h £ W, and T h = 0. Thus, in view of the proof of Proposition 4.5, it remains to 
check the following: If a £ SO( R N ), and if h £ H is a sequence such that the 
operators of multiplication U_h(n) a Uh(n ) converge * -strongly to a^l as n — > oo, 
then ah is a constant function. This can be done as follows. Let a £ SO(R N ). 
Then 

lim ( a{x r + h(k)) — a(x" 4- h(k))) = 0 

k—+oo 

for all sequences h tending to infinity and for all rr', x" £ R^. Hence, if h is 
a sequence such that the limit operator (al)h exists, then lim^oo a{x + hk) is 
independent of x £ R N . □ 

Corollary 4.9. Let A be an operator of the form (4.2) with aij, bij £ SO(R N ). 
Then A is Fredholm if and only if all limit operators of A are invertible. 

Thus, the uniformity of the invertibility is not required. 

Proof. We conclude from the previous proposition that every limit operator of A 
is a linear combination of the operators rij=i Kij i = 1, . . . , n. Thus, a op (A) 
lies in a finite-dimensional subspace of L(L P (R N )). Then a simple compactness 
argument yields the assertion. □ 

Remark. The algebra ^(Qc^®^), C p ) which is apparently larger than the algebra 
A(SO(R n ), C p ) actually coincides with the latter algebra. Indeed, by Theorem 
1.5, every operator aK with a £ Qc{ R N ) and K £ C p is the sum of an operator 
a\K with a\ £ SO(R N ) and an operator 02 K with 02 £ Qsc(^ N )- Since slowly 
oscillating functions are uniformly continuous and since 02 K is compact (Theorem 
1.2), one has aK £ A(SO(R N ), C p ). 
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Coefficients stabilizing at infinity. Theorem 4.6 and its corollary attain their most 
simple form for operators with coefficients which stabilize at infinity in the follow- 
ing sense. This class has been introduced in [4] in case N = 1. 

Definition 4.10. We say that the function a E L°°( R N ) stabilizes at infinity if, for 
every infinitely distant point 77 E 5 iV ~ 1 , there is a constant y E C such that, for 
every e > 0, there exists a neighborhood U = at infinity of 77 such that 

mes {x E : \a(x) — y\> e} < £. (4.5) 

The class of all functions which stabilize at infinity will be denoted by L^ ab (R N ). 

If a stabilizes at infinity and 77 is an infinitely distant point, then the constant 
y which satisfies (4.5) is uniquely determined. We denote it by a(rj). 

Lemma 4.11. Let a E L™ ab (R N ) and rj E S' iV_1 be an infinitely distant point. Then 
< Halloo. 

Proof. Let e > 0 and choose a neighborhood U of infinity such that 
mes{x E U : | a(x) — a(rj)\ > £} < 5 . 

Then 

mes{x E U : \ \a(x)\ — \a(rj)\ \ > £} < e. 

Since the measure of U is infinite, there is a subset M C U of measure 1 such that 
|a(x)| — s < \a(rj)\ < |a(x)| + £ for all x E M. 

This yields the assertion. □ 

Theorem 4.12. L^ ab ( R N ) is a C* -subalgebra of Qc(R N )- 

Proof. First we will show that L^ ab (R N ) is closed in L OG (R N ). Let a n E L™ ab (R N ) 
and a E L°°(R N ) such that lim ||a n — a||oo = 0. Fix e > 0, and choose no E N such 
that 

||a n — a m ||oo < £ for all n, m > uq. 

Further, let U r),e,n be a neighborhood at infinity of 77 such that 
mes {x E U^e^n • \o>n{x) - afl(r})\ > s} < e, 

and set 

^rj,£,n * = ^ ^7j,£,n • |a n (x) a n (j]^\ < £}• 

Then, for x e U^ £n P\ [/' and m, n > n 0 , 

I a^(ri) ~ afniv)] < \^(v) ~ a n(x ) | + \a n {x) - a m (x ) | + |a m (x) - 0 ^( 77 )] < 3e. 

Thus, (afi(r])) ne ^ is a Cauchy sequence, and we let a(rj) denote its limit. 

Now we fix n > no such that 

||a n - a||oo < e/3 and ( 0 ^( 77 ) - a(rj ) | < e/3. 

The estimate 

|a n (x) - a n ( 77 ) | > |a(x) - a(rj)\ - \a(x) - a n (x) | - | a n (x) - a^(rj)\ 
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implies that | a n (x) — a n (rj)\ > e/3 whenever | a(x) — a(rj)\ > e. Since a n stabilizes 
at infinity, there is a neighborhood U ^ e / 3j n such that 

mes {x G U^e/s^n : | a n (x) -a^{rj) | > e/3} < e/3 . 



Thus, 

mes{x G U^ e / 3>n : | a(x) - a(r})\ > e} < e/3 < e, 
whence a e L™ ab (R N ). 



In the next step we show that L^ ab (R N ) is a * -algebra. The symmetry is obvi- 
ous. Let a, b e Lf tab (R N ), and let rj be an infinitely distant point. We choose 
neighborhoods at infinity and U V:£ / 2 ,b of 77 such that 

mes {ir G U v , £ / 2 , a ■ |a(z) — a(»?)| > e/2} < e/2 (4.6) 

and 

mes (re € t7 r?j e/2 , fe : H x ) ~ Kv)] > e/2} < e/2. (4.7) 

Set Wrj := C/ r?) e / 2 , a n U v , £ / 2 ,b* Then is a neighborhood at infinity of 77 , and it 
follows from 



{x G W v : | a(x) + b(x) - a(rj) - b(rj)\ > e} 

C {x G Wrj : |a(x) - a(7/)| > e/2} U {x G W n : |fo(ar) - 6(77) | > s/ 2 } 
and from (4.6), (4.7) that 

mes {x G Wrj : | a(x) -f b(x) — a(rj) — b(rj)\ > e} < e. 

Thus, a + b G Lf tab {\ ¥L n ) and 

(a + b) (77) = 6(77) + 6(77) for all rj G S N ~ 1 . 

In order to show that ab G L^ ) a 6 (M iV ), too, we can assume that a, b ^ 0 (otherwise 
the assertion is obvious). Choose m G N such that m ||a||oo > 1 and mH&Hoo > 1. 
Given an infinitely distant point rj and e > 0 a, choose neighborhoods at infinity 
of 77 such that 

mes {x eU Vi a- \d{x) - a(rf)\ > s/( 2 m|| 6 || 00 )} < 5 /( 27771161100 ) 

and 

mes {x G U^b * | b(x) - b(rj)\ > s/(2m||a|| 00 )} < €/(2m\\a\\ OQ ). 

Set Wrj := Urj^a^Urj^b- Then is a neighborhood at infinity of 77 , and 

mes{x G W v : \(ab)(x) — 0(77)6(77)) > s} 

= mes {a; G W ^ : | (a(x) - a{rj))b(x) + a(rj))(b(x) - 6(77)) | > e} 

< mes{x G : \a(x) - a(rj) \ || 6 ||oo + Halloo | b(x) - b(rj)\ > e} 
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< mes {x eW v : \a(x) - a(rj) | ||6||oo > e/ 2 } 

+ mes {x G W v : \b(x) -b(rj ) | Halloo > e/ 2 } 

< mesjx G U v , a - |a(x) -a(ry)| ||&||oo > e/(2 to)} 

+ mes {x G C/,,,6 : |6(x) - 6(77) | Halloo > e/( 2 m)} 

< mes{x eU v , a ‘- |a(z) -a(j7)| > e/(2m||6||oo)} 

+ mes{x G U Vt b- | b(x) — 6(77) | > e/( 2 m||a||oo)} 

< e/(2m||i>||oo) + e/(2ro||a||oo) < e/2 + e/2 = e. 
Consequently, ab G L^ ab (W N ) and 



( ab)(r 7) = a{rj) b(r]) for all y G S N 1 . 



It remains to show the inclusion L^ ab (M. N ) C Qc (R' v ) ■ Thus, if a G L^ oh (R N ) . we 
have to show that, for every open bounded set M C M. N , there is an open bounded 
set D C R N such that 



lim / / (a(t + h) 

Jm 



a(t + h + s)) ds 



dh = 0 



( 4 . 8 ) 



(Definition 1 . 4 ). Let M C be open and bounded, choose D as the open unit 
disk in R^, and let d > 0 be the radius of a disk with center 0 which contains 
M + D. Let further s ^ 0 . Then, for every infinitely distant point 77, there is a 
neighborhood at infinity of rj such that 



mes{x \a(x) — a(rj)\ > e} < e. 

Each neighborhood £ 7 ^ £ is of the form 

U v ,e = {yeR N : \y\ > R v ,e and y/\y\ G W v , £ } 

where R v , £ > 0 and w„, e C S iV “ 1 is an open neighborhood of rj. In particular, 
{W V:£ }ries N - 1 i s an open cover of the unit sphere, from which we can choose a 
finite subcover {W r7 . ?£ }f =1 . Set 

Rq := ma x{R rjii£ : i = 1 , . . . , k} + d. 

Further, since the function / : S N_1 — > R N , 

f(x) := maxjdist (x, S N ~ X \ W Vi:£ ) : i = 1, . . . , k}, 

is positive for every x (every x belongs to one of the sets W m , £ ) and continuous 
on the compact set S N ~ 1 1 there is a 5 > 0 such that f(x) > S for all x G S N_1 . 
Thus, for every x G S N ~ 1 1 there is an i G { 1 , . . . , k} such that 

x G W Vi:£ and dist (x, dW m ,e)>S. 

Consequently, there is an R\ > i?o such that, for every y G R N with |y| > i? 1? 
there is an i G { 1 , . . . , k} such that 

y G U m , e and dist (y, dU^e) > d. 
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Let now t E R N with |t| > R\. By what we have just seen, there is an i E {1, . . . , k} 
such that t + D and t + M + D are contained in U Vi ^ £ . Thus, 

mes {x E t + D : \a(x) — a(rj)\ > e} < e 



and 



mes {x E t + D + M : | a(x) — a(rj) \ > s} < e. 

This implies 

/ / (aft + h) — aft + h + s)) ds dh 

Jd Jm 

< \a(t + h) — a(rj)\ ds dh -f / / \a(t + h + s) — a(rj)\ ds dh 

Jd Jm Jd Jm 

< mes D / | a(h) — afq)\ 

Jt+M 



dh + mes D / \a(h) — afq)\ dh 

t+M Jt+D+M 

< mesD (mesM • e + 2e||a|| 00 ) + mes D (mes (D + M) • e + 2e||a|| 00 ) 

< 5 mes D (mes M + mes (D + M) + 4||a||oo), 



whence the assertion (4.8). 



□ 



Proposition 4.13. Let a e Lf tab (R N ), and let h be a sequence which tends to infinity 
into the direction of p E S N ~ 1 . Then 

V-h( n )aVh( n ) — » afrj)I strongly on L P (R N ) as n — > oo. 



Proof. Given £ > 0, we find a neighborhood U v , e a ^ infinity of 77 such that 

mes {x E Urj^ : \ a(x) — afq) | > e} < e. 

Let / be a continuous function with compact support. Then 

\\{V_ h{n) aV h(n) - a{rj))f\\ p = ||(a - a(t]))V hin) f\\ p . 

Clearly, there exists an no such that supp {Vh{ n )f) EL U p , £ f° r all n> no. Thus, if 
n > no, then 

| \{V_ h(n) aV h{n) - a(v))f\\ P < s\\f\\ P + 2||a||oo|M|ooe 1/p - 

This proves the strong convergence on a dense subset of L P (R N ). Since the oper- 
ators V-h(n) a Vh(n ) are uniformly bounded, we get the assertion. □ 

An obvious consequence of this proposition is that the local operator spectrum 
crrj(A) for operators A E A(L^ ab (R N ), C p ) is a singleton for every infinitely dis- 
tant point 77 E S' iV_1 , say ^(A) = {A v }. Moreover, every limit operator A p be- 
longs to Cl +C P since A(L^ ab (R N ), C p ) is a subalgebra of A(SO(R N ), C p ), and by 
Proposition 4.8. Thus, the invertibility of A v can be effectively checked via (1.3). 



Corollary 4.14. An operator A E A(L^ ab (R N ), C p ) is Fredholm if and only if every 
limit operator A p (with 77 E S N ~ 1 ) of A is invertible. 
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5. Compressions of operators of convolution type 

In this section we are going to study the Fredholm properties of compressions of 
operators of convolution type. If A is a linear bounded operator on L P (R N ) and D 
is a measurable subset of R N , then the compression of A onto D is the operator 

XdA X dI\l><r») • LP ( D ) - LP ( D )• 

The archetypical example is the Wiener-Hopf operator W(k) on L p ( R + ) which is 
the compression of the convolution operator 7 / + C(k) with k G L 1 (M) onto R + . 
Thus, 

W(k)=X+frI + C(k)) X+ I\LrOl + ), 

where x+ refers to the characteristic function of R + . Clearly, this operator is 
Fredholm on L P (R + ) is and only if the operator 7/ + x+C(k)x+I ls Fredholm 
on L p ( R). Let / be the function with f(x) = 0 if x < 0, f(x) = x on [0, 1] and 
f(x) — 1 for x > 1. Then the function x+ ~ f has a compact support. Thus, the 
operator X +C(k) X +I — fC(k)fI is compact on L P (M), and the operator W(k) 
is Fredholm on L p ( R + ) if and only if the operator 7 1 + fC(k)f I is Fredholm on 
L P (R). The latter operator is subject to Corollary 4.9 which says that this operator 
(hence, the Wiener-Hopf operator W (fc)) is Fredholm if and only if the convolution 
operator 7 1 + C(k) is invertible. This simple reduction is no longer possible for 
compressions of operators onto more involved sets. 

5.1. Compressions of operators in A(BUC(R N ), C p ) 

Let 1 < p < 00, and let D be a measurable subset of R N whose associated 
multiplication operator belongs to B^ lch . Such subsets will be called rich . 

We will consider compressions of operators in A(BUC(R N ), C p ) onto the rich 
set D. Clearly, the compression xdAxdI is invertible (Fredholm) on L P (D ) if and 
only if its extension (1 — Xd)I + XdAxdI is an invertible (Fredholm) operator 
on L p (R n ). Each such extension can be considered as an element of the alge- 
bra A(BUC(1\l N ), xd, Cp) which is the smallest closed subalgebra of the algebra 
L(L p (R n )) which contains the algebra A(BUC(R N ), C p ) as well as the multipli- 
cation operator X dI • As a consequence of Proposition 4.5 we get 

A(BUC(R N ), xd, C p ) C s; ic \ (5.1) 

and from Proposition 4.3 we conclude that an operator A G A(BUC(R N ), xd, C p ) 
is Fredholm if and only if it is P-Fredholm. Thus, Theorem 3.6 ( b ) implies the 
following result. 

Theorem 5.1. Let A G A(BUC(R N ), C p ), and let D be a rich subset ofR N . Then 
the compression of A onto D is Fredholm on L P (D) if and only if, for each point 
77 G S N ~ X , all limit operators in <j r? (( 1 — Xd)I + XdAxdI) are uniformly invertible 
on L p (R n ). 

In the following subsections we will give some examples of unbounded rich 
domains D for which the limit operators of XdI can be explicitly calculated and for 
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which, thus, explicit criteria for the Fredholmness of the compressions of operators 
from A(BUC(R N ), C p ) onto D can be derived. 



5.2. Compressions to a half-space 

Given a non-zero vector a E M^, consider the half-space 

H (a) := {x E R N : (x, a) > 0}. (5.2) 

Let further h E TL be a sequence which tends to infinity into the direction of 
rj E S N ~ 1 . We distinguish several cases. 

• If (77, a) > 0 , then (h(n), a) — > +00, and the limit operator of xh (a) I exists 
and is equal to the identity operator. 

• If (77, a) < 0, then ( h(n ), a) — » —00, and the limit operator of Xn(a)I exists 
and is equal to the zero operator. 

• If (77, a) = 0, then h has a subsequence g EH such that either the numbers 
(g(n), a) tend to +00, or to —00, or to a finite limit b g E R. In each of these 
cases, the limit operator of Xh(«)^ with respect to g exists, and it is equal 
to the identity operator in the first case, to the zero operator in the second 
case and to the operator of multiplication by the characteristic function of 
the shifted half-space 

H (a, b g ) := {x E R N : (x, a) > -b g } 

in the third case. 

Let Tig (A) stand for the set of all sequences h £ H which tend to infinity into 
the direction of 77 E S N ~ X and for which the limit operator Ah exists. Further, 
we denote by Tig, 00 (A) and Tig^b(A) the set of all sequences h E Hg{A) such that 
( h(n ), a) — > 00 and ( h(n ), a) — > b E W N , respectively. Then Theorem 5.1 gives the 
following result. 

Theorem 5.2. Let A E A(BUC(R N ), C p ) and D = H(a) with a E R N \ {0}. Then 
the compression of A onto D is Fredholm on L P (D) if and only if the following 
conditions are satisfied: 

(a) for each point 77 E S N ~ 1 with (77, a) > 0, the set {Ah : h E Tig (A)} of limit 
operators of A is uniformly invertible. 

(b) for each point rj E with (77, a) = 0, the set {Ah : h E Tig, 00 (A)} of limit 

operators of A is uniformly invertible. 

(c) for each point 77 E 5 iV_1 with (77, a) = 0 and each b E R N , the set 

{(1 - XH (a, b))I + XH (a, 6)4XH(a, b)I : ^ ^ b(A)} 



of extended compressions of limit operators of A is uniformly invertible. 
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5.3. Compressions to curved half-spaces 

Let N > 1 and / G BUC (R^ -1 ). We consider the curved half-space 

P (/) := { x = (V, xn) € R^ -1 x R : > /(V)} ^ R^- (5-3) 

Let further h £ TL be a sequence which tends to infinity into the direction of 
rj = (r/, r] N ) G 5 iV_1 C R^ -1 x R. Again, we distinguish several cases. 

• If 77 at > 0, then the limit operator of \p (f)I exists and is equal to the identity 
operator. 

• If Vn < 0, then the limit operator of xp ( f)I exists and is equal to the zero 
operator. 

• Now let 77 at = 0. Then h has a subsequence g G H such that either the 
numbers g(n)jsf tend to +00, or to —00, or that the sequence (<7(n)jv)n>i is 
bounded. In the first two cases, the limit operator of Xp { f)I with respect to 
g exists, and it is equal to the identity operator in the first case and to the 
zero operator in the second case. In the third case, there exists a subsequence 
k of g, a real number bk and a function fk : R^ -1 — > R such that 

lim k(n) n = bk and lim f(x' + k(n)') — fk(x') 

n — >00 n — >00 

in the sense of the uniform convergence on compact subsets of R^ -1 . In this 
case, the limit operator of XP(f)I exists, too, and it is equal to the operator 
of multiplication by the characteristic function of 

P (fk - h) = {x GR N : x N > /fe(x') - b k } 
in the third case. 

Let Tirj(A) stand for the set of all sequences h G TL which tend to infinity into 
the direction of 77 G S N ~ l and for which the limit operator Ah exists. Further, 
given a real number b and a function g : R^ -1 — » R, we denote by 00 (A) and 
Hr],g,b(A) the set of all sequences h G 'H rj (A) such that h(n)N — » 00 and 

h(n)N^b and f(x' + h(n) f ) — > g(x') 

uniformly on compact subsets of R^ -1 , respectively. If the set H v , g ,b(A) is not 
empty, then we call g a limit function with respect to 77. Then Theorem 5.1 implies 
the following result. 

Theorem 5.3. Let A G A(BUC(R N ), C p ) and D = P(/) with f G BUC(R N ~ 1 ). 
Then the compression of A onto D is Fredholm on L P (D) if and only if the fol- 
lowing conditions are satisfied : 

(a) for each point rj G S N ~ 1 with tjn > 0, the set {Ah : h G Hrj(A)} of limit 
operators of A is uniformly invertible. 

(b) for each point 77 G S N ~ l with t]n = 0, the set {Ah : h G 7i Vi00 (A)} of limit 
operators of A is uniformly invertible. 

(c) for each point 77 G S N_1 with t]n — 0, each b G R, and each limit function 
g : R n ~ x — > R, the set {(1 — XP( g -b))I + Xp( g -b)AhXP(g-b)I : ^ £ ^v,g,b(A)} 
of extended compressions of limit operators of A is uniformly invertible. 
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This result gets a particular simple form if / G SO( R N ). In the setting 
of assertion (c) of the theorem, this hypothesis implies that all functions g are 
constant (their possible values are just the partial limits of f(x') as x f — > oo). 
Thus, all possible limit domains V{g — b) are (uncurved) half-spaces. 

5.4. Compressions to curved layers 

Let again N > 1, and let /i, /2 G BUC(R N ~ 1 ) be such that /i(x') < ^(x') for 
all x' G R^ -1 . Then we call the set 

L(/i, f 2 ) ■= {x = ( X x N ) £ R w_1 x R : fi(x') <x N < / 2 (x')} (5.4) 

a curved layer. Let h G TL be a sequence which tends to infinity into the direction 
of rj G S N ~ X . If tjn 7 ^ 0, then the limit operator of Xl(/i,/ 2 )^ with respect to 
h exists and it is equal to 0. The same happens if t]n = 0 and the sequence 
(h(n)N)n> 1 tends to =too. Thus, the only non-trivial case is when rj N = 0 and the 
sequence (h(ra)jv)n>i is bounded. Then, as in the previous subsection, there is a 
subsequence k of h, a real number bk as well as functions fik, f 2 k • R^ -1 — > R 
such that the limit operator of Xl(/i,/ 2 )^ with respect to k exists and is equal to 
XL (h k -b k , f 2k -b k )I ■ 

Let again TL n {A) stand for the set of all sequences h G TL which tend to 
infinity into the direction of rj G S N ~ X and for which the limit operator Ah exists, 
and denote by 'H rt ,g 1 ,g 2 ,b(A) the set of all sequences h G TL^A) such that 

h{n)N — ► b and fi(x' + h(n) f ) — > gi(x') ( i = 1, 2) 

uniformly on compact subsets of R^ -1 . 

Theorem 5.4. Let A G A(BUC(R N ), C p ) and D = L(/i, f 2 ) with functions fi, f 2 
in BUC{ R^ -1 ) and f\ < f 2 - Then the compression of A onto D is Fredholm on 
L P (D) if and only if for each point rj G S N ~ X with t]n = 0, each be R, and all 
limit functions gi, g 2 • R^ -1 —> R, the set 

{(1 ~ XL(pi— 6, g2 — b))I d" XL(^i— b, g 2 — b)AhXLi(gi—b, g2~b )I * ^ ^ 9i, 92, b{A)} 

of extended compressions of limit operators of A is uniformly invertible. 

If /i, /2 G 50(R iV_1 ), then the functions f 2 k are constant, and L(/i/ c — 
bk , f 2 k ~ bk) is a usual layer bounded by two parallel planes. 

Corollary 5.5. In addition to the hypothesis from Theorem 5.4 ; let 

lim {fi{x') - = 0. 

x— >oo 

Then all limit operators of XL(f lt f 2 )I are zero > an & the compression of A onto 
L(/i, / 2 ) is Fredholm on L p (L(fi , / 2 )). 
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5.5. Compressions to curved cylinders 

Let N > 1, £7 C E^ -1 be a bounded domain, and / G BUC( E) a positive function, 
and consider the curved cylinder 

z a(f) {x = (x', x N ) e xR:i'e f(x N )Q}. (5.5) 

Let h G H. If h(n) f oo, then the limit operator of Xz n(f)I with res P ec t to h exists 
and is equal to the zero operator. Thus, nontrivial limit operators of Xz n(f)I with 
respect to h exist only if the sequence (h(n)') n > i is bounded and h(n)N — > ±oo. 
In this case, there is a subsequence k of h, a point bk G Z^ -1 , and a function fk 
on E such that 

g(n) f — > bk and f(x N + k(ri) N )-+fk(x N ) as n -► oo 

uniformly on compact subsets of E. Then the limit operator of Xz n (f)I with respect 
to the sequence k exists, and it is equal to the operator of multiplication by the 
characteristic function of the shifted curved cylinder 

z n(fk, bk) ■= {x = (a/, x N ) e R N ~ 1 x R : x' G f k (x N )Q - b k }. 

Let Hrj (A) denote the set of all sequences h G H which tend to infinity into 
the direction of rj G S N ~ 1 and for which the limit operator Ah exists, and write 
Hr), g ,b(A) for the set of all sequences h G H V (A) such that 

h(n)N — > b G 7j N ~ 1 and /(xn + ft(n)jv) — » 9{%n) 

uniformly on compact subsets of E. 

Theorem 5.6. Let A G A(BUC(R N ), C p ) and D = Zq(/) with f G BUC( E). 
Then the compression of A onto D is Fredholm on L P (D) if and only if for each 
point r] G S N ~ 1 with rf = 0, each b G Z N ~ 1 , and all limit functions g : E — > E, 
the set 

{(1 - Xz n (g,b))I + Xz n {g,b)AhXZn(g,b)I • h G H v , g ,b(A)} 
of extended compressions of limit operators of A is uniformly invertible. 

If / G 50(E), then the function f g is constant and, thus, Z n(f g , b) is a usual 
straight cylinder. 

Corollary 5.7. In addition to the hypothesis from Theorem 5.6, let the ends of the 
cylinder be cuspidal, i.e., let 



lim f(x N ) = 0. 

X ]V — ^±oo 

Then all limit operators ofxzn(f)I are zero > an d th e compression of A onto Z ^(/) 
is Fredholm on L P (Z^(/)). 
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5.6. Compressions to cones with smooth cross section 

Let C R N be an open domain with C 1 -boundary <9f2 in case N > 2 or an open 
interval in R 1 . By C^, we denote the cone in M^ 1 generated by fi, 

Cq := {(y, Vn+ i) G i w x [0, oo) : j/ e y N+1 tt}. (5.6) 

Given x G R N , let rj x G S N be the point which lies on the ray in R N+1 starting at 
the origin and passing through the point (x, 1), i.e., 



0, i) 




Let h G H be a sequence which tends to infinity into the direction of rj e S N . 
Again there are two trivial cases: If rj is not of the form rj x with some xGfi, then 
the limit operator of xc n I exists and is equal to the zero operator. If rj = r\ x with 
x G fi, then the limit operator of Xc n I exists, too, and is equal to the identity 
operator. 

Let now x G d£l and rj = rj x . We denote by T x £t the tangential space and by 
v x the interior normal unit vector to dPl at x. Further, we write M x for the closed 
half-space in R N which is bounded by T x Cl and for which v x is an interior normal 
unit vector to dW x at x. Finally, we let H x refer to the half-space in R N+1 which 
is generated by 

Hx := {(y, J/jv+i) xKij/eiji ( vn+i ~ l)ar}- 

Further, we write the sequence h as 

h(n) := a n (u x , 0) + (r n , 0) + (3 n (x, 1) (5.7) 

where r n G T X Q and a n , (3 n G R. The following lemma claims the conditions under 
which the sequence (5.7) tends to infinity in the direction of r] x . 

Lemma 5.8. The sequence h defined by (5.7) tends to infinity in the direction of 
r\ x if and only if (3 n — ► +oo and 

>0 and r n /(3 n ^0 as n — » oo. (5.8) 

Proof. The sequence h tends to infinity if and only if 

\a„\ 2 + \\r n \\ 2 + \(3 n \ 2 oo, (5.9) 



and then it converges in the direction of rj x if and only if 

(a n u x + r n + (3 n x, /3 n ) (x, 1) 

x/\\a n Vx + r n + P n x || 2 + \(3 n \ 2 \/\\x\\ 2 + 1 



The convergence of the last component of (5.10) tells us that f3 n > 0 for all 
sufficiently large n. Thus, (5.9) implies 




(5.11) 
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From the convergence of the last component of (5.11) we conclude that 



~ +^ll — > l|X||. 

Pn Pn 



This implies for the first component of (5.11) that 

- T n 

-r^x + — + x -*■ x 
Pn Pn 

whence (5.8) since v x 1 r n . Writing (5.9) as 



ft 



OLrt 



Pn 



+ 



+ 1 



oo 



and taking into account (5.8), we finally get f3 n — * +oo. The reverse implications 
can be checked similarly. □ 



In order to compute the limit operators into the direction of r) x for x £ <9ft, we 
assume for simplicity that x = 0 (which can be reached by shifting ft) and that 
T x ft = Toft = R n_1 x {0} (which can be reached by rotating the shifted ft). Then, 
since ft has a C 1 -boundary, there is an open neighborhood U C R N_1 of 0, an 
open interval I Cl which contains 0, and a continuously differentiable function 
g : U — > / such that 

aft n (U x /) = {(x, g{x)) £ R N ~' x R : x £ U} 



and 



ft fi (U x I) = {(x, xn) £ U x / : xn > g(x)}. 



Thus, if (3 > 0, then the part of the boundary of /3ft which lies in (3U x (31 is just 
the graph of the function 



PU -> pi, x ■ * pg{x/p). 

Let h be as in (5.7), and assume that the limit 

5* := lim((3 n g(r n /f3 n ) - a n ) £ R U {±oo} 

exists (otherwise we pass to a suitable subsequence of h ). Let further d > 0 and 
K j := [— d, d] N , and set C Uj q := We consider the intersection of the 

shifted cone C n? ^ with ® N x {0} and identify this intersection with a subset of 
R N . Since (y + r n )/(3 n € U for all y £ and for all sufficiently large n, the 

boundary of C n ^n(R N x {0}) can be locally described as the graph of the function 

Gn-K^- 1 ^ R, y^P n g{{y + r n )IPn)-an- 

Then, for every y € K^~ l , we have 

lim(G„(y) - 6*) = lim (G n (y) - G n ( 0)) 
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with 



\Gn{y) -G„(0)| < max ||G"(£)|| \\y ~ 0|| 

= max \\g'((t + r n )/f3 n )\\ |b||. 

^[0,y] 

Since g is continuously differentiable with g f (0) = 0, and since 
\\(€ + r n)/Pn\\ < (d+ \\r n \\)/Pn 0 

by Lemma 5.8, we conclude that G n (y) — > S* for every y G K^~ x . Thus, if 
(y, Vn) € Kj? , then 

/ \ / 1 if yN > $* 

Xc n ,n(~}(R N x {o}) xU) ^ 1 0 if yj\[ < 5* 



An analogous result holds of the sequence (/3 n ) is replaced by (f3 n + /?') with 
/3 f G [— d, d\. This shows that 

{ XR»+i(y) = y if s* = - oc 
XH x +6*(v x ,0)(y) if 5 * gE 
XV>(y)= 0 if = +00 



almost everywhere on K^ +l . By the dominated convergence theorem, this implies 



that 



Xc n , Q X K " +1 \ 



X K » +1 

XH x +6*(v x ,0) Xk^ +1 

0 



if 5* = — oo 
if 5* G E 
if 6 * = +oo 



with respect to the L 1 -norm and, hence, also with respect to every L p -norm with 
1 < p < oo (the occurring functions take values in {—1, 0, 1} almost everywhere). 
Since d is arbitrary, this finally yields that 



Xc n , Q I 



I if 5* = -oo 

Xh x +6*(v x ,o)I if s* eR 
0 if 5* = +oo 



strongly on L p (M iV+1 ). 

Given A G A(BUC(R N+1 ), C p (K iv+1 )), let H^A) denote the set of all se- 
quences h G W which tend to infinity into the direction of rj G S N and for which 
the limit operator Ah exists. Further, write TL n ,-oo{A) and H v ,s*(A) with 5* G M 
for the set of all sequences h G TL V (A) with 

lim (/3 n g(r n /p n ) - a n ) = -oo and lim {f3 n g(r n / f3 n ) - a n ) = <$*, 

respectively. Finally, we abbreviate the shifted half-space H x + 5*(z/ x , 0) to H x ^*. 
Then Theorem 5.1 has the following consequence. 

Theorem 5.9. Let A G A(BUC(R N +1 ), C P (E 7V+1 )) and D = C Q with QeR N an 
open domain with C 1 boundary. Then the compression of A onto D is Fredholm 
on L P (D) if and only if the following conditions are satisfied: 
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(a) for each point x G the set { A h : h G TL r]x {A)} of limit operators of A is 
uniformly invertible. 

(b) for each point x G dft, the set { A h : h G H rix - 00 {A)} of limit operators of A 
is uniformly invertible. 

(c) for each point x G dQ, the set 

{(1 - XH x , { . )I + XH Xi6 , AhXH Xt s* I ■ (A), S* e K} 

of extended compressions of limit operators of A is uniformly invertible. 

We still mention some special situations in which the conditions of Theorem 
5.9 take a very simple form. 

Let A G A(SO(R N+1 ), C p ( E j/V+1 )). Then all limit operators of A belong to 
C I + C p (M Ar+1 ). In this case, the invertibility of the compressions in condition 
(c) can be effectively checked. Let, for example, Ah be the operator 7 / + C(k) 
with 7 G C and k G L 1 (M iV+1 ). Since C(k) is shift invariant, the corresponding 
compression (c) is invertible if and only if the operator 

(1 - XhJ I + XH x (7 1 + C(k)) X nJ (5.12) 

is invertible. Further, given an orthogonal mapping S on R Ar+1 , we write Rs for 
the rotation operator ( Rsf)(x ) = f(Sx), and for k G L 1 (R iV+1 ), we let ks be 
the function ks(x) = k(S T x) with S T referring to the transposed of S. Then 
convolution operators are rotation invariant in the sense that 

C(k)R s = RsC(k s ). 

Thus, if we choose S such that it rotates H x to the half-space H := {(xi, x) G 
R x R^ : x\ > 0}, then the compression (5.12) is invertible if and only if the 
operator 

(1 - XH )/ + Xh(7* + C(k s ))xul (5.13) 

is invertible. Finally, the compression (5.13) is invertible if and only if the operator 

(1- XH )I + ( 7 I + C(k s ))xnl 

is invertible. This follows easily from the identities AP+Q = (PAP+Q)(I+QAP) 
and ( I+QAP)~ l = I—QAP which hold for arbitrary operators A and idempotents 
P, Q with P + Q = /. 

The same is true if C(k) is replaced by an arbitrary operator in (^(R 7 ^ 1 ). 
For the invertibility of the resulting compressions, one has the following remarkable 
fact from [14] (Theorem 1.4). 

Theorem 5.10. Let B G Cl + (^(R 7 ^ 1 ). Then the operator (1 — xh)^ + Bxnl is 
invertible on L p ( R 7V+1 ) if and only if the operator B is invertible on L p ( R 7 ^ 1 ). 

Note once more that the invertibility of B G C/+C p ( R 7V+1 ) can be effectively 
checked via (1.3). 

With these remarks, we get the following corollaries to Theorem 5.9. 
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Corollary 5.11. Let A G *4(S'0(R Ar+1 ), C P (R N ^)) and D = C n with QeR N an 
open domain with C 1 boundary. Then the compression of A onto D is Fredholm 
on L P (D ) if and only if, for each point x G ft, the set {Ah : h G TL^^A)} of limit 
operators of A (= the local operator spectrum at rj x ) is uniformly invertible. 

Corollary 5.12. Let A G A{L? tab ( R N ^), C P (R N+1 )) and D = C Q with QeR N an 
open domain with C 1 boundary. Then the compression of A onto D is Fredholm 
on L P (D) if and only if, for each point x G Q, the limit operator A Px of A is 
invertible. 

Remark. Let / : [0, oo) — ► R be a slowly oscillating function, and let Q G R N be 
an open domain with C 1 boundary. We consider the slowly oscillating cone, 

Cqj := {(y, Z/jv+i) € R n x [0, oo) : y e (j/jv+i + f(yN+ 1))0}. (5.14) 

In a similar way as above, one can show that the limit operators of the multipli- 
cation operator xc Qtf I are the same as in case of the unperturbed cone C^, and 
that the analogue of Theorem 5.9 holds. 

5.7. Compressions to cones with edges 

Here we are going to consider compressions of convolution operators to cones which 
are allowed to have a finite number of edges. For simplicity, we restrict ourselves 
to the case N = 2. 

More precisely, we let ft be an open domain in R 2 the boundary dQ of which 
is C 1 up to a finite set M of singular points (i.e., dLl is not C 1 in any neighborhood 
of x G M). For each point x G M we suppose that there are an open neighborhood 
U x C R 2 of x as well as two open domains fl x j and Q x ,r with C^-boundary such 
that either 

u x nsi = u x n (Or, i n n x , r ) (5.15) 

or 

u x nn = u x \ (n xJ n n Xtr ). (5.16) 

If the tangent spaces T x Q x j and T x £l x ^ r do not coincide, then we call x an outward 
angular point in case of (5.15) and an inward angular point in case of (5.16). If 
these tangent spaces coincide, then x is called an outward resp. inward cuspidal 
point. 

As in the previous section, we consider the cone generated by Q, 

Cfi := {(y, 2/3 ) 6 R 2 X [0, oo) : y G y 3 a} (5.17) 

and, for x G IR 2 and S G R, the half-spaces H x and H x , s- Further we set H Xi _oo := 
R 3 and +oc 0 and, for 5, e G R U {± 00 } and x G M, 

-Kx, <5, e * = l fl Hx, e, r 

where H x ,8,i an d Hx, e , r are half-spaces belonging to Q X} i and Ft x ^ r , respectively. 
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Proposition 5.13. Let x G R 2 . Then the local operator spectrum ^(xcn-f) is 
equal to 

(a) {0} if x 0 fl. 

(b) {/} if x Gfl. 

(c) {xm X j : <5 G Mu{=boo}} if x G dfl\M. 

(d) {xk x , J : 5, eElU {±oo}} if x G fl M is an angular point. 

(e) {0} if x G DM is an outward cuspidal point. 

(f) {/} if x £ dfl fl M is an inward cuspidal point. 

Proof. The proof for (a)-(c) is the same as in the previous section. The results of the 
previous section also show that the local operator spectrum <7 r]x (xc n ) is contained 
in the set (d) if x G dfl D M is an angular point. That it is actually equal to 
this set can be seen as follows. Since x is an angular point, we can independently 
shift the half-space H^o, i by a sequence which tends into the direction of r] x and 
comes closer and closer to < 9 H Xj o, r and the half-space H x? o, r by a sequence which 
also tends into the direction of rj x and comes closer and closer to dH x ,oj. Since 
each of these sequences influences the associated limit operators of only one of 
the half-spaces, we get any desired combination of shifts of the half-spaces H X 5 o,z 
and H x? o,r in this way. This shows (d), and (e) and (/) can be proved as in the 
previous section. (See the discussion before Theorem 5.9. The obvious point is that, 
in case of a cuspidal point, the half-spaces H^o ,/ and H Xj o,r cannot be shifted 
independently of each other.) □ 

Given A G A(BUC(R 3 ), C P (R 3 )), let H V (A) denote the set of all sequences h eTL 
which tend to infinity into the direction of rj £ S 2 and for which the limit operator 
Ah exists. Further, if x G dLl \ M and S G R U {±oo}, write H X ^{A) for the set of 
all sequences h G TL Px (A) such that the limit operator of I exists and is equal 
to Finally, if x G dLl D M is an angular point and 6, e G R U {d=oo}, then 

let H x , 5 , e (A) stand for the set of all sequences h G TL Vx (A) such that the limit 
operator of xc ^ exists and is equal to XK x , 6 , e B With these notations, we have 
the following consequence of Theorem 5.1. 

Theorem 5.14. Let A G A(BUC( R 3 ), C P (R 3 )) and D = with fl G R 2 an open 
domain with piecewise C 1 boundary as above. Then the compression of A onto D 
is Fredholm on L P (D) if and only if the following conditions are satisfied: 

(a) for each point x G fl, the set {Ah : h G H rix {A)} of limit operators of A is 
uniformly invertible. 

(b) for each point x G dfl \ M , the set 



{(1 - XH x ,s)I + Xh,, 4 4xh XtS I ■ h 6 H X '6{A), 5 6 Mu {±oo}} 



of extended compressions of limit operators of A is uniformly invertible. 
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(c) for each angular point x E dQ fl M , the set 

{(1 - Xk x , 6 ,JI + XvL x , 6 , e A h XvL x , 6 ,J '■ h e Hx,6,t(A), 5, e € Ku {±oo}} 

of extended compressions of limit operators of A is uniformly invertible. 

(d) for each inward cuspidal point x E dFt fl M, the set {Ah : h E Hrj x {A)} of 
limit operators of A is uniformly invertible. 

Note that the conditions in ( b ) and (c) get a simpler form if one of the shift 
parameters S and e is =boo. Let us also emphasize that, if x is an outward cuspidal 
point, then the local invertibility at r) x of the compression of A onto D is trivially 
satisfied since all limit operators of (1 — Xd)I + XdAxdI with respect to sequences 
which tend to infinity into the direction of r) x are equal to I. 

Again we mention some special situations in which the conditions of Theorem 
5.14 can be readily verified. 

Corollary 5.15. Let A E *4(S'0(M 3 ), C P (E 3 )) and D be as in Theorem 5.14. Then 
the compression of A onto D is Fredholm on L P (D) if and only if the following 
conditions are satisfied: 

(a) for each point x E fl which is neither angular nor outward cuspidal, the set 
{Ah : h E H^iA)} of limit operators of A is uniformly invertible. 

(b) for each angular point x E M , the set 

{(1 - Xk i ,„ i o)^ + Xk i ,„,„4xk i ,o,^ : h € H x ,s,t(A), S, e € R} 
of extended compressions of limit operators of A is uniformly invertible. 

(c) for each angular point x E M , the set 

{Ah • h E Ti x ^ — oo, e{A ) U 7 ~L X , s , — oo(A) U 7"^ — oo, — oo (A) i <5, c E M} 
of limit operators of A is uniformly invertible. 

Here we have used the shift invariance of the limit operators of A as well as 
Simonenko’s Theorem 5.10 again. 

Corollary 5.16. Let A E A(L^ ab ( R 3 ), C p ( R 3 )) and D be as in Theorem 5.14. Then 
the compression of A onto D is Fredholm on L P (D) if and only if the following 
conditions are satisfied: 

(a) for each point x E fl which is neither angular nor outward cuspidal, the limit 
operator A Vx of A is invertible. 

(b) for each angular point x E M , the extended compression 

(1 - XK x , 0 ,oK + XK« 1 ,,o\XK Ii0 ,o 

of the limit operator Ah of A is invertible. 

Indeed, this result follows from the fact that each local operator spectrum 
is a singleton under the hypothesis of the corollary. Furthermore, one shows by 
choosing suitable sequences tending to infinity that every operator in condition (c) 
of Corollary 5.15 is a limit operator of the operator in ( b ) (compare the proof of 
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Theorem 2.33 in [9]). Thus, the invertibility of that operator already implies the 
invertibility of all operators in Corollary 5.15 (c). 

5.8. Compressions to epigraphs of functions 

We let / : R — > R be a continuously differentiable function with 

lim f(t) = Too and lim f'{t) — 0 (5.18) 

£—►±00 £— >±oo 

and consider its epigraph 

E / := {(xi, x 2 ) £ K 2 : x 2 > f(x i)}. (5.19) 

Let h = (hi, h 2 ) € H be & sequence which tends to infinity into the direction of 
77 = (777, 772) G S 1 . It is evident that the limit operator of xe f I exists and is equal 
to the identity operator if 772 > 0, whereas the limit operator of X~E.fi exists and is 
equal to zero if 772 < 0. Now let 77 = (1, 0), and let h be a sequence for which the 
limit operator of \E f exists. We write 

M n ) = : f( h l( n )) + d n 

and choose a subsequence of h (which we denote by h again) such that the sequence 
(d n ) becomes convergent with limit S G MU {±00}. Further, for <5 G MU {±00}, 
we let 

H«5 := {(rci, x 2 ) Gl 2 :^ 2> $}■ 

Then it is easy to check that the limit operator of XE/ I coincides with xh 6 I and 
that, conversely, every operator of this form appears as a limit operator of xe f I- 
The same holds for 77 = (—1, 0). 

Given A G A(BUC(R 2 ), C p (l R 2 )), let H V (A) denote the set of all sequences 
h G H which tend to infinity into the direction of 77 G S' 1 and for which the limit 
operator Ah exists. Further, for <5 G R U {±00}, write H±i i s(A) for the set of all 
sequences h G W(±i,o)(^) such that the limit operator of Xe^T exists and is equal 
to xh 6 I- Then Theorem 5.1 yields, for example, the following. 

Theorem 5.17. Let A G A(L™ ab (R 2 ), C P (R 2 )), and let D = E/ be the epigraph of 
the function f satisfying (5.18). Then the compression of A onto D is Fredholm 
on L P (D) if and only if for each point rj = (771, 772) G S 1 with 772 > 0, the limit 
operator A. n of A is invertible. 

The proof is the same as for Corollaries 5.12 and 5.16. □ 

Finally, let f± : R — > R be continuously differentiable functions with 

lim f±(t) = lim f±(t) — ±00 and lim f±(t) = lim f±(t) = 0, (5.20) 

£^•+00 £—> — 00 £—>+00 £— > — 00 

and let 

E/ + ,/_ := {(xi, x 2 ) e M 2 : /_(x i) < x 2 < / + (xi)}. (5.21) 

As before one can check that every limit operator of Xe /+ f _ I is of the form xh^ I 
with 6 G lU {±00} and that, conversely, every operator of this form is a limit 
operator of Xh^ if h tends into the direction of (±1, 0) G 5 1 . If h tends to infinity 
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into the direction of 77 G S 1 with 772 7 ^ 0 then, necessarily, the limit operator of 

Xh 6 I with respect to h exists and is equal to the zero operator. 

Theorem 5.18. Let A G v4(L^ a6 (M 2 ), C P (M 2 )), and let D = E/ +j /_ with functions 

f± satisfying (5.20). Then the compression of A onto D is Fredholm on L P (D) if 

and only if the limit operators A v of A with 77 = (±1, 0) G S 1 are invertible. 
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The Distribution of Eigenvalues of Some Fractal 
Elliptic Operators and Weyl Measures 

Hans Triebel 



Dedicated to the memory of Erhard Meister 



Abstract. Let /x be a compactly supported Radon measure in R n and let id? 
be the related operator in the framework of Then /x is called a Weyl 

measure if B — (—A + id )~ ^ o id? generates a nonnegative, compact, self- 
adjoint operator in H ? (R n ) and if its positive eigenvalues Qk , where k £ 
N, behave like A; -1 . The paper deals with criteria under which /x is a Weyl 
measure. 



1. Introduction 

Let ft be a finite compactly supported Radon measure in R n and let 

id? : </? i— > (/?/x, (p £ S'(R n ), 

be the related operator considered in the framework of S"(R n ). The paper deals 
with the distinguished operator 

B = (-A + zd)“t o id». (1.1) 

It comes out that for a large class of measures ft the operator B is self-adjoint, 
nonnegative and compact in the Sobolev space #t(R n ). Let Qk be the positive 
eigenvalues counted with respect of multiplicity and ordered by decreasing order 
of magnitude. Then /x is called a Weyl measure if there are two positive numbers 
ci and C 2 such that 

ci k~ l < Qk < C 2 k~\ k £ N. (1-2) 

This is the typical Weyl behavior of eigenvalues of the inverse of an elliptic operator 
of order n (say, in a smooth bounded domain in R n , complemented by suitable 
boundary conditions). We studied operators of type (1.1) and their spectra in a 
more general context in [11], Ch. V, and [12], Ch. III. The interest in the peculiar 
operator B comes from the physical interpretation in case of n = 2, where (1.1), 
(1.2) is related to the eigenfrequencies of a vibrating fractal drum. We refer for 
details and results obtained so far to [11], Section 30; and [12], Section 19. It is 
the main aim of this paper to continue these considerations describing new classes 
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of Weyl measures. For example, as a consequence of our main assertion it comes 
out that any compactly supported Radon measure fi with 

m(5( 7,r)) ~ r d ^/(r), yEsupp/i, 0 < r < 1, 

is a Weyl measure if 0 < d < n and if 4/ (r) is a positive differentiable function on 
the interval (0, 1] such that 

tf'(r) 

r > 0 for r — > 0, 

#(r) 

(Corollary 1). Here B( 7, r) is a ball centred at 7 and of radius r. A typical example 
is given by \£(r) = (1 + | logr|) 6 where (with b > 0 if d = n). 

The plan of the paper is the following. We collect in Section 2 the necessary 
definitions, notation, and some prerequisites. We follow closely [11], [12]. Section 
3 contains the results. Proofs are shifted to Section 4. 

We use ~ for two positive functions a(x) and b(x) or for two sequences of positive 
numbers ak and bk (say, he N) if there are two positive numbers c and C such 
that 

ca(x) < b(x) < C a(x) or cak < bk < C ak (1.3) 

for all admitted values of the variables x or k. 



2. Some prerequisites 

2.1. Basic notation 

Let N be the collection of all natural numbers and No = N U {0}. Let R n be 
euclidean n-space, where n £ N; put R = R 1 , whereas C is the complex plane. Let 
S( R n ) be the Schwartz space of all complex- valued, rapidly decreasing, infinitely 
differentiable functions on R n . By S'( R n ) we denote its topological dual, the space 
of tempered distributions on R n . 

Furthermore, Z/2(R n ) is the standard complex Hilbert space with respect to the 
Lebesgue measure /jll, normed by 

ll/IMR n )ll= ( J \m \ 2 tt L (dx)\ , 



where we prefer fiL{dx) in place of dx. As usual, the identification of / E L2(M n ) 
with a tempered distribution is given by 

id^ L : L 2 ( R n ) ^ 5'(R n ) 

with 

id-n L f : j f(x)tp(x)n L (dx), y> G 5(R”). 

We call id/ JjL the respective identification operator. 
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As usual, Z is the collection of all integers; and Z n , where n G N, denotes the 
lattice of all points m = (mi, . . . , m n ) G R n with rrij G Z. Let Nq , where n G N, 
be the set of all multi-indices 

n 

a = («!, . . . , a n ) with otj G No and |q| = ctj. 

3 = 1 

If x = (xi , . . . , x n ) G R n and (3 = (/?i , . . . , /? n ) G Nq then we put 

x & — xf 1 • • • x^ n (monomial). (2.1) 



2.2. Measures 

We always assume that /a stands for a Radon measure in R n with 

T = supp/i compact and /a(R n ) < oc. (2-2) 

Then L 2 (r,/x) is the usual complex Hilbert space, normed by 



\\f\L 2 (T,ri\\ = ( I |/(7)lV(^7) 



and interpreted as a subspace of S'(R n ) via the identification operator 



id,. 



L 2 (I» ^ S'(R n ) 



(2.3) 



given by 

id^f : ipi-> j f('y)<p('y)n(d'y), tp € 5(E"). (2.4) 

r 

Since fi is Radon, S(R n ) (or, what is the same, its restriction to T) is dense 
in L 2 (r,/i). Then the identification (2.3), (2.4) can be done (in analogy to the 
Lebesgue measure) without ambiguity. We refer to [12], 9.2, pp. 122-125, for some 
details. 



2.3. Sobolev spaces and traces 

As usual, —A = — Y^j=i stands for the Laplacian in R n . Let sgM. Then 
H s (R n ) = (-A + id)~ 2 L 2 (R n ), 

where id is the identity, are the well-known Sobolev spaces. Of interest for us is 
the critical value s — § (where critical refers to the peculiar behavior of H? ( R n ) 
in connection with limiting embeddings and traces). Let /i be a Radon measure in 
R n according to 2.2. If there is a positive constant c such that 

ML 2 (r»|| < c |Mfft(R")||, v eS(R n ), (2.5) 

then one can define a trace operator tr ^ by completion, 

trv : Ft(R-)^L 2 (r,/i). (2.6) 

In particular, (2.5) can be extended to 

\\tr^f\L 2 (T,n)\\ <c ||/|fff(jr)||, /etff(R n ). 



(2.7) 
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We refer to [12], 9. 2-9. 8, pp. 122-131, where we dealt in detail with traces of 
function spaces on sets T in R n in a more general context. Restricted to our 
special case one has the following assertion: Let Qj m be a cube in R n centred at 
2 ~im where j G No and m eZ n and with side-length 2 -J+1 . Let 

fjm ~ [ /(7)M d 7); o, m G Z n , /Gii(r,/i). 

Qjm 

By [12], Theorem 9.3, p. 125, the trace operator tr M with (2.6) exists if, and only if, 

oo 

-PE E 

j = 0 me1 n 

where the supremum is taken over all 

/ G L 2 (r, //) with / > 0 and \\f \L 2 (T, fi)\\ < 1. 

By [12], Corollary 9.8, pp. 129-130, one gets as an easy consequence of this criterion 
that tr p according to (2.6) exists if 

oo 

Y sup ll(Qjm) < oo* (2*8) 

j- o rnez n 

2.4. The operator B: The set-up 

We assume that the trace operator according to (2.6), (2.7) exists. Let id M be 
the identification operator introduced in (2.3), (2.4). By the arguments in [12], 9.2, 
especially on p. 124, these two operators are dual to each other, 

tr ^ = id p and id ^ = tr^ 

where id M can also be considered as the extension by continuity from tr / _ l S(R n ) 
(which is dense in L 2 (r,//)) to L 2 (r,/i). By the usual identification of L 2 (T,/i) 
with its dual and the duality assertions for function spaces within the dual pairing 
(S(R n ),S'(R n )) it follows that 

id M : L 2 (r,fj J )^H-%(R n )=H%(R n )'. 

In particular, H~%(R n ) is the target space of id Since all spaces involved are 
reflexive Banach spaces (even Hilbert spaces), id f = tr M follows from tr ^ = id 
We have 

id* 4 - id^otr^ : H%(R n ) ^ H~^{R n )’ (2.9) 

and, hence, B , 

B = (-A + id)-% oid» : H%(R n ) ->ff?(R n ), (2.10) 

is a linear and bounded operator in the Hilbert spaces H%(R n ). Next we equip 
H% (R n ) with the scalar product 

(f,g) H f (R „) = / {-A + id)%f(x) • {-A + id)* g(x) fj, L (dx), 

R n 



( 2 . 11 ) 
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where both / and g are elements of H 2 (R n ). By the same reasoning as in [12], 
p. 257, and in [11], 28.6, 30.2, pp. 226, 234, it follows that 

(Bf, g) H 5 (Rn) = J (tr^f) (7) • (tr^g) (7) (j,(d'y). (2.12) 



Hence, B is the linear and bounded operator in (R n ) generated by the scalar 
product of L 2 (r», considered as a bounded, symmetric, nonnegative bi-linear 
form in (R n ). Then it comes out that B is a bounded, nonnegative, self-adjoint 
operator in (R n ) and, as a consequence, 



y/Bf\H$(R n ) 



pr M /|L 2 (I»||, feH *(R n ). 



(2.13) 



2.5. Weyl measures 

Let g be a Radon measure with (2.2). We say that the corresponding operator B 
is compact, if the trace operator according to (2.6), (2.7) exists and if, in addition, 
the resulting bounded, nonnegative, self-adjoint operator B in (R n ) is compact. 
In this case we denote the positive eigenvalues of B by Qk, repeated according to 
multiplicity and ordered so that 

Qi > Q 2 > • • • > 0, Qk — 0 if k — > oo. (2-14) 

Definition 1 . Let g be a Radon measure in R n with (2.2). Then g is called a 
Weyl measure if the corresponding operator B is compact and 

Qk ~ k~ l where k £ N. (2.15) 

Remark 1. Recall that we use ~ according to (1.3). In rough terms, the regular 
component of the operator R, given by (2.10), is the inverse of the elliptic operator 
(—A + id)% of order n. Then the exponent —1 in (2.15) reflects the classical 
Weyl behavior of an elliptic (pseudo-) differential operator of order n in (bounded 
smooth) domains in R n as it may be found in many books. We refer, for example, 
to [10], 5.6.2, pp. 395-397, where we also collected the relevant historical literature. 
Corresponding considerations with respect to fractal elliptic (pseudo-) differential 
operators have been given in [11], Sect. 28, especially 28.9-28.11, p. 230, where 
we discussed Weylian, sub-Weylian, and super- Weylian spectral behavior. In other 
words, we ask for fractal elliptic operators of type (2.10), preserving the Weylian 
behavior in a limiting case. The notation Weyl measure has been introduced in 
[12], 19.13, pp. 274-275, in connection with fractal drums in the plane R 2 (hence 
n = 2). There is an immaterial technical difference between [12], 19.13, and the 
above Definition 1. In [12], 19.13, we dealt with the Dirichlet Laplacian —A with 
respect to a bounded smooth domain £7 in the plane R 2 , a finite Radon measure 
g and a corresponding operator B such that 

supp/iCH and B = (— A) -1 o id* 1 . (2.16) 

o 

Then g was called a Weyl measure if B makes sense, is compact (in R 1 (fi)) and 
if we have (2.15). This setting was caused by the physical background interpreting 
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(2.16) as the adequate description of a fractal drum in the plane. But as far as the 
notation of a Weyl measure is concerned, [12], 19.13, and the above Definition 1 
(with n = 2) describe the same class of Radon measures. The results obtained so 
far in case of fractal drums may be found in [11], Sect. 30, and in [12], Sect. 19, 
with Theorem 19.17 on p. 280, as the most general assertion. The discussion given 
in [12], 19.18, pp. 288-291, has a direct counterpart, mutatis mutandis, to the 
situation considered in this paper. But we do not stress this point. 

2.6. Isotropic measures 

The problem to characterize all Weyl measures according to Definition 1 seems 
to be beyond the techniques available so far (at least we could not see how to 
do it). We refer again to [11], Sect. 30, and in particular to [12], 19.18, pp. 288- 
291, where we discussed this problem in a slightly different context. We restrict 
ourselves mostly, but not exclusively, to isotropic measures which we are going 
to define now. Let /x be a Radon measure in R n with (2.2). Then /x is called an 
isotropic Radon measure if there is a positive continuous non-decreasing function 
h on the interval (0, 1] such that 

/i(R(y,r)) ~ h(r); 0 <r<l and 7 G T, (2.17) 

where B( 7, r) is a ball in R n centred at 7 and of radius r. By (1.3) the equivalence 
~ in (2.17) is independent of 7 and r. The best-known examples are the so-called 
d - sets in R n with 0 < d < n and 

/i(£(7,r)) 0 < r < 1. (2.18) 

Then one may choose /x = 7f d |T, the restriction of the Hausdorff measure 7i d in 
R n to T. This is just the case treated in detail in [11], Sections 28-30. The first 
step beyond (2.18) by asking for isotropic measures /x and related operators B was 
done in [5], [6], [7], [8], replacing (2.18) by 

p(B( 7, r)) - r d 'F(r), 0 < r < 1, (2.19) 

where again 0 < d < n and where 4>(r) might be considered as a perturbation. 
A short description may also be found in [12], Sections 22 and 23. Finally the 
problem for which functions h there is a Radon measure /x with (2.2), (2.17), was 
solved in [1], [2], [3]. We do not go into details and refer to the quoted papers where 
one finds also non-standard examples. It is the main aim of this paper to ask for 
conditions ensuring that a given isotropic Radon measure is a Weyl measure. 



3. Results 

3.1. The main assertion 

Let (x be an isotropic Radon measure in IR n with (2.2), (2.17). Let 

00 

2~ j ) < 00. 
j = 0 



(3.1) 




Fractal Elliptic Operators 



463 



Then, by (2.8), the trace operator tr M according to (2.6), (2.7), and hence B , given 
by (2.9), (2.10), exist, and B is a bounded, nonnegative, self-adjoint operator in 
H%( R n ). 



Theorem 1. Let /i be an isotropic Radon measure in R n with (2.2), (2.17), 

J^h( 2~ L ) , h(2~ l ) 

SU P T(o=i Y ' log < °°> ( 3 - 2 ) 



and 



LeN h { 2 z ) h(2 L ) 
h{ 2"*' ' 5 






< 00 . 



(3.3) 



Tden pi is a Weyl measure . 



Remark 2. Obviously, (3.1) is an immediate consequence of (3.3) with, say, 
L = 1. Hence B exists. If x is a number with 0 < x < 1 such that 




then (3.2) is satisfied. Hence, also (3.3), (3.4), ensure that pi is a Weyl measure. In 
particular, if 0 < d < n, then pi with 

h(r) ~ r d ; 0 < r < 1, 

is a Weyl measure in M n . But this is essentially not new. If n = 2 then this assertion 
is covered by [12], Theorems 19.7 and 19.17, pp. 264-265, 280. As for the general 
case n E N one can modify the proof of [11], Theorem 28.6, p. 226, appropriately. 
The above assertion can be reformulated as follows: If T is a compact d-set in R n 
with 0 < d < n, then pi = 7i d \T is a Weyl measure. 

3.2. Two corollaries 

First we generalize the above assertion in Remark 2. 



Corollary 1. Let pi be an isotropic Radon measure in R n with (2.2), (2.17), and 
let 

h(r) — r d 4>(r), 0 < r < 1, (3.5) 

where 4/(r) is a positive differentiable function on (0, 1], 



ty'(r) 

0 < d < n and lim r T . . = 0. (3.6) 

r^o 'F(r) v ' 



Then pi is a Weyl measure. 



Remark 3. One might think of 4/(r) as a perturbation of r d . If b G E then 
4/(r) = (1 + | log r | ) 6 are typical examples (with b > 0 if d = n). This type of 
perturbation is covered by the above references in connection with (2.19). As for 
more general examples we refer to [1], [2], [3]. 
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Corollary 2. Let /Xj with j = 1, . . . , N, be isotropic Weyl measures covered by 
Theorem 1 with 



Let 

and 

Then 



^•(S(7 ,r)) r^> hj(r ); 0 < r < 1 and 7 G T j = supp/ij. 

0 < hi(r) < h 2 (r) < • • • < if 0 < r < 1, 



hi+i(r) 



0 if r^O, l = 1 . 



N 

3 = 1 



a Wey/ measure. 



(3.7) 

(3.8) 



Remark 4. The measure /x in (3.8) need not be isotropic according to (2.17). A 
first assertion of this type, restricted to n = 2, dj-sets, and disjoint supports Tj 
may be found in [12], 19.12, p. 274. However it comes out that the supports Tj 
need not be disjoint. 



3.3. Problems and generalizations 

As said this paper should be considered as a complement to [11], Chapter V, 
and, in particular, to [12], Chapter III, especially Sect. 19. There one may find 
also the necessary references to the literature. The only additional reference we 
wish to add here is [9]. Reformulated in our notation this paper deals for even n 
with operators B of type (2.10) where the fractal measure fx is replaced by the 
weighted Lebesgue measure V(x) /xl- Sufficient conditions are given ensuring the 
Weyl behavior (2.15). There are also further references with respect to preceding 
papers of this type. 

Problem. Theorem 1, the Corollaries 1 and 2, and [9] might be considered as 
contributions to the challenging problem: 

Calculate all Weyl measures in M n , 

abandoning (2.2) as a convenient prerequisite for the underlying Radon measure 
in R n . We refer to [12], 19.18, 19.19, pp. 288-294, where we discussed this problem 
in some detail in case of the plane M 2 . 

Generalizations. Our arguments are qualitative. The estimates from above of 
the eigenvalues Qk of R, 

0<e*< ck~\ k G N, 

for some c > 0, are based on estimates for entropy numbers of compact embeddings 
between function spaces and on the mapping property 

(-A + id)" 5 : R n ). 



(3.9) 
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However (3.9) holds for large classes of fractional powers of elliptic operators and 
for pseudodifferential operators of order — n, 

b(x,D) E : H-*( M n ) ^ H? (R n ), (3.10) 

where 0 < 5 < 1, including even the exotic case S = 1. We dealt in some detail in 
[11], Sections 28 and 29, with references to the Sections 26 and 27, with (fractal) 
pseudodifferential operators and fractional powers of elliptic differential operators. 
There one finds also the necessary explanations, covering in particular (3.10), which 
will not be repeated here. Let 

B b = 6(-, D) o id^ with &(•, D) e (R n ) (3.11) 

where 0 < S < 1, and where id M is given by (2.9). Then B b is a bounded operator in 
Hi (R n ). If B b is compact then we denote the non- vanishing (complex) eigenvalues 
by Qk, repeated according to algebraic multiplicity and ordered so that 

|£>i| > \e2\ > • ■ • > 0. 

Then the arguments given below cover also the following assertion: 

Let fi be a Weyl measure according to Theorem 1 or to the Corollaries 1 or 2. 
Then B b given by (3.11) is compact and there is a number c > 0 such that 

\g k \ < c fc -1 , k G N. 

(If there are only K E N non-vanishing eigenvalues g k then we put g k = 0 if 
k > K.) The converse assertion, 

Qk > ck ~ l , k G N, 



for some c > 0, in Theorem 1 and in the Corollaries 1 and 2 with respect to 
the operator B given by (2.10), relies on estimates of approximation numbers 
of compact embeddings between function spaces based on (2.11), (2.12), and in 
particular on (2.13). This makes clear that again (—A + id)~ 2 in (2.10) can be 
replaced by fractional powers of suitable (regular) elliptic differential operators or 
by special pseudodifferential operators of type (3.10) with the following properties: 
The operator B b is bounded, nonnegative and self-adjoint with respect to the 
equivalent norm || • | Hi (R n )||b, generated by the scalar product, 



such that 



and 



(R „) = J b ( x , D ) *f{x)-b{x,D) 2 g [x) /j L (dx) (3.12) 

R n 

(B b f,g ) b H f (R „) = J (tr^f) (7) (tr^g) (7) K d l) ( 3 - 13 ) 



y^f\H^(R n ) =||tr M /|L 2 (I\/i)||, f G Hh 

0 



(3.14) 



These are the counterparts of (2.11), (2.12), (2.13). They are sufficient to get the 
following assertion as a by-product of our arguments below: 
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Let B b be given by (3.11) with (3.12), (3.13), (3.14). If /x is a Weyl measure accord- 
ing to Theorem 1, or to the Corollaries 1 or 2, then B b is a nonnegative, compact, 
self-adjoint operator in H* (M n ) with 

Qk~k~ l \ ke N, 

where Qk are now the respective eigenvalues of B b ordered by (2.14). 

Weight functions. Following again our considerations in [11], Section 28, and, 
especially, Section 29, one may generalize (3.11) by 

B b ' v = b{-,D)oid lx oVotr^, b(-,D)€^(R n ), (3.15) 

where V is a nonnegative weight function on T = supp /i with 

VeL r (r,fi) or V € L r (logL)a(r,/i). 

We do not go into detail. But the point of interest in connection with the above 
problem to calculate all Weyl measures, is the possibility to step from isotropic 
measures fi to measures V pi, which need not be isotropic. 

Comment. By the above considerations and the outlined further possibilities it 
is quite clear that B given by (2.10) is the primus inter pares within a larger class 
of operators of type B b or even B b ’ V according to (3.11) and (3.15). But we restrict 
ourselves here exclusively to the distinguished operator B. 

4. Proofs 

4.1. Proof of Theorem 1 

Step 1. By Remark 2 we have to prove that the bounded nonnegative, self-adjoint 
operator B, given by (2.10), is compact and that we have (2.15) where Qk are the 
positive eigenvalues of B. In this step we show that there is a positive number c 
such that 

Qk > ck~ l - k G N. (4.1) 

We rely on the same arguments as in Step 4 of the proof of Theorem 28.6 in [11], 
pp. 228-229. There are 

Mj ~ j € N 0 , (4.2) 

disjoint balls B (y^ l ,2~^) centred at G T = supp/i and of radius 2 -J . Let ip 
be a non-trivial C°° function in R n with support in the unit ball in R n and let 

<Pji(x) = <p(2 J (x- j e No; l = 

By the localization property in [4], 2.3.2, p. 35-36, we have 

M 2 




j e N 0 , 



(4.3) 
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where Cji G C. The equivalence constants may be chosen independently of j G No- 
Furthermore, we have 



, Mj 




(4.4) 



Then we obtain by (2.13) and (4.3), (4.4) that 

/ Mj \ Mj 

'/B [Y'Cji'Pji ~ft*( 2--0 |i?f (IR n ) . (4.5) 

\l = 1 / Z = 1 

Let ak(yfB) be the approximation numbers of the operator \[B. It follows by (4.5) 
that for some c > 0, 

>ch5(2- J ')~M“^; j € N 0 . (4.6) 

We refer to [11], p. 220, for this type of argument. A ball of radius can be 
covered by N balls of radius 2~ J_1 with a natural number N G N which is inde- 
pendent of j G No. As a consequence it follows by (2.17) that an isotropic measure 
satisfies the doubling condition, and that, in particular, 

h (2 -J_1 ) ~ h (2 _J ) and Mj+i ~ Mj , where j G No- (4.7) 

Hence, by (4.6), 

Ql = a,k > ck~ k G N. 

The first equality is a well-known property of approximation numbers in Hilbert 
spaces which may be found, for example, in [11], pp. 191-192, including the nec- 
essary references. This proves (4.1). 

Step 2. The proof of the converse assertion, 

Qk < ck~~ l ] k G N, (4.8) 



is more complicated and we need some preparations. Recall that T = supp //. By 
(2.10), (2.9), and (2.13) the null space (or kernel) N(B) is given by 

N(B) = {f €tfi(r), tr^f = 0} . 

Furthermore, in modification of our notation introduced in [12], Definition 9.29, 
pp. 148-149, and 9.33, pp. 151-152, we have 

H t (r, f jL)=tr^H^(R n ) ^L 2 (I» (4.9) 

with 

t = sup 1 r : sup T k h ( 2 ~ k ) * < oo 
l fc€N 0 



(4.10) 
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The latter is covered by [12], (9.143), p. 151, and 9.25, p. 145. However we will not 
need the number t in (4.9), (4.10) in the sequel. By the usual Weyl decomposition 
and (4.9) we have 

tf?(M n ) = N(B)®H t {T,p), 

where we identified the orthogonal complement of N(B) in (R n ) with the trace 
space in (4.9). Let B ^ be the restriction of B to i?*(r,/i). Then B ^ is a positive 
self-adjoint bounded operator on H t ( T,/i) with the same eigenvalues g k according 
to (2.14) as B. Furthermore by (2.13) we have 



VB^f\H\T^) =||/|L 2 (I»||. 



(4.11) 



In Steps 3 and 4 below we prove that the embedding in (4.9) is compact. Hence, 
B and B ^ are compact, too. Then by the same reasoning as in [12], p. 286, B ^ 
can be extended to a positive self-adjoint bounded (even compact) operator B M 
in L 2 (I» with the same eigenvalues g k . We have (4.11) with ^jB~y, in place of 
yfifr, now for all / G L 2 (T,/i). Hence, 

yfa (L 2 - Hj : L 2 ( r, fx) - H\ r, fx), 

is an isomorphic map. Let 

idt : 

be the corresponding embedding operator. Then considered as a map in 

L 2 (T,/i), can be factorized as 

^B; = id t o^(L 2 ^Hj. (4.12) 

Recall Carl’s inequality, 

el < V2e k , k£ N, 



where ek(^/B^) are the corresponding entropy numbers. We refer for details and 
explanations to [4], 1.3.4, pp. 18-22. Then it follows by (4.12) that 

i 

Qk<ce k (id t ), k G N. 

Using in addition (4.9), we obtain that 

Ql < ce k (; tr „ : tf?( R n ) — L 2 (T ,/x)) , k G N. (4.13) 

Step 3. The estimate of the entropy numbers e k in (4.13) relies on quarkonial 
decompositions of (]R n ) adapted to T = supp // and on the technique developed 
in connection with the proof of Theorem 19.17 in [12]. Let G T with j G No 
and l = 1, . . . , Mj be such that 

|y'4i _yV2| > Cl2 ->, j £ N 0 , h^l 2 , (4.14) 

and that for fixed j the union of all balls B c 2 2~ J 'j with l = 1, . . . , Mj covers 
a 2 -neighborhood of T, where c\ and c 2 are two appropriate positive numbers 
which are independent of j. We may assume that Mj are the same numbers as in 
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(4.2). We extend {j^ 1 } for fixed j to a corresponding (irregular) lattice on 

M n with the counterpart of (4.14) and 

DO 

\jB(x 1 ' l ,c 2 2-i) =R n . 

1 = 1 

We may assume that only those balls centred at with 1 = 1,..., Mj, have 

a non-empty intersection with I\ Let {^ ,l } C 5(R n ) be a subordinated resolution 



of unity, 


jiM 8 

Vo. 

II 

h — 1 


x G K", j G No, 


with 






supp^ J,/ C B {x^ 1 ,C2 2 


, \D a V'\x)\ <c a 2^ 


for some c a 


> 0. Then 





(/?-qu )ji(x) = 2 j|/31 (x - x J ’ l ft ifi J ’ l (x), j e N 0 , l € N, 

are (generalized) /3-quarks adapted to our situation. Here (x — x^ 1 )^ are monomials 
according to (2.1). By [12], 2.14, 2.16, any / G (R n ) can be represented as 

oo oo 

/ = E EE x ii (ft (P-^h ( x ) 

/3eN£ j = 0 i=o 

(4.15) 

oo Mj 

= E E E x h (ft (ft + • • • - 

(3e n™ j = o 1=1 



absolute convergence in L- 2 (W‘). where /(f ) G C are optimal coefficients, de- 
pending linearly on /, with 



||/ (R") || ~ sup 2^1 



OO OO <y 

EE *?,.(/) 



3=0 1=1 



(4.16) 



where x > xo for some xo > 0 is at our disposal (the equivalence constants in 
(4.16) depend on x, but not on /). Only the terms with l = 1 ,...,Mj are of 
interest for us, what we indicated in the second line in (4.15). Let 

a = (a J,G<C: /? £ Nq, 1 = 1,..., Mj| . 

We put, adapting our notation used in [12], p. 284, 




oo,x 




sup 2*^ 

/3€NJ 



oo / Mj 

EM 



J=0 \l= 1 



2 




470 



H. Triebel 



and 



^ Koo, > 



h (M 



oo / Mj 

X ^)] = sup 2*101 E M 7 M E X 7 

/J flew . — _ \ . — * J 



We denote by ^oo,> 



^ GN o j=0 \ 1=1 

£i (^M- 2 £^ 3 ^j the spaces of all se- 



l 2 (*"')] and l 0 0 , x 

quences where the respective norms are finite. We decompose the trace operator 
tr M on the right-hand side of (4.13) by 



tru — T o Ido S 



°00,>fi 



( 4 ") 



h (X)] ^ W 2 [h (m, * ^ )' , 

too,*, [*i ~L 2 (I». 



with 

S : tft(R n )^4 
Id : 

T : 

Here S', given by 

5 : / *-»■ A(/> = {aJj(/) : j € N 0 , i = 

according to (4.15), (4.16), is a linear and bounded map. Furthermore, by (3.3) 
and (4.2) the embedding Id is linear and (as will be shown) compact. Finally, T 
is given by 

oo Mj 

t><= Y 1 E E x h (/ 5 -qu)j 7 ( 7 ) , 7 g r. 

(3e j = 0 /=1 

Taking the traces of the /3-quarks on T pointwise it follows that T o Ido S is the 
trace for finite linear combinations of these /3-quarks. The rest will be a matter of 
completion. Following [12], p. 285, we prove that T is bounded. First we remark 
that there are numbers c > 0 and r G R such that 

\(P-qu) 3l (x)\ < c2 r W- j € N 0 , l € N. 

We always assume that 

xi > X 2 > r > 0. 

For fixed /? G Nq we have 



00 Mj 


00 




EE X (P^b Mi» 


s £ 


/ 


Os. 

II 

O 

IT 


3=0 


\ r 



Mj 



EX (/?-q u )ji ( 7 ) 



1=1 



H{dj) 



00 ( Mj 

< c2r|/3| E E|X| M 2 " 

j=o y=i 
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We used the support properties of (/3-q\i)ji and (4.7). By (4.2) and k 2 > r it 
follows that T is bounded. By well-known properties of entropy numbers we reduce 
(4.13) to 

Qk — ce k(Id)] k G N. (4-17) 

We need a further reduction clarifying the influence of f3 G Nq . Let 

Id° : i 2 ( t f ) £i (mJ * if '■ ) ; j G No . 

We prove in the next step that 

e k (Id°) <ck ~ fee N. (4.18) 

Temporarily we take this for granted. Let — m 2 — X 3 and 0 < S < X 3 . For 
given k G N let N be the smallest number N G N such that 2~ 6N < k~^. Let 
kp = k 2~ 26 W if \f3\ < N. Then 

k<K= Y M ~ k e N. (4.19) 

l/3| <N 

By the assumption (4.18) and well-known properties of entropy numbers we obtain 
that 

e K (Id) < Y e [k 0 ](Id°)2-* 3m +c Y 2 “ X3l/31 

|/3|<Af \fS\ >N 

< c'k-i Y 2- ( '* 3 ~ s) W + c’ 2 ~ sn (4.20) 

l/3| <N 

< c' k ~^ , 

where c and c' are independent of k. Hence, by (4.17), (4.19), (4.20), we have 

Ql < cAT^; k eN. (4.21) 

This proves (4.8) and, together with (4.1), 

k G N. (4.22) 

Hence, by Definition 1, /r is a Weyl measure. 

Step 4 ■ It remains to prove (4.18). Let 

Idi : if ^ M~* if- l 6 N 0 . (4.23) 

Then we have in slight abuse of notation, 

oo 

Id° = Y Id i- (4-24) 

1=0 

We fix L e N and choose 

h = 3M,(l + log ^ , l = 0, . . . , L. 
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Then we have 

L 

Ml <^2,h < cM l , 

1=0 

where we used (3.2), (4.2). It follows by (4.23), (4.24), (4.25), 

L oo 

e C M L {Id°) < y^e kl (Idi) + £ M < 1 

1=0 l=L + 1 

L 

< £>,(74)+^-*, 



(4.25) 



(4.26) 



where we used (3.3). (We assume tacitly cMl £ N and ki E N, otherwise one may 
choose nearby natural numbers.) We have by [11], Theorem 7.3, p. 37, 

_ l 3 . m l i A/T, 

e kl (Id l )<cM l i2~i' oe ^r < c 'M L i-J-. 

Ml 

Inserting this estimate in (4.26) and using again (3.2) we obtain that 

e C M L {Id° ) < Le N. (4.27) 

Now, (4.18) is a consequence of (4.27) and (4.7). 



4.2. Proof of Corollary 1 

We check that h given by (3.5), (3.6) satisfies (3.2), (3.3). Without restriction of 
generality we may assume that 



«'(r) 



4>(r) 



£ 

< 

r 



0 < r < 1, 



for some e with 0 < s < d. Let 0 < < t\ < 1. It follows that 

ti I 



J (log ^(r))' dr < j (logr £ )' dr, 



and, hence, 



1 2 



*(*i) ®(«2) K (h 



; 0 < t 2 < h < l. 



(4.28) 



*(* 2 ) ’ *(*i) ~ \t 2 
Now both (3.2) and (3.3) are easy consequences of (3.5), (4.28), and 0 < e < d. 



4.3. Proof of Corollary 2 

Let 

M\ ~/i,(2- i )- 1 ; je N 0 ; 1 = 1,..., AT; 

according to (4.2). Then we have by (3.7) that 

N 

Mj = M] - M j ~ M j if J > J- 

1=2 
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Now we can apply the arguments from Step 1 of the proof of Theorem 1 in 4.1 
restricted to balls having an empty intersection with the supports of fi 2 , . . . , fi n • 
This proves (4.1). As for the reverse inequality one has N estimates of type (4.20) 
for each measure fij separately. They can be added according to (3.8). This proves 
(4.21) and finally (4.22). 
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